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Preface 



1. Frobenius manifolds, quantum cohomology, and singularities 

Frobenius manifolds are complex manifolds with a multiplication and a metric on 
the holomorphic tangent bundle, satisfying several natural conditions. The notion 
was defined in 1991 by Dubrovin, motivated by results of the physicists Witten, 
Dijkgraaf, E. Verlinde, H. Verlinde and others. 

These initial results played an important role in the mathematical develop- 
ment of quantum cohomology^ pioneered in the symplectic setting by Ruan-Tian 
and in the algebro-geometric setting by Kontsevich-Manin. It gave rise to the 
Gromov- Witten invariants, which morally count curves with constraints in a given 
(sjnmplectic/projective) manifold. In the algebro-geometric setting, this “counting” 
requires the use of moduli spaces of stable maps and virtual fundamental classes. 
Gromov-Witten invariants exist for curves of any genus, and with gravitational de- 
scendents. A small part of them, those of genus zero and without gravitational 
descendents can be encoded in a (formal germ of a super) Frobenius manifold. 

Another source of Frobenius manifolds is singularity theory. Already in the 
70’s and beginning of the 80’s, K. Saito studied semiuniversal unfoldings of isolated 
hypersurface singularities. Together with M. Saito, he showed in 1983 that the base 
spaces of such unfoldings can be equipped with the structure of Frobenius manifolds. 
Such unfoldings of singularities and their base spaces turned up in the 90’s in work 
of the same physicists mentioned above, as well as Cecotti, Vafa and others, in 
the theory of Landau- Ginzburg models. In 1998 Barannikov and Kontsevich gave 
a construction of extended moduli spaces as Frobenius manifolds, using differential 
Gerstenhaber-Batalin-Vilkovisky algebras. This is related to the construction in 
singularity theory. Duality between string theories lies behind the phenomenon 
of mirror symmetry. One mathematical formulation can be given in terms of the 
isomorphism of certain Frobenius manifolds from quantum cohomology (A-side) 
and from singularity theory or the Barannikov-Kontsevich construction (B-side). 
A first case of mirror symmetry for Calabi-Yau 3- folds was considered in 1991 by 
the physicists Candelas, de la Ossa, Green, Parkes. This and more general cases 
were proved by Givental in work since 1996. Despite the growing number of rigorous 
mathematical results, mirror symmetry remains mysterious. 

A third source of Frobenius manifolds is given by integrable systems, more 
precisely by bihamiltonian hierarchies of evolutionary PDE’s. This approach is 
pursued since 1991 by Dubrovin, and with him, Zhang. As in the case of quantum 
cohomology, here Frobenius manifolds are part of an a priori much richer structure. 
In both cases, because of strong constraints, a good part of the richer structures 
is determined implicitly by the underlying Frobenius manifolds. Dubrovin and 
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Zhang, Getzler, and Givental have done essential contributions to this aspect of 
the subject. A direct relation between integrable systems and quantum cohomology 
was conjectured by Witten and proved by Kontsevich. The quantum cohomology 
of a point is related to the KdV hierarchy. A tau- function of the KdV hierarchy 
is the generating function of all Gromov- Witten invariants of a point. Quantum 
cohomology, the theory of Probenius manifolds, and the relations to integrable 
systems have been flourishing areas since the early 90’s. Saito’s work in singularity 
theory is reviewed and extended nowadays due to the growing interest and new 
inputs from physics, quantum cohomology and mirror symmetry. 

An activity was organized at the MPIM in 2002, with the purpose of bringing 
together the main experts in these areas. One aim was to make the specialists 
in quantum cohomology aware of the related structures in singularity theory and 
vice versa. The activity culminated in a two weeks workshop, held at the MPIM, 
July 8-19, 2002, which presented the state of the art in the subject. This volume 
contains the proceedings of the workshop. 

The activity and the workshop were flnanced by the Sofja Kowalevskaya Prize 
awarded to Marcolli in 2001 by the Humboldt Stiftung and the German Govern- 
ment. We thank the participants of the conference, the contributors of the articles 
and the referees, our co-organizers Boris Dubrovin, Yuri Manin and Kyoji Saito, 
and the staff of the MPIM, for making this activity and this volume possible. 

2. This volume 

We introduce this volume by a brief overview of the individual contributions. 

Douai and Sabbah construct very interesting examples of Probenius manifolds 
arising from Gauss-Manin systems of unfoldings of regular functions on affine man- 
ifolds, from certain classes of functions on complex tori. The resulting Probenius 
manifolds are semisimple and determined by initial data consisting of the Gauss- 
Manin system, the Brieskorn lattice for the function, the higher residue pairing and 
the opposite filtration in the sense of M. Saito. This very concrete and beautiful 
class of examples illustrates all the main features of the general theory previously 
developed by the authors. 

Pernandez and Pearlstein give a broad survey of results of Cattani and Pernan- 
dez, Deligne and Pearlstein on variations of pure or mixed Hodge structures and the 
deep connection to mirror symmetry and quantum cohomology. Deformations of 
graded Probenius modules by a quantum potential are equivalent to special varia- 
tions of pure Hodge structures. There are specific criteria that govern the extension 
of such deformations to (germs of) Probenius manifolds. This provides a general 
frame for the small quantum cohomology of Calabi-Yau manifolds, generalizing 
Deligne ’s approach via limiting mixed Hodge structures to mirror symmetry for 
Calabi-Yau 3-folds. 

Getzler gives a formulation of the differential equations satisfied by the generat- 
ing functions of higher genus Gromov-Witten invariants in an intrinsic form, which 
is independent of the choice of a fundamental solution. The equations considered 
form an important class of differential equations in Gromov-Witten theory, such as 
topological recursion relations and Virasoro constraints. The intrinsic formulation 
is closer to the geometry of moduli spaces of stable curves, and leads to a proof of 
a conjecture of Eguchi and Xiong. 
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Elaborating on joint work with T. Coates, Givental recasts Probenius mani- 
folds via the symplectic loop space formalism, thus illustrating the important role 
of an underlying hidden twisted loop group of symmetries. The theory of genus 
zero Gromov-Witten invariants, organized via a potential function subject to cer- 
tain partial differential equations, admits a geometric interpretation in terms of 
symplectic geometry of a loop space and Lagrangian submanifolds, where one can 
see exphcitly the action of a twisted loop group. This formalism with Lagrangian 
cones is then applied to a variety of topics including gravitational ancestors, twisted 
Gromov-Witten invariants, quantum Lefschetz and Riemann-Roch theorems, Vira- 
soro constraints, Probenius manifolds arising from singularities, quantum K-theory 
and quantum cobordism. 

Hertling and Manin develop a new criterion for the existence of a universal 
unfolding of certain germs of meromorphic connections. This provides a method for 
the construction of Probenius manifolds, which unifies different existing approaches. 
The uniqueness part of the result is a reconstruction theorem, which identifies a 
more restrictive set of data that are sufficient to recover the full Probenius structure, 
while the existence part is the new feature of this general construction result. 

Ralph Kauftnann gives an overview of his recent work on group Probenius alge- 
bras. These are modules over the DrinfeFd double of the group ring, with natural 
symmetries called discrete torsion and supertwisting. The formulation fits in with 
orbifold geometry and the main application is to the global orbifold cohomology 
of symmetric products of K3 surfaces, where the operations of discrete torsion and 
supertwisting are canonically defined and have a geometric interpretation in terms 
of the Hilbert scheme resolution of the symmetric product. 

An important problem in Gromov-Witten theory is the relation between the 
known universal differential equations that govern Gromov-Witten invariants. Xi- 
aobo Liu investigates relations between universal genus two relations. He shows 
that the three known relations of Getzler and Belorousski-Pandharipande can be 
reduced to two relations, up to certain genus one relations which, in turn, fol- 
low from a known genus one relation obtained by Getzler and genus zero and one 
topological recursion relations. 

Based on their previous construction of the moduli space of painted stable 
curves, Losev and Manin develop an operadic formalism for quantum cohomology 
with gravitational descendants. They introduce a linear operad whose algebras are 
formal solutions of the commutativity equations, namely Probenius manifolds with- 
out metric and pencils of fiat connections, depending on parameters that correspond 
to gravitational descendants. 

The operadic viewpoint is also adopted in Merkulov’s paper, which develops in a 
systematic way techniques for the study of deformation problems for large classes of 
moduli spaces, providing generalizations and existence results for the P-manifolds 
of Hertling-Manin, and results of Merkulov on ProbeniuScx) manifolds. The new 
operadic approach to deformation theory is developed here in four steps, involving 
the construction of a controlling deformation algebra, a minimal cofibrant model, a 
cohomological splitting, and a geometric interpretation in terms of extended moduli 
spaces. 

An essential part of the theory of higher spin curves is Witten’s virtual top 
Chern class, which gives the virtual fundamental class of the relevant moduli space. 
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Polishchuk shows that the algebraic virtual top Chern class constructed in his 
previous joint work with Vaintrob satisfies two constraints, the vanishing axiom 
and the Ramond factorization axiom. The first is a vanishing condition related to 
the markings, while the second is a vanishing condition on pushforwards of the class 
restricted to the so called Ramond sector of the moduli space. These are expected 
to be the only two nontrivial relations. 

Saito presents a systematic account of his earher results on Probenius manifold 
structures arising from orbit spaces of the irreducible Coxeter groups. The results 
are described under the point of view of universal unfoldings of singularities, of 
Gauss-Manin connections and of simple Lie algebras. He also contributes a con- 
jectural description of the period domain and the inverse map to a period map 
associated to these Probenius manifolds. 

Satake defines a holomorphic Laplacian for generically semisimple Probenius 
manifolds, for which he provides expficit formulas in terms of the potential. He uses 
this technique to characterize the fiat coordinates for the universal unfoldings of the 
simple elliptic singularities, relating them to theta functions on a period domain, 
so that the period mapping induces an isomorphism between the parameter space 
of the unfolding and the quotient of the period domain by the monodr omy action. 

The theory of virtual fundamental classes is the focus of Siebert’s paper, where 
he develops a ‘yoga of cones bundles’. This provides a very expficit and direct 
approach to virtual fundamental classes that bridges between the different existing 
approaches of Li-Tian and Behrend-Pantechi. 

The Gopakumar-Vafa conjecture claims that a generating function for the 
Gromov-Witten invariants of Calabi-Yau 3-folds is equal to a formula contain- 
ing certain integers, the BPS invariants, which have an interpretation in terms of 
D-brane moduli spaces in string theory. Takahashi proposes a mathematical defini- 
tion of the BPS-invariants, elaborated in joint work with Hosono and M.-H. Saito, 
and discusses mathematical evidence for the Gopakumar-Vafa conjecture. 

3. Yuri Ivanovich Manin 

The activity and this resulting volume are dedicated to Yuri Ivanovich Manin, 
on the occasion of his 65th birthday. 

Naturally, the topics of this conference only touch on some of the manifold 
contributions of Manin to mathematical research. It is impossible to summarize in 
a few sentences the entire spectrum of results, new perspectives, and the underlying 
philosophy that his activities encompass. Manin’s amazing mathematical produc- 
tion is the outcome of a highly sophisticated interplay of many different fields: 
number theory, algebraic and arithmetic geometry, mathematical physics. Often 
it is precisely where the distinction between different fields fades and perspectives 
merge that one finds the most impressive results. 

Over the past ten years, roughly covering the time since he joined the board 
of scientific members of the MPIM, Manin has been at the center of many of the 
developments mentioned above, involving the dawn and successive development of 
new perspectives in algebraic geometry: Gromov-Witten invariants, quantum co- 
homology, Probenius manifolds, mirror symmetry. All these aspects fit into a broad 
perspective, through which Manin contributed fundamentally to the development 
of the algebraic and geometric language of modern theoretical physics, which also 
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includes Supergeometry, Quantum Groups, and Noncommutative Geometry. We 
can only emphasize the global vision and philosophy on the interactions between 
mathematics and physics, which emerge throughout this large body of work. It is 
a vision over which new generations of mathematicians will be formed. 

Claus Hertling and Matilde Marcolli 
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Gauss-Manin systems, Brieskorn lattices 
and Probenius structures (II) 

Antoine Douai and Claude Sabbah 



1. Introduction 

l.a. This article explains a detailed example of the general result developed 
in the first part [3]. We were motivated by [1], where S. Barannikov describes a 

Probenius structure attached to the Laurent polynomial /(uo? • • • , '^^n) = uq-\ h 

Un restricted to the torus U = {{uq, . . . , | ~ 1}? shows that 

it is isomorphic to the Probenius structure attached to the quantum cohomology of 
the projective space P”^(C) (as defined e.g., in [5]). 

We will freely use the notation introduced in the first part [3]. A reference like 
“§I.3.c” will mean [3, §3.c]. 

In the following, we fix an integer n ^ 2 and positive integers wq,. . . ^Wn such 
that gcd(tuo, . . . , tUn) = 1- It will be convenient to assume that wq ^ ^ Wn- We 

put 

n 

( 1 . 1 ) iJ.:=J2wi. 

i—0 

We will analyze the Gauss-Manin system attached to the Laurent polynomial 



/(Ui, . . . , Un) = WqUo + WiUi H h WnUn 

restricted to the subtorus U C defined by the equation 

The case /x = n H- 1 (and all Wi equal to 1) was considered in [1]. We will not 
need any explicit use of Hodge Theory, as the whole computation can be made 
“by hand”. We will use the method of §L3.c to obtain information concerning the 
Probenius structure on any germ of universal deformation space of /. As we have 
seen in [3] , we have to analyze with some details the structure of the Gauss-Manin 
system and the Brieskorn lattice of /. 
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l.b. Fix a Z-basis of wiXi = 0} C It defines a (n + 1) x n matrix 

M. Denote by mo, . . . , m^ the lines of this matrix. We thus get a parametrization 
of U by (C*)”^ by putting ui = for i = 0, . . . ,n and v = (ui, . . . ,Un). The 
vectors mo, • . . ,mn are the vertices of a simplex A C Z’^, which is nothing but 
the Newton polyhedron of / when expressed in the coordinates v. Notice that the 
determinant of the n x n matrix (mo, . . . , mi, . . . , rrin) is :twi. 

Lemma 1.2. The Laurent polynomial f is convenient and nondegenerate with 
respect to its Newton polyhedron. 

Proof. The nondegeneracy follows from the linear independence of any n dis- 
tinct vectors among mo, . . . , nin- Clearly, 0 is contained in the interior of A. □ 

We know then that / is M-tame (c/. §1.4) and we may therefore apply the 
results of §1.2 to /. An easy computation shows that / has p simple critical points, 
which are the ^(1, • • • , 1) with = 1? and thus p distinct critical values We 
hence have /x(/) = p. 

l.c. Denote by Sw the disjoint union of the sets 

{ifi/wi \ i = 0,..., Wi - 1} cQ. 

Hence = p. Number the elements of from 0 to /i -- 1 in an increasing way, 
with respect to the usual order on Q. We therefore have Sw = {5tu(0), . . . , 1)} 

with Sw{k) ^ Sw{k -i- 1). In particular, we have 

Sti;(0) = • • • = Syj{n) = 0, s^{n + 1) = — ^ n + 1. 

maxj Wi 

Moreover, using the involution £ Wi — I fox i ^ 1, one obtains, for > n -f 1, the 
relation 

(1.3) ^wi^k^ H" "b n /u) — p. 

We consider the function ' {0, . . . , /x — 1} — ^ Q defined by 

(1.4) ^iy(^) — k Syj(k^. 

Hence (Ju;(/c) = /c for = 0, . . . , n. That Sw{*) is increasing is equivalent to 

(1.5) V A: = 0, . . . , /X - 1, aw{k -i- 1) ^ a^{k) + 1, 

where we use the convention or^ip) = ctii;( 0) = 0. We will prove: 

Theorem 1. The polynomial 0^=0 -^^w{k)) is equal to the spectral polyno- 
mial SF f{S) attached to f (cf. %I.2.e). 

For instance, if we take the Laurent polynomial f{uQ^ . . . ^Un) on the torus 
l[ui = l, i.e., Wo = • - = Wn = I, we get SP/(5) = rifc=o('^ + ^)- 

Notice that the symmetry property (1.3) is a little bit more precise than the 
symmetry of the spectrum {cf. [9]), which would say that, for any j G {0, . . . , n}, 

#{k I a^{k) = j} = #{k I a^j,{k) =n- j}. 

Indeed, for A: G {n + 1, . . . , /x — 1}, (1.3) means that a^ik) + cr^{p + n — k) = n and 
we clearly have a^ik) + cTw{n — k) = n for k = 0^ ... ^n. 
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l.d. Consider now the two /i x /x matrices 



(1.6) ^oo = diag (<J«;(0), . . . - 1)), Aq = fi 



/o 

1 0 



1\ 

0 



0 10 0 



\0 ••• 0 10 / 



Notice that Aq is semisimple with distinct eigenvalues /x^, where C is a /x-th primitive 
root of 1. In the canonical basis (cq, . . . , e^_i) of the space on which these 
matrices act, consider the nondegenerate bilinear form g defined by 



g{ek,et) = 



j if 0 ^ ib < n and k + i = n, 

1 or ifn+l^A;^/x— 1 and k + i = g n, 
otherwise, 



with respect to which ^oo satisfies Aoo+*Aoo = n Id. The data {Aq, Aoo, 9, eo) define 
(c/. [4, Main Theorem p. 188], see also [5, §11.3] or [10, Th. VII.4.2]) a unique germ 
of semisimple Probenius manifold at the point (/x, /xC, . . . , G C^. 

The main result of this article is then: 



Theorem 2. The canonical Frobenius structure on any germ of a universal 
unfolding of the Laurent polynomial /(xxq, . . . ,Un) = U, as defined in 

[3], is isomorphic to the germ of universal semisimple Frobenius structure with 
initial data (Aq, Aoo,g, eo) at the point (/x, /x^, . . . , € C^. 

Remark. It would be interesting to give an explicit description of the Gromov- 
Witten potential attached to this Probenius struct me. 



2. The rational numbers a^ik) 

Let us be now more precise on the definition of Sw{k). Define inductively the 
sequence {a{k), i{k)) e x {0, . . . , n} by 

a(0) = (0,...,0), x(0) = 0 

a{k + 1) = a{k) + li(k), i{k + 1) = min{x | a{k + l)i/wi = min^ a{k + l)j/wj}. 

It is immediate that \a{k)\ := ^ and that, for A: ^ n + 1, we have 

a{k)i = 1 ii i < k and a{k)i = 0 if i ^ k. In particular, a (n+l) = 

Lemma 2.1. The sequence (a{k),i{k)) satisfies the following properties: 

(1) for all k e N, < a{k + l)i^k+i) ^ + 

(2) a(/x) = {wq, . . .,Wn) and for all k e {0, . . . ,/x - 1}, we have a{k)i(^k) < 

'^i(k) 1? 

(3) the map {0, . . . , p-l} -*■ U"=o{0. ■ ■ ■ > defined byki-^ [i(fc), o(fc)j(fc)] 

is bijective. 

(4) For £ eN, we have i{k + i/ji) = i{k) and a{k + £p)i(k) = ^'^i{k) + ^{^)i{k) • 

We will then put s^{k) := P>ci(k)i(^k)/'^i{k)^ We have Sw{k + ip) = ip + s^{k) 
for £ G N. 
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Proof. (1) By induction on k. If i{k 1) = i{k), the result is clear. 
Otherwise, we have a{k + l)a^k+i)/wi(k+i) = a(^)i(fe+i)/'^i(fc+i) and the 
first inequahty follows from the definition of i{k). Similarly, the second 
inequality is given by the definition of i{k + 1). 

(2) Let us first remark the implication 

a{k)j ^ Wj Vj and {j | a{k)j < Wj} ^ 0 ==^ a{k + l)j ^ wj Vjf. 

[Indeed, from the assumption we have a{k)i(^k) < hence a{k+l)i(^k) = 
o>{k)i{k) + 1 ^ tyi(fc). For j ^ i{k), a{k + l)j = a{k)j < Wj.] Therefore, 
there exists ko such that a{ko) = {wq, . . . ,Wn)^ Then ko = |a(A:o)| = M* 
Moreover, by what we have just seen, we have a{k)i^^k) < '^i{k) for k < fx. 

(3) The map does exist, after (2), is clearly injective, therefore bijective as 
the two sets have the same number of elements. 

(4) We have a(^) = {wq^ . . . ,u;n), so that i{ji) = 0, and we may apply the 
reasoning of (2) for fc = /i, . . . , 2/x — 1, etc. 

□ 

Remark 2.2. In general, the numbers Sw{k) are rational. These are integers 
(hence the spectrum of / is integral) if and only if the following condition holds: 

(2.3) Vi, Wi\lJL = Wo^ 

Consider the simplex A(u;) in obtained as the intersection of the hyperplane 
IK = { = 0} C with the half spaces Xi ^ —1. Fix also the lattice 

IKz = H r\ Then Condition (2.3) is equivalent to the condition that the 

vertices of A{w) are contained in the lattice CKz- In other words, A{w) is a reflexive 
simplex in the sense of Batyrev [2]. For instance, if n = 3, one finds the following 
possibilities for Wi (up to a permutation): 



wo 


WI 


W2 


W3 




1 


1 


1 


1 


4 


1 


1 


1 


3 


6 


1 


1 


2 


2 


6 


1 


1 


2 


4 


8 


1 


2 


2 


5 


10 


1 


1 


4 


6 


12 



Wo 


WI 


W2 


Ws 




1 


2 


3 


6 


12 


1 


3 


4 


4 


12 


1 


2 


6 


9 


18 


T 


4 


5 


10 


20 


P' 


3 


8 


12 


24 


2 


3 


10 


15 


30 


r 


6 


14 


21 


42 
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For n = 4, here are some examples (maybe not complete): 



Wo 


WI 


W2 


W3 


W4 


P 


1 


1 


2 


4 


8 


16 


1 


1 


4 


4 


10 


20 


1 


1 


4 


6 


12 


24 


1 


1 


2 


8 


12 


24 


1 


1 


3 


10 


15 


30 


r 


1 


4 


12 


18 


36 


r 


1 


8 


10 


20 


40 
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3. The Gauss-Manin system 



The Gauss-Manin system G of the Laurent polynomial / is a module over the 
ring C[r, r“^]. It is defined as in §I.2x: 

G = n^{u)[T,T-'^]/{d-TdfA)n”-\u){T,T-'^]. 



Put 6 = The Brieskorn lattice Go = image(f2"([/)[0] G) is a free C[6]- 

module of rank /i because, by Lemma 1.2, / is convenient and nondegenerate 
(loc. cit). We will consider the increasing filtration Gp = t^Gq {p G Z). Let 
ujQ be the n-form on U defined by 



dup 

/ , — '^0 
UJQ = 



A--- A 



du fi 



d(Uiur) In. 



"=1 



Let V u = v'^ he a parametrization of 1/ as in § l.b. The form uq can be written 
as cxjQ = A • • • A The Gauss-Manin system G is then identified with the 
C[r, T~^]-module (putting u = (ui, . . . , Vn)) 

C[v,v-'^ ,T,T~^]/{vjdy^{ifj) - T{vjdyJ)ipj I (Pj e C[u,u“\r,r“^], j = 

It comes equipped with an action of if 'ip E C[v,v~^], let [il^] denote its class in 
G; then dr[ip] = [— /'^] (this does not depend on the representative of the class). 
Using the coordinate 0, we have O'^del'ip] = [f'lp]; this action is extended in the usual 
way to Laurent polynomials in r with coefficients like [ip]. 

It is convenient to use the coordinates u = ( uq , . . . ^Un)- Then the previous 
quotient is written as 



C[u,u \t,t ^]/{ly,+C[u,u \r,T ^](g'(u) - 1)), 



where we have put g{u) = YU is the C[r, r ^]-submodule of 

C[u, r, r“^] consisting of the expressions 



^ d 

with G C[u,u"\r,r“^], (j = l,...,n). 



i=0 



Consider the sequence {a{k), i(A:)) of Lemma 2.1, and for each A; = 0, . . . , /i, put 

LUk = G Go, 
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Notice that uj^ = ujq and, using (3.5) below, that fuJo = fiuJi. 

Proposition 3.2. The classes ofujo.uji , . . . form a C[0]-basis qj of Gq. 
Moreover, they satisfy the equation 

--{rdr + (Tw{k))uJk = rcjfe+i (A: = 0, . . . ,/i - 1), 

T 

and we have Bernstein’s relation in G: 

M-i 

n [ “ ~ Sti-(fc))] ■ Wo = r'^wo. 

k=0 

The V -order of uJk is equal to CTw{k) and uj induces a C-basis of a 
Prom Theorem 1.4.5, Lemma I.4.3(3), and the symmetry (1.3), we get 



(3.3) for A: = 0, . . . , /i — 1, 0 ^ CFw{k) < n and 



o’wik) = 0 k = 0, 
o'w{k) = n => k = n. 



This implies that, for any a € ]0, n[, the length of a maximal subsequence 

a, a + 1, ..., a 4- ^ of (Tty (•) is ^ n, and even ^ n — 1 if a is an integer. In other 

words: 



Corollary 3.4. The length of any maximal nonzero integral (resp. noninte- 
gral) constant subsequence of Sw{*) is ^ n — 1 (resp. ^ n). 

The proposition also gives a Birkhoff normal form for Gq: 

O'^deoj = cjoAq + OijoAoo 

with Aq, Aoo as in (1.6). The matrix Aq is nothing but the matrix of multiplication 
by / on Gq/OGq in the basis induced by a?. Its eigenvalues are the critical values 
of /, as expected. In the case where /x = n + 1 (and all Wi equal to 1), we find that 
Aoo = diag(0, 1, . . . , n) and Aq is as in (1.6) with size /x = n + 1. 

Proof of Proposition 3.2. It will be convenient to select some coordinate, say 
uq. Multiplying (3.1) (applied to cpi = - •• = (p^ = (f) on the left by the inverse 
matrix of the matrix formed by the columns of mi, ... , mn, one finds that, for any 
(p € C[xx,xx~^,T, r“^], we have in G 

(3.5) Vi = l,...,n {:^^Uidui - :^uoduo)<fii^o = T{ui - uo)ifiujo. 

Applying this to any monomial (p = u^ and summing these equalities, we get the 
following relation for j = 0, hence for any j = 0, . . . , n by a similar argument: 

(3.6) --{rdr + Lj{a))u°'ujQ = rxx^'^’^^axo, 

T 

where we put Lj{a) = cii — pajfwj. This is nothing but (1.4.12) in the present 
situation. Apply this for a = a{k) and j = i{k) (A: = 0, . . . , /x — 1) to get the first 
relation in the lemma (remark that Li(fc)(a(A:)) = cr-uj{k)). Bernstein’s relation for 
ujQ is then clear. Remark also that uJk is given by 

k-l ^ 

Wfc = T~'^ J][ {rdr - Sto(j))] • Wo. 

j=0 ^ 

It is not difficult to derive from Bernstein’s relation for ujo a Bernstein relation 
for each Uk and conclude that Uk has P-order ^ cFyj{k). [Notice also that, as 
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aw{k) = Li(fc)(a(/u)) = maxj Lj(a(fc)), the order of Uk with respect to the Newton 
filtration is ^ cFw{k)‘-, this is compatible with Theorem I.4.5.] 

Let us now show that o;o, . . . generate Go as a C[^] -module. Notice that 

Bernstein’s relation for ujq impHes that df^uJo € C[^](o;o, • • • , d!^~^uJo) = C[0]{ujo^ . . . , 
and this also holds for d^ujo for £ ^ /i. It is therefore enough to show that 
generate Go over C[6]. Write (3.5) as 

(3.7) = \u°'uo 4- (— - —\9u°']uJo. 

L \Wi wqJ J 

The Brieskorn lattice Go is generated over C[^] by the tto^t^o with £ eN: indeed, it 
is generated by the u^'ujq] then, 

- if tti ^ 1 for some z ^ 1, one decreases ai to 0 with (3.7); 

- if ^ —1 for some z ^ 1, one iterates (3.7) wq times and use the 

relation u^ujq = ujq to express u^ujq (any 6) as a sum (with constant 
coefficients) of terms ojq and of with A:,£ ^ 0 and 

w' = (0, loi, . . . , t^n); hence if b{ < 0, there exists r such that bi + rwi ^ 0 
and one iterates r times the previous process to write u^ujq with terms 

with Uj ^ 1, to reduce to the previous case; 

- notice that, in both previous processes, we never decrease the degree in 

uq; now, we are reduced to considering UqUJq with £ < 0; use once more 
the relation u^'^u^ujq = u^cjq (for any /c ^ 0, any b) to replace Uq with tt® 
with tto, . . . , ^ 0 and apply the first case. 

A similar argument gives the result for the family (/^cJo)£>o- As Go is C[^]-free 
(c/. Remark 1.4.8 and §I.2.c), we conclude that a; is a C[^]-basis of Go- [Instead of 
using Remark 1.4.8, one can directly conclude here that Go is C[^]-free of rank ijl 
by showing first that a; generates G as a C[r,r“^]-module.] 

Remark also that (a;o, . . . , is another basis, but the differential equation 

does not take Birkhoff normal form in such a basis. 

We will now determine the F-filtration. Put Then a;' is 

another C[r, r~^]-basis of G. The F-order of is ^ cTw{k) — [crw{k)] < 1. For 
a e [0, 1[, put 

UaG = C[t]{uj'i^ I ayj{k) - [or^{k)] < a) + rC[r](a;fc | a^j,{k) - [(Tyj{k)] > a) 
U<aG = C[t]{uj'}^ I aw{k) - [ayj{k)] < a) + tC[t](oj'j^ | (7^u{k) - [ayj{k)] ^ a), 
and Ua+pG = r^UaG {resp. L'<a+pG = r^f/<aG) for any p eZ. We then have 
UaG = C(4 I a^k) - [(Jw{k)] = a) + U^aG. 

Notice that, according to the formula for the elements satisfy 

-^{rdr + aUk) - Wn,{k)]H = 

with \s] := — [— s]. Recall that the sequence {sw{k))^ hence the sequence {\syj m), 
is increaising. If \sw{k + 1)] > fs^(;(/u)], then 

(rdr + aw{k) - [u^(fc)])wfe S U<oG. 

Otherwise, we have 

[~^ty(^)l ^w(k^ ^ \^w(^k “h 1)1 Snj(^k “f" 1), 
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z.e., 

Cfwik) - [cTwik)] ^ au){k + 1) - [a^ik + 1 )], 

and we conclude that UaG is stable under rdr and that rdr 4- o: is nilpotent on 
gr^G. The filtration U^G satisfies then the characterizing properties of F.G, hence 
is equal to it. 

We may now compute Gp nVa ioi p and a £ [0, 1[. Any element of Gp PI 14 k 
decomposes uniquely as Ylk^o Pk{'^)^k^ 

( 1 ^ ^ C[r] if (Tw{k) - [(7w{k)] < a, 

^ |£ ayj{k) — [(7w{k)] > a 

It follows that 

(3.9) Gp n 14 k = C H" Gp D V<cK + Gp-i fi V^, 

fe|cr«j(fe)=CK+p 

and therefore gr^ gr^G is generated by the classes of a;^ with (Tu){k) = a+p. These 
classes form a basis of gr^ gr^G, as dim0p 0aG[o,i[ gr^G = /x. This gives the 
last statement of the proposition. □ 



For a e [0, 1[, let be such that fsiy(A:)] — Sw{k) = a and denote by the 
class of uj'j^ in Ha '= g^aG- After (1.5) we have: 



(3.10) 



-\{Tdr + a)[u)'^] = 



^k+l 



if ^wi^k 0 1) ^ 
if ^w{k 0 l) = 



It follows that the primitive elements relative to the nilpotent operator induced by 
(— l//x)(r^r 0 a) on Ha are the elements [u'j^] such that 

A:^n0l, \s-w{k)] — Sw{k) = a and Sw{k — 1) < Sw{k) 

and, if moreover a = 0, the element [o;o] = [o;o]. 

Therefore, the Jordan blocks of {—l/p){rdr 0 ck ) on Ha are in one-to-one 
correspondence with the maximal constant sequences in and the corresponding 
sizes are the same. All Jordan blocks, except that of [a;o] if a = 0, have thus 
size ^ n, and even ^ n — 1 if a is an integer (c/. Cor. 3.4). Recall also (c/. [8, 
9]) that H := 0cKe[o,i[-f^cK may be identified with the relative cohomology space 
H'^{U^ f~^{t)) for \t\ 0, that Ha corresponds to the generalized eigenspace of the 

monodromy corresponding to the eigenvalue exp 2i7ra, and that the unipotent part 
of the monodromy operator T is equal to exp2i7riV with N := —{rdr 0 o:). 



Example 3.11. Take n = 4 and wq = wi = 2, W2 = 12, ws = 15 and 
= 30, so that p = 60. Then the only possible a is 0 and N has one Jordan block 
of size 5, 3 blocks of size 3, 13 blocks of size 2 and 20 blocks of size 1. On the other 
hand, if /x = n 0 1 (and all Wi equal to 1), the only possible a is 0 and N ha<s only 
one Jordan block (of size n 0 1). 



4. Poincare duality and higher residue pairings 

Consider on C[r, r"^] the ring involution induced by r — r. We will set 

p(r) := p{—t) (there is no complex conjugation involved here). Given a C[r, r~^]- 
module G, we denote by G the C-vector space G equipped with the new module 
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structure p{r) • g = p{—r)g. For convenience, we denote by g the elements of G. 
The C[r, r“^] -structure of G is therefore given by the rule: p{r)g = p{r)g. 

If G is moreover equipped with a connection, ie., with a c ompat ible action of 
dr^ then so is G and we have drg •= —drg> Notice that rdrg = Tdrg- 

Duahty for D-modules gives (c/. [9]) the existence of a nondegenerate C[r, r”^]- 
bilinear pairing 

S:G 0 G— ^C[r,r-i] 

C[r,r-i] 



satisfying the following properties: 



(1) = S{dr9',g") + S{g',drg") = S{drg',g") - S{g',drg"), 



dr 



(equivalently, rdrS{g',g") = S{Tdrg',g") + S{g\rdrg")), 

(2) S sends Vq^V^i in C[r], 

(3) S sends Go 0^ in e^C[e] = r-^Cfy-i], 



(4) 5(p", g') = (— l)^5(p', g") (this reflects the (—1) ’^-symmetry of the Poincare 
duality onU). 



Notice that (1) means that 5 is a horizontal section of the C[r, r“^]-module 
Homc[r,T-i ](^^^5 equipped with its natural connection, or also that S is 

a C[r](9r)-linear morphism G — > G*, if one endows G* = Homc[^^^-i](G, C[r, r~^]) 
with its natural connection. Therefore, (2) follows from (1) because any C[r]{dr)- 
linear morphism is strict with respect to the Malgrange-Kashiwara filtrations V 
and we have 



F^(G*) =HomcH(F<_^+iG,C[r]) 

(c/. [9]). 

In the case of singularities, this corresponds to the “higher residue pairings” of 
K. Saito [11]. The link with Poincare duality is explained in [12]. 

For our Laurent polynomial /, we wiU recover in an elementary way the ex- 
istence of such a pairing S satisfying the previous properties. More precisely, we 
have: 



Lemma 4.1. There exists a unique (up to a nonzero constant) nondegenerate 
pairing S satisfying Properties (1), (2), (3). It is given by the formula: 



S{u)k,^d 



S{uJo,UJn) 

0 



\ if 0 ^ k ^n and k = n, 

}or if n + 1 ^ k ^ fj, — I and k + i = p + 
otherwise. 



Moreover, for any k,£, S{uJk’)0:e) belongs to Cr ^ and S satisfies (4). 



Proof Assume that a pairing S satisfying (1), (2), (3) exists. For k,£ = 
0, . . . — 1, we have S{uJki'^) € r”^C[r“^] by (3) and 5(o;o,^) € 

by (2). Therefore, S{uJo,uJi) / 0 impfles [cFw{£)] ^ ri, and if [o-w{£)] = n, we have 
S{uJo,uJi) G Ct~^. But we know by (3.3) that 






< n ii £ ^n, 
= n ii £ = n. 



Therefore, S{loq,uj£) = 0 i^ £ ^ n and 5(c«;o,^n) ^ Cr 
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Notice also that we have by (1) and Proposition 3.2: 

(4,2) - -{rdr + n)S{u>k,ui) 

r Q/ — \ rr/ I "b ^ of — \ 

if we put as above uj^ = uq. 

Argue now by induction for k < n: as S{uJk^IJl) G Cr~^^ the LHS in (4.2) 
vanishes. This shows that 5(a;fc+i,c^) = 0if€7^n — A:,n— 1 — A:. Moreover, if 
£ = n — we have (Tu){k) + aw{£) — n = 0, hence S{ujk+i^u;n-k) = 0. Last, we have 

^n— 1— fc) “ ^{^kj^n—k)' 

Argue similarly for A: ^ n + 1. □ 

Notice that, if denotes the adjoint of Aoo with respect to 5, then Aqo + 
AJq = nid, ie., Aoo — {n/2) Id is skewsymmetric with respect to S. 



5. M. Saito’s solution to the Birkhoff problem 



One step in constructing the Probenius structure associated to / consists in 
solving Birkhoff ’s problem for the Brieskorn lattice Go in the Gauss-Manin system 
G, that is, in finding a C[r]-lattice E of G, which glues with Gq to a trivial vector 
bundle on Recall (c/. [3, App. B] for what follows) that there is a one-to- 
one correspondence between such lattices E which are logarithmic^ and decreasing 
filtrations ^ae[o,i[^a of H = ^ae[o,i[^o^ which are stable under N and which are 
opposite to the filtration 

Gp{H):= 0 {GpnVa)/{GpnV<a) = C{[uji]\[(Tw{k)]^p) after (3.9). 

aG[0,l[ 

This is analogous to [12, Th. 3.6]. 

In [12, Lemma 2.8], M. Saito defines a canonical decreasing filtration i^saito 
terms of the monodromy filtration M, of the nilpotent endomorphism 2i7rN of H 
and of the filtration conjugate to Gp{H), the conjugation being taken with respect 
to the real structure on H coming from the identification with f~^{t)). This 

defines therefore a canonical solution to Birkhoff ’s problem for Gq. 

Consider now the decreasing filtration H* of H explicitly defined by 

(5.1) HP = C([wy I K(/c)] ^ p), 

where [] denotes the class in H = 0aG[o,i[^^/K;aG. Then H* is opposite to 
G,(if). It satisfies 

= H, = 0, NHP c 

and, for A: = 0, . . . , /i — 1 and a G [0, 1[, 



I a) l^n+l-p 

where means taking the orthogonal with respect to the symmetric bilinear form 
g on H induced by 5. If /x = n + 1 (and all Wi equal to 1), then HP = Mn- 2 p (this 
implies that the mixed Hodge structure on H is “Hodge-Tate”). 



Proposition 5.2. The filtration H* is equal to the opposite filtration H^s^ito 
The associated logarithmic lattice is E := C[r](a;o, . . . ,a;^_i). 
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Proof. Let us begin with the second statement. The lattice E introduced in the 
proposition is logarithmic, by Proposition 3.2. A computation analogous to that 
of Gp n Va shows that the filtration r^E fl Vafr^E fl V<a of Ha is equal to 
Therefore, E is the logarithmic lattice corresponding to H* by the correspondence 
recalled above. 

For the first statement, put F*{H) = Gn-.{H). This is a decreasing filtration. 
Consider also the increasing filtration 



W.{Ha) 



M.^n-i{Ha) ifa^O, 
if q: = 0, 



where M.{H) denotes the monodromy filtration of the nilpotent endomorphism 
2m N on H. Recall that W^{H) is defined over E (even over Q) as 2m N is so. 
Then the opposite filtration given by M. Saito is 



where E denotes the conjugate of the subspace E oi H with respect to the complex 
conjugation coming from the identification 

H ^ r\t), c) = c 0 E H^{u, 

We therefore need to give a description of the conjugation in term of the basis [u;y . 

Let kQ be such that [a;^] is a primitive element with respect to iV, and denote 
by Vko its weight. Then = 0. For j = 0, . . . , Vko, put k = ko +j. Then 

l^'kl ~ order + 1— j with respect to AT, and weight Uk := Vko—2j. 

Moreover, we have <Jyj{k) = aw{ko) + j, as j s^y(A;o + i) is constant. The space 
Bko := (iV-^[o;y] | j = 0, . . . , lyto) is a Jordan block of N. 

Assume that ko ^ n + 1. Then is primitive with respect to W, 

hence is primitive with respect to N. It will be convenient to put 

ko = fjL n - ko - Pko and, for k = ko + j with i = 0, . . . , ^ + j. We 

therefore have k = ii-l-n — k — Pk- Notice that, for such a k^ we have Syj{k) = 
Sw{ko) = [ji - Sw{ko) = — Sw{k). We also have -j- n - k) — Pk = (Tw{k) if 

k'^ n + 1. 

For k G [0, n], we simply put k = k. 

The proof of the following lemma will be given in § 6. 



Lemma 5.3. Forko the conjugate of the Jordan block Bko is the Jordan 

block B-^^, and Bo is self- conjugate. 

It follows from this lemma that, for k as above, we have 

fco+i'o 

(5.4) RI = E 

e^k 



with ttfc / 0. 

Let us now end the proof of Proposition 5.2. We have 



n Wn+q-p = Gn-q H = ([w^ | [cTu,(fc)] ^Ti-q and Vk^q- p(-l)), 



where (—1) is added if cr^(/c) ^ Z and not added otherwise. Therefore, 



E -P’® n W„+q-p = I [(t„(A:)] + i/fc < n - p(-l)). 
q 
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Remark now that, if A: ^ n + 1, 

[(^w{k)] + Uk ^ n-p{-l) [n - n - k)] + i^k ^ n-p{-l) 

+ n-k- Uk)] > p(+l) 

[awifJ^ + n-k- Uk)] ^ P 
^ l^w{k)] ^ P- 

Arguing similarly for k ^ n, we conclude from Lemma 5.3 and (5.1) that 

n Wn+q-p = {[u'k] I Ww{k)] + Z/fc < n - p(-l)) 

(5.5) ^ = ([‘41 1 

= HP. 

Notice that (5.5) follows from (5.4), as is increasing on each □ 

6. Some topology of / and proof of Lemma 5.3 

6.a. Lefschetz thimbles. Denote by A the subset (M!j_)’^‘^^ flC/ C C/, defined 
by Ui > 0 for i = 0, . . . ,n. The restriction /|^ of / to A takes values in [/i, +oo[ 
and has only one critical point (which is a Morse critical point of index 0), namely 
(!,...,!), with critical value equal to p. Notice also that /|a is proper. Therefore, 

A is a Lefschetz thimble for / with respect to the critical point (!,...,!). Other 
Lefschetz thimbles at C^(l, .■•,!) are C^A (£ = 0, . . . , /i — 1). 

Fix T ^0. The morphisms 

Hn{U,Rerf > C";Q) Hn{U,Rerf > C;Q) 

for C' > C are isomorphisms if C is big enough. We denote by Hn{U, Rerf ^ 0) 
the limit of this inverse system. This is the germ at r of a local system H of rank 
/i on C* = {r ^ 0}. Notice that A defines a nonzero element of the germ Hr at 
any r with Rer > 0, i.e., a section A(r) of H on {Rer > 0}. Therefore, it defines 
in a unique way a multivalued section of H on C*. 

Let £ > 0 be small enough. As / is a fibration over the open set 
C \ I .£ = 0, . . . , /i — 1}, it is possible to find a basis of sections Aq(t), . . . , A^_i (r) 
of H on the open set 

S = {T = \r\e‘^^^^ \ee]e-l,e[} 

in such a way that, for any £ G {0, . . . , p—1} and |r| > 0, we have A£(C~^ |t|) = C^A. 

Of course, this basis extends as a basis of multivalued sections of H on C*. 




The images f{Ai{\r\)) The domain S 
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6.b. Integrals along Lefschetz thimbles. Let rj e G and let 77 be a repre- 
sentative of 77 in T~^]. Then the function 



3 r I 



JAeir) 



only depends on 77 and is holomorphic on S. It is denoted by <^^,77 (t). Moreover, 
we have 

dv>e,ri(T) 

It follows that, if 77 G VaG, then 

^17 / 1 1 \ 772 , 

(6.1) <Pe,n(T) = ^■'“ [ XI 4™^ bl’vA'r) + o(l)] , 

771=0 



where r"“ = \r\ “e ^log'7' = with 9 e ]e - I, e[ and 

G C. The coefficients only depend on the class [77] of 77 in gr^G, so we 
will denote them by and we have 
(a 2) 

We will now characterize the Jordan blocks Bk^ in Such a Jordan block 
is characterized by the constant value s of Siy(«), so that it will be convenient to 
denote such a block by B^.s- 



Lemma 6.3. For [77] G Ha, we have [rj] G Ba,s if cind only if, for any i = 
0, . . . , /i -- 1 and any j ^ 0, we have 



.(0) 

\ 2 i'KN)^ 



( 0 ) 

Z^‘'(2i7rJV)J+’"[7?l,0 ™| 



771 



Proof For rj = to k, denote c 



(tti) 






= C, 



,i'm) 



by . Then we have 



(6.4) 



/ . 

dAi{r) 



e '^^u)k 



-<rw{k) ^ 






mk\ 



+ • 



+ 4/ 1 



( 1 )), 



where ruk + 1 denotes the order of [a;^] in with respect to 2 m N , Remark 

now that, as ujk = and \a{k)\ = k, we have 



L 



-C""|rl/ 



W>k 



/A,(C-^|r|) 

Hence, we get 



A ■ 

JC^A 



-C“'|rl/ 



(^k = C 



k£ 



L 



■hl/^ 



CJfe. 



mfc! 









and in oarticular 



_ ^es^ik) L(™oL2ki^iMX 



rn^l 



(6.5) 



^k,e 



^£sw{k) 



^ (~£/f^r Jm) 

■ A rn! ^’0 ■ 



Therefore, any element [77] in Ba,s satisfies the equality of Lemma 6.3 for j = 0, 
hence for any j. 
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Conversely, remark first that, if [77] is fixed, then the equahty of Lemma 6.3 for 
any j > 0 is equivalent to 

\r\) = 

where is defined by (6.1) (two polynomials are equal iff all the corresponding 
derivatives at 0 are equal). 

Write [rj] = J2>^kWk\ in Ha, denote = maxk\Xk 7 ^o '^k and put = 
{k I rrik = '^[rf]}' Notice that, for k,k' G we have Sw{k) 7^ Sw{k'). If 

my > m[^], we have Yjk^K^rj] = 0 for any £ = 0, . . . , /x — 1. It follows 

that = 0, hence Xk = 0, for any k G ^^[ 77 ], a contradiction. Therefore 

r77,y = m[^j . Argue similarly to show that K^^f] is reduced to one element, denoted 
by k[rf], and that Sw{kirj]) = s. Apply the lemma by induction on m[^/j to [77'] = 

W -KiK.il- ° 

6.C. Isomorphism between nearby cycles. The multivalued cycles A^(r) 
form a basis of the space of multivalued global sections of H, that we denote by 
'ipr'H. This basis defines the integral (hence the real) structme on 'ipr'H. 

Denote by Afa,p the space of linear combinations with meromorphic coefficients 
of germs at r = 0 of the multivalued functions 6a, q = r^(— ^ logr)^/g! (^ < p). 
For p large enough (here p ^ n + 1 is enough), the map 

^iVaG—^VoiG^Ma^p) 

P 

p i — ^ y^[2i7r{rdr + a)Yp 0 
j=o 

induces an isomorphism 

gr^G ^ Ker [rdr : gVo {G 0 J\fa,p) — ^ g^o {G 0 A4,p)] • 

As G is regular at r = 0, there exists a perturbation p t/j(p) G V<o(G^ 0 A/’a,p) 
such that (p{p) + 'ip{p) G Ker [rdr : G 0 Ma,p G 0 A4,p] • 

Recall (see, e.p., [7]) that Ker [rdr : G 0 Na,p G 0 J\fa,p] is identified with 
Ha- Set J\f = 0Q;G[o,i[A/’a,n+i- Given a section A of if = Ker [rdr : G 0 J\f ^ 
G 0j\f] and a section S of 'ipr'Hj choose a representative A of A in Q'^{U) 0c AT. 
Then e~'^^ A G C. Then (see Appendix) A belongs to Hq if and only if, for any 
£ = 0 , . . . , /X and some nonzero r, we have 

(6.6) [ e-'^^X G Q. 

JAiir) 

For p G VaG and A = (p{p) + 'ipip), and using (6.1), one finds 

/ e-^^viri) = 4/ + o(l)- 

As a consequence, the conjugate [77] of [77] satisfies 
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It follows now from Lemma 6.3 that 

-g — ifaeJO, 1[, 
ifa = 0. 

As Sw(ko) = A* — s-u,{ko), this ends the proof of Lemma 5.3. □ 



Appendix 

In this appendix, we explain with some details why the real structure on H as 
defined by (6.6) is indeed the real structure used in [8] to define the Hodge structure 
on H. We will need to recall some notation and results of [8]. 

We will denote by U a. smooth quasi-projective variety and by / : 1/ — > a 
regular function on U. We denote by t the coordinate on the affine line A^. We 
also fix an embedding k : U ^ X into a smooth projective variety such that there 
exists an algebraic map F : X — > extending /. We have a commutative diagram, 

where the right part is Cartesian, thus defining X as a fibred product. 




Denote by e : P^ P^ the real blow-up of P^ centered at oo (P^ is diffeomorphic 
to a closed disc) and by F : X — ^ P^ the fibre-product of F with the blowing-up s. 
Denote by H the inclusion U ^ X. 

Denote by the inverse image of oo by the blowing-up e. Let A^ be an affine 
line with coordinate r. Denote by the closed set of 5^ x A^ C P^ x A^ defined 
by Re(e*^r) ^ 0, with 9 = argt and where t is the coordinate on A^ = P^ \ {oo}, 
and set L~ = P^ x A^ \ L'^. For r ^ 0, denote by L'^,L~ C P^ the fibre of L'“^, L~ 
over r. 

Denote similarly by cXx A^ {resp. L'^ ,LZ c X) the inverse image 

of the corresponding sets by F x Id^i {resp. by F). 

We denote by a : A^ x A^ ^ L“ and /? : ^ P^ x A^ {resp. : A^ L~ and 

Pr ' L~ the inclusions, and by the same letters the corresponding inclusions 

a : X X A^ ^ L~ and (3 : L~ = — ^ X x A^, 

resp. 

ar : X ^ ^ LZ and Pr : > X. 

X,r X,r 

Therefore we have p.j. o ar o j = k. 

In [8, (1.8)], we have defined the Fourier transform iJi?(-Rj*CLr) as the following 
complex on X X A^ (there is a shift by 1 in loc. cit, that we do not introduce here): 

dF{Rj*Cu) := Re^ P\ Ra^ Rj*^uxa^ ’ 
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where we still denote by j {resp. k) the inclusion U x ^ ^ X x {resp. U xA^ ^ 
X X A^). This complex has a natural Q-structure (replace Cu with Qu)- This in- 
duces a Q-structure on the nearby cycle complex 'iprdF{Rj*^u) = F{Rj*Qu)^q 

C. 

Denote by the algebraic -module (i.e., the 

module with connection o do The quasi-isomorphism 

(A.1) DR“ X, {k+S--^) ^ dF{Rj*Cu) 

constructed in [8, Th. 2.2] is then used to define the Q-structure on the complex 
(of sheaves on X) 'ipr [on the other hand one uses the F-filtration 

relative to r = 0 on to construct the Hodge filtration on this complex]. By 

DR we mean the usual de Rham complex, starting in degree 0. 

Denote by the sheaf of multivalued holomorphic functions on \ {0}. 
Then 

V-.DR- = vioDR- 

where p : X x A^ A^ denotes the projection and ir=o : X x {0} ^ X x A^ denotes 
the inclusion (see, e.p., [ 7 , (4.9.4)]). We are interested in analyzing the Q-structure 
on the cohomology of RT (X, “0^ DR^^^;^ {k,-^8 '^•^)) . Use forms on X to identify 
it with 

r(x, 5|f)), 

with n = dim X. Similarly, denote by C^i the sheaf of multivalued local sections of 
(i.e., local sections on the universal covering of A^ \ {0})- Then 'iprdF{Rj*^u) 
is equal to i~io{SF{Rj^Cu) 
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In order to know that the cohomology class of a closed multivalued section 
of rational, one has to compute its image in 

and decide whether its class is rational or not. As the section 
is closed, it is enough to verify this after restricting to some (or any) r 7 ^ 0. There- 
fore, we need to compute the map (A.l) after restricting to some fixed nonzero r. 
In ( 6 . 6 ), we apply this computation to the multivalued form 

Denote by 8^ the sheaf of functions (in the sense of Whitney) on X, by 
the sheaf on X of functions on U which have moderate growth along 
X \ I/, and by the subsheaf of functions which moreover are infinitely fiat 

along L'^^, 

On the other hand, denote by j^f+ fhe complex of sheaves on X, con- 

sisting of germs on X of relative singular cochains (ie., germs of singular cochains 
in C/ U with boundary in )■ 

jT* jT* 

By the de Rham theorem, the integration of forms induces a quasi-isomorphism 
of complexes f : 8^ 0z C; moreover, the natural morphism 

(o^r o j)*^u ^ quasi-isomorphism, so the integration morphism J : 8^^^'* 

{ar o j)^Clj 0 z C, which is obtained by composing both morphisms, is a quasi- 
isomorphism. 

Similarly, we have a commutative diagram 



Pt,\8. 



mod 






mod, 




Pr,\{0Lr O j)^8^ j - > /^T,l(aT o 0Z C ^ ^uuL'i-^,Lg- 



;C 



Hence we get: 



Proposition A. 2 (A variant of the de Rham theorem). Both complexes 
C* ,w+ w+ 0z C and are quasi-isomorphic to Pr \R<^t *Rj*€^u- More- 

UUL~ ,L~ X ’ ’ 

X,T X,T 

over, the integration of forms induces a natural quasi-isomorphism of complexes 



J 



: 8 . 



mod,- 



'^UUL'^ ,L'+ 

X,T X,T 



0z C. 



Now, given a section of 0> a section of 8^^^'* multiplied 

by e~'^^ , it is also a section of and its image by (A.l) is nothing but its 

integral, according to the previous commutative diagram. 
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Opposite filtrations, variations of Hodge structure, 
and Frobenius modules 



Javier Fernandez 
Gregory Pearlstein 



1. Introduction 

Let X be a complex manifold. Then, an unpolarized complex variation of Hodge 
structure {E, V,.F, #) over X consists of a flat, complex vector bundle (F, V) 
over X equipped with a decreasing Hodge filtration E and an increasing filtration 
# such that 

(1.1) E is holomorphic with respect to V, and V{E^) C 0 

(1.2) # is anti-holomorphic with respect to V, and V(#g) C 0 

(1.3) E = 0 ^p-i for each index p (i.e. E is opposite to #). 

Alternatively, conditions (1.1)-(1.3) are equivalent to the assertion that the 

decomposition 

S = 0 WP (1.4) 

P 

defined by the Hodge bundles UP = T'^ C\ satisfy Grifiiths’ transversality: 

V : £°(WP) (1-5) 

In the present article, we describe three constructions of complex variations of 
Hodge structure, and their relationship with quantum cohomology and Frobenius 
manifolds. More precisely, in §2 we recall that: 

(a) Given a variation of graded-polarized mixed Hodge structure V, the Hodge 
filtration E oiV pairs with the convolution 

i = (jrv * w) 

of the weight filtration W of V and Eq = E~^ to define an unpolarized 
CVHS on the underlying flat vector bundle of V. 

(b) Near a maximally unipotent boundary point, the H-model variation of 
Hodge structure attached to a degenerating family of Calabi-Yau three- 
folds gives rise to a variation of mixed Hodge structure of Hodge-Tate type, 
whose extension data encodes the quantum cohomology of the mirror. 

(c) The Higgs field 0 obtained by appflcation of construction (a) to (b) also 
determines the quantum product of the mirror, i.e. in this case mirror 
symmetry can be understood as a duality of CVHS. 
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Following [D3] , in §3 we generalize the construction (b) by showing that given 
any admissible variation of graded-polarized mixed Hodge structure V A*”^, 
there exists a canonical filtration ^ which is opposite to the Hodge filtration T 
near zero, and hence defines an unpolarized CVHS. Moreover, when the limiting 
mixed Hodge structure is Hodge-Tate, this opposite filtration coincides with the 
relative weight filtration of V. 

The even cohomology of a compact smooth manifold X of dimension k is natu- 
rally a Probenius algebra with respect to the cup product and intersection pairing. 
For Kahler manifolds, the quantum product provides a deformation of this algebra. 
These constructions restrict to F = if X is Calabi-Yau. A Frobenius 

module of weight k is an abstract version of the module structure obtained when the 
product operation on V is restricted to a module over SymiJ^’^(X). In §4 we review 
these notions as well as the equivalence between families of Frobenius modules and 
variations of Hodge structure with special degenerating behavior (Theorem (4.14)). 

In general, the construction of a Frobenius module arising from an algebra as 
described above implies a loss of information. Yet, in some cases, it is possible to 
recover the full product structure. In §5 we discuss how this is the case when the 
weight of the module is at most 5 and, also, when the algebra is “generated by 
a condition that has already been used in the context of quantum cohomol- 
ogy [KM,Kr] as well as in the recent work of C. Hertling and Yu. Manin [HM]. 

If a family of Frobenius modules generates a family of Frobenius algebras, a 
natural question to ask is if it is possible to unfold this last family into a Frobe- 
nius manifold. We study some cases where families of Frobenius modules can be 
unfolded into (germs) of Frobenius manifolds. We do this in two ways: an explicit 
construction is given for low weight families (5.6), and a general argument (Theo- 
rem (5.8)) is presented using the techniques of Sections 2 and 3, as well as [HM]. 

Acknowledgment. Part of the research presented in this paper was done at 
the Max Planck Institute and we are thankful for their hospitality and support. 
We would also like to thank Claus Hertling for very helpful discussions. 

2. Variations of Mixed Hodge Structure 

Let F be a finite dimensional vector space. Then, a decreasing filtration of F 
is an exhaustive sequence of subspaces 

0 c • . . C C C . . ■ C F 

of F such that C F^~^ for all p. Likewise, an increasing filtration ^ of F is an 
exhaustive sequence of subspaces of F such that C for each index q. As 
alluded to in the introduction, a decreasing filtration F is then said to be opposite 
to an increasing filtration ^ if and only if 

V = FP^^p.i ( 2 . 1 ) 

for each index p. Similarly, given an integer fc, a pair of decreasing filtrations F and 
G are said to be /c-opposed if and only if F is opposite to the increasing filtration 

:= 

Definition 2.2. Let A be a subfield of M. Then, a pure A-Hodge structure of 
weight k is pair (Va^F) consisting of a finite dimensional A- vector space Fa and a 
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decreasing Hodge filtration F of Vc = 0 C by complex subspaces such that the 

conjugate filtration F defined by the real structure = Va 0R is k-opposed to F. 

By the Hodge decomposition theorem, the primitive^ Ar’th cohomology of a 
smooth complex projective variety X carries a pure Hodge structure of weight k. 
Accordingly, one defines a polarization of a pure Hodge structure {Va, F) of weight 
A: to be a (—1) ^-symmetric bihnear form Q :Va^Va A such that 

1 . Q{FP,F^-P-^^) = 0; 

2. iP~^Q{v, v) is positive definite on Fp fl F^~P; 
for each index p. 

Definition 2.3. Let 5 be a complex manifold and A be a subfield of E. Then, 
a variation of pure, polarized A-Hodge structure of weight k over S consists of a 
local system of Va of finite dimensional A-vector spaces over S equipped with a 
decreasing Hodge filtration F of V = Va 0 Os by holomorphic subbundles, and a 
fiat (—1) ^-symmetric bilinear form Q : Va 0 Va A such that 

1. F and F are A:-opposed; 

2. F is horizontal, i.e. V(F^) C Fp~^ 0 

3. Q polarizes each fiber of V. 

In particular, by the work of Griffiths [G], each smooth projective morphism 
f : X S of complex algebraic varieties gives rise to a variation of pure Q- 
Hodge structure of weight A: on Vq = On the primitive part of R^^{Q) the 

variation is, also, polarized. Dropping the requirement that / be smooth and/or 
projective, one then obtains the notion of a variation of graded-polarized mixed 
Hodge structure: 

Definition 2.4 [D2], Let A be a subfield of E. Then, an A-mixed Hodge 
structure consists of a finite dimensional A- vector space equipped with a decreasing 
Hodge filtration F of Pc together with an increasing weight filtration W{Va) of 
Va such that F induces a pure A-Hodge structure of weight k on each non-trivial 
quotient Gr^ = Wk/Wk-i of the complexification W of PV(Va) via the rule 

W FPnWkFWk-i 

Likewise, a graded-polarized mixed Hodge structure is just a mixed Hodge structure 
endowed with a choice of polarization Qk for each non-trivial quotient Gr]^ . 

Definition 2.5 [SZ]. Let 5 be a complex manifold and A be a subfield of 
E. Then, a variation of graded-polarized A-mixed Hodge structure over S consists 
of a local system Va of finite dimensional A-vector spaces over S equipped with 
a decreasing Hodge filtration F of V = Va 0 Os by holomorphic subbundles, and 
an increasing weight filtration PV(Va) of Va by fiat subbundles, together with a 
collection of flat, non-degenerate bilinear forms Qk such that: 

1 . V{FP)CFP-^^nl; 

2. {Gr]^{VA)^FGr]^ ,Qk) is a variation of pure polarized A-Hodge structure 
of weight k. 



^In fact, the same is true without restricting to the primitive cohomology (see Chapter 5, 
Section 6 of [We]). 
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Remark. In definitions (2.2)-(2.5) one may replace A by a finitely generated 
noettierian subring of R such that ^ 0 Q is a field. However, in this context, one 
only requires to be a filtration of Va 0 Q. 

Let V be a variation of pure, polarized Hodge structure of weight k and ^ be 
the increasing filtration of V defined by the rule 

Then, the fact that V = V and T is holomorphic, horizontal and A:-opposed to f 
implies that § is an anti-holomorphic filtration of V which is opposite to T such 
that 

V($,) (2.6) 

i.e. {T ^ #) defines an unpolarized CVHS on the underlying fiat bundle of V. 
Accordingly [Si] , one obtains an associated Higgs bundle structure d + 6 on the 
underlying vector bundle of V as follows: Let 

p+q=k 

denote the Hodge decomposition (1.4) defined by the Hodge bundles 

IfP ^ = yrP n 

Then, by virtue of equation (1.5), we can write 

V — r-\-d-\-d + 9 

where 

t{W) C B{S^(W)) C 

d{e°{W)) c e{w) c f 

Moreover, upon expanding out the flatness condition = 0 relative to (2.7) and 
(2.8), one obtains the Higgs field condition 

{d + ef = + Be + e he = Q (2.9) 

More generally, mutatis mutandis, given an unpolarized CVHS, one obtains a 
corresponding Higgs bundle structure B + 6 on the underlying vector bundle of 
the variation via the above constructions. 

Let V be a variation of graded-polarized mixed Hodge structure. Then, as 
consequence of the following result, one obtains a system of Hodge bundles (1.4) 
on the underlying bundle of V which satisfy the transversality condition (1.5), 
and hence a corresponding Higgs bundle structure B + 6. 

Theorem 2.10 [D2,D4j. Let {F,W) be a mixed Hodge structure. Then, there 
exists a unique, functorial higrading 

Vc = 0 (2.11) 

p,<i 

of the underlying complex vector space Vc such that 

(a) PP = 0a>p for each index p; 

(b) Wk = 0a+6<fc 1°’’’’ for each index k; 



(2.7) 

( 2 . 8 ) 
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(c) For each bi-index {p^q), 

= mod 0 (2.12) 

a<q, b<p 

Moreover, 

0 T’" = n Wk (2.13) 

r<p k 

Proof. The existence of a direct sum decomposition (2.11) satisfying condi- 
tions (a)-(c) is shown in [D2]. That this decomposition also satisfies (2.13) is shown 
in [D4] (cf. [P]). Namely, in order to establish (2.13), observe that 

0/’'’*=0T^ (2.14) 

r<p 

since, for any bi-index (r, s) with r < p, the left hand side of (2.14) contains every 
bi-index (r',s') < (r, s). Thus, it is sufficient to show that 

07^ = ^ pfc-P p (2.15) 

r<p k 

By conditions (a) and (6), for each pair of indices p and k, 

pk-p n Wfc = pk-p n Wk = 0 (2.16) 

r+s<fc, s>k—p 

and hence 

C0J^ (2.17) 

r<p 

since r + s < k and s > k — p ==> r + s<k<s+p ==^ r < p. Thus, fixing p 
and taking the sum of (2.17) over all k yields: 

Y P^~’'nWk c 01^ 

k r<p 

Conversely, by equation (2.16), 

cY r^~^nWk (2.18) 

r<p k 

Indeed, given any bi-index (s,r) with r < p, there exists an index k such that 
r-fs<A:<s-l-p (i.e. r s < k and s > k — p), and hence 7®’'^ C fl W^. 

Corollary 2.19. Let V he a variation of mixed Hodge structure, and 

V = 0 (2.20) 

p^q 

denotes the decomposition of V into a sum of subbundles defined by the 
pointwise application of Theorem (2.10). Then, the Hodge filtration T of V pairs 
with the increasing filtration 

^q = Y ^ ^k 

k 



( 2 . 21 ) 
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to define an unpolarized CVHS for which the resulting decomposition (1.4) is 
given by the formula 

V = 0 WP, WP = 0 (2.22) 

P 9 

Proof. As in the pure case, the fact that T is holomorphic and horizontal, 
imphes that # is an anti-holomorphic filtration of V such that V(^p) C 0 0^. 
Moreover, by Theorem (2.10), 

:FP = 0 = 0 (2.23) 

a>p a<p 

Consequently, V = ® ^p-i = 0p,g smd hence (J*, #, V) satisfy the axioms 

of an unpolarized CVHS. Likewise, by equation (2.23), := ^ H #p = 0^ 

Remark. Given a pair of increasing filtrations A and H of a vector space V, 
one defines the convolution A * H to be the increasing filtration of V given by the 
rule 

(^ * B), = ArHB^ = Y A-fc n Bk (2.24) 

r+s=qr k 

In particular, if for any decreasing filtration F of F one defines = F~'^ then the 
increasing filtration (2.21) is given by the formula # = (F^ * W) 

Following [D3], we now relate the above constructions with mirror symmetry. 
To this end, let V — > be a variation of pure, polarized Hodge structure of 

weight k over a product of punctured disks which has unipotent monodromy, and 
Tj = e~^^ denote the monodromy of V about the j’th punctured disk. Then, as 
a consequence of Schmid’s orbit theorems [Sc] , one obtains an associated limiting 
mixed Hodge structure {Foo,W[—k]) on the central fiber [Dl] of the canonical 
extension of V, where W[—k]j = Wj^k denotes the shifted monodromy weight 
filtration of V: 

Theorem 2.25 [CK]. Let V — ^ be a variation of pure, polarized A~Hodge 

structure with unipotent monodromy, and 

C = { ^ ^ I ^ 0 } 

3 

denote the corresponding monodromy cone, 
filtration VV(Va) ofVA by sub-local systems, 
ofV, such that for every element N £ C: 

1. N{Wj) c Wj- 2 ; 

2. Gr^^; 

Suppose now that V — » A*^ is a variation of pure Hodge structure for which 
the corresponding limiting mixed Hodge structure is Hodge-Tate, i.e. 

\Foom-k]) ~ 

unless p = q. Then, following [D3], V should be regarded as maximally degenerate. 
Moreover, as consequence of the following result, to each such maximally degenerate 
variation V, one can associate a corresponding Hodge-Tate variation V°: 



Then, there exists a unique increasing 
called the monodromy weight filtration 
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Theorem 2.26 [D3], Let V be a variation of pure polarized Hodge 

structure of weight k for which the associated limiting mixed Hodge structure is 
Hodge-Tate. Then, the Hodge filtration T pairs with the shifted monodromy weight 
filtration W[—k] of V to define a Hodge-Tate variation V° over a neighborhood of 
zero in A*^ . 

Remark. By shrinking as necessary, we shall henceforth assume that 
(.F, W) is Hodge-Tate over all of A*’’. 

To apply Theorem (2.26) to the study of mirror symmetry, we now recall the 
following definition: 

Definition 2.27. Let X be a polarized Calabi-Yau manifold of dimension d, 
and At X be a smooth partial compactification of the moduli space Mx [B,Ti,To] 
of complex structures on X, such that 

D = Mx-Mx (2.28) 

is a normal crossing divisor. Let p e D he such that, in a neighborhood of p, 
D = Y!ij=i r = dimAtx = dimiif^“^’^(X) and {p} = Then, p is 

said to be a maximally unipotent boundary point of Mx if and only if the variation 
of Hodge structure 

(2.29) 

over Mx has maximal unipotent monodromy on a neighborhood of p in Mxi i.e. 
the associated monodromy weight filtration W satisfies the following two conditions: 

1. dim Gr^ = 1, dim Gr^j^ = 0, dim Gr ^_2 = r; 

2 . Gr^_^ = N,{Gr^). 

Let X be a smooth Calabi-Yau threefold, and p be a maximally unipotent 
boundary point of Mx- Then, it can be shown that the limiting mixed Hodge 
structure of the variation (2.29) at p is Hodge-Tate. Moreover, according to [D3], 
the resulting variation V° produced by Theorem (2.26) should be viewed as the 
A- model variation of the mirror X° of X. 

To extract the quantum cohomology of X° using this approach, we recall [D3] 
that given a pair of variations of Z-Hodge structure A, and B over S of pure type 
(p,p) and (p — l,p — 1) respectively, 

Ext^(.4,B) = Hom(A-B)(8)e>*(5). (2.30) 

More generally, given a Z- variation V of Hodge-Tate type, let Ek denote the ex- 
tension class (2.30) attached to the extension 

0 ^ Gr^-2 ^ mkfmk-4 0 

Lemma 2.31 [D3]. Let V A*’^ be a Z-variation of Hodge-Tate type, and 
V denote the canonical extension ofV over A’’ defined in [Dl]. Then, the Hodge 
filtration E of V extends holomorphically to V, and remains opposite to the weight 
filtration W over 0 £ A^ if and only if 

Ek e Hom(Gr2^, Gr^k- 2 ) ® G;,,,(A-) 

for each index k, where denotes the group of invertible holomorphic 

functions on A*'^ which extend meromorphically to A’’. 
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Remark. The variation V° produced by Theorem (2.26) always satisfies the 
hypothesis of Lemma (2.31). 

Thus, given a smooth Calabi-Yau threefold X and a maximal unipotent bound- 
ary point p of M.x^ one obtains via application of Lemma (2.31) to the resulting 
Hodge-Tate variation V°, a corresponding set of extension classes £^ 3 , E 2 and Ei 
which encode the quantum product of as follows: Let W be the weight filtration 
of V°. Then, W is defined over Z with weight graded quotients: 

Gr^(V|)^Z, Gr^(V^)^Z^ Gr^(V|) ^ Z^ Gr^(V^)^Z 

where r = dimLT^’^(Y). Select a generator 1 of Gr^{V^). Then, on account of 
maximal unipotent monodromy, there exists a unique system of “canonical coor- 
dinates” (gi , . . . , gr) on the base of V° relative to which the extension class E^ 
assumes the form 

= (2.32) 

3 

Moreover, as discussed in [D3], upon expanding the logarithmic derivative of E 2 
relative to the system of canonical coordinates (2.32), one obtains a generating 
function for the number of rational curves in the mirror X°. 

Alternatively, as described in [P], given a maximal unipotent boundary point 
p as above, both the canonical coordinates (2.32) and the quantum product of the 
mirror X° can be described in terms of the Higgs field 6 attached to V° by (2.19) 
as follows: Let 

jyp.P = GrgW2p(V°), 

1 be a generator of and Tj = Nj{l). Then, 9 induces a map 

jJP+l,P+l 0 Qi(A*^) 



such that 

(s-) 9{^)i ~Ylj ^3 ® 

(b) Ta^n=e{ia)o9{ii,)V, 

where (Oi, . . . , O^) denotes the coframe of 0 ^(A*’^) defined by the 1 -forms 



Oj — 



1 dqj 
2m qj 



Ta ^Tb represents [M,CoK] the quantum product on and ^j{^k) = ^jk- 

In §3, we shall extend the correspondence V 4 -^ V° given by Theorem (2.26) to 
arbitrary variations of graded-polarized mixed Hodge structures V — > A*^ which 
are admissible in the sense of [SZ] by constructing a suitable opposite filtration ^ 
from the limiting mixed Hodge structure of V. 



3. Asymptotic Behavior 

Let (£■, V) be a flat C- vector bundle over A*^ with unipotent monodromy. 
Then [Dl], up to isomorphism, there exists a unique extension E — > A^ of E such 
that V has at worst simple poles with nilpotent residues along the normal crossing 
divisor 

D = A" - A*^ - U^. Dj 



(3.1) 
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Equivalently, given a system of local coordinates (si, . . . , on A” relative to 
which the divisor (3.1) assumes the form 

^1 ’ ‘ ■ ~ 0 

with Sj = 0 on Dj, and flat multivalued frame (ai, . . . , dm) of E, the canonical 
extension E described above can be identifled with the locally free sheaf generated 
by the sections 

where Tj = denotes the monodromy action of E about Sj = 0. 

In particular, if V ^ A*^ is a variation of graded-polarized mixed Hodge 
structure for which the Hodge filtration E oi V extends holomorphically to the 
canonical extension V, one can define a corresponding nilpotent orbit Eniip by 
simply extending .F(O) to a filtration of V which is constant with respect to the 
frame (3.2). 

Alternatively, Eniip may be described in terms of the associated period map 

(^ : A*^ M/T (3.3) 

deflned by parallel translation of the Hodge filtration .F of V to a fixed reference 
flber V = Vso of V as follows: 

Let V ^ A*’^ be a variation of graded-polarized mixed Hodge structure, and 
V = Vs^ denote a fixed reference flber of V. Let W denote the specialization of the 
weight filtration of V to F, and Q = {Qk} denote the corresponding specialization 
of the graded-polarizations of V to Gr^ . Deflne X to be the flag variety consisting 
of all decreasing filtrations F of F such that 

dim(F^) = rank(FP) 

and let M be the classifying space [P] consisting of all filtrations F e X such 
that (F, W) is a mixed Hodge structure which is graded-polarized by Q. Then, the 
period map (3.3) takes values in the quotient of M by the action of the monodromy 
group r of V. 

Theorem 3.4 [P]. The classifying space M defined above is a complex mani- 
fold upon which the real Lie group 

G = {g& GL{V)'^ I Gr{g) € Autj,{Q) } 

acts transitively by automorphisms, where Gr{g) : Gr^ Gr^ denotes the map 
induced by an element of the stabilizer GL{V)^ ofW on Gr^ . 

In particular, on account of Theorem (3.4), the orbit 

M = Gc.Fo C A (3.5) 

of a point Fq £ M under the complex Lie group 

Gc = { 5 e GL{V)'^ I Gr{g) G Autc{Q) } (3.6) 

is well deflned, independent oi Fq £ M. 
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Warning. In general, Gc is not the complexification of G. 

To continue, observe that the period map (3.3) is locally liftable. Accordingly, 
there exists a holomorphic map F : U'^ — > M. which makes the following diagram 
commute 

[/" — ^ M 

.[ [ (3.T) 

A*" — f — > M/T 

where U'^ C denotes the product of upper half-planes on which the imaginary 
parts of the standard coordinates (zi, . . . , Zn) are positive, and p : U'^ 
denotes the standard covering map defined by the coordinates Sj = . 

Thus, on account of the commutativity of (3.7), the map 

rl}{z) = .F{z) (3.8) 

satisfies the periodicity condition 

, Zj + 1, . . . , 2„) = , Z„) 

and hence descends to a well defined holomorphic map 

i){s) : A4 (3.9) 

Lemma 3.10. Let V — > A*^ he a variation of graded-polarized mixed Hodge 
structure. Then, the Hodge filtration F of V extends holomorphically to the canon- 
ical extension V — > A’^ if and only if 

Foo := lim -0(s) (3.11) 

s— >0 



exists. 

Proof. Relative to the trivialization (3.2), F coincides with the filtration 

(3.9). 

Likewise, after unraveling the above definitions, on finds that the pull back 
P*{Fniip) of Fnilp to coincides with the nilpotent orbit 

Fniip = e^^^^^^.Foc (3.12) 

Remark. To be coordinate free, (3.11) and (3.12) should be viewed as follows: 
Let (si, . . . , Sn) be a system of local coordinates on A’^ which are compatible with 
the given divisor structure (3.1), and (Ai, . . . , An) be the corresponding system of 
coordinates on Tq(A’^) defined by the basis vectors ej = (^)o- Then, the period 
map 

VniipiXi, . . . , A„) = 5:, iog(A,)iv, 

determines a variation of mixed Hodge structure over the complement of the divisor 
Ai • • • An = 0, with monodromy action Tj = e~^^ about Xj = 0, which is well 
defined, independent of the choice of local coordinates (si, . . . , Sn) as above. 

For variations of graded-polarized mixed Hodge structure, the analog of the 
monodromy weight filtration (2.25) is the relative weight filtration = ^W {N, W) 
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discussed in [SZ]. Moreover, based upon the study of degenerating families of va- 
rieties, Steenbrink and Zucker proposed the following, now standard, definition of 
an admissible variation of graded-polarized mixed Hodge structure over A* : 

Definition 3.13 [SZ]. Let V A* be a variation of graded-polarized mixed 
Hodge structure with unipotent monodromy. Then, V is admissible if 

(a) The limiting Hodge filtration (3.11) exists; 

(b) The relative weight filtration = ^W{N, W) exists. 

The admissibility conditions (3.11) always hold in the pure case as a conse- 
quence of Schmid’s nilpotent orbit theorem. For multivariable degenerations, one 
defines admissibility via curve test using (3.13) [K]. Moreover, one has the following 
result: 

Theorem 3.14 [Kj. Let V A*’^ be an admissible variation of graded- 
polarized mixed Hodge structure with unipotent monodromy, and 

^ ~ I ^ 0 } 

3 

denote the corresponding monodromy cone. Let W denote the specialization of the 
weight filtration of V to some fixed reference fiber V = Vs^ • Then, 

1. '^W{N, W) exists for every element N G C; 

2. = '^W{N,W) is well defined, independent of N e C; 

3. {Foo^'^W) is a mixed Hodge structure; 

4. iVi, . . . , Nn are (—1, — l)-morphisms of {Foo,‘^W). 

Let V — » A*’^ be an admissible variation of graded-polarized mixed Hodge 
structure with unipotent monodromy, and 

^ = 0 ( 3 - 15 ) 

denote the corresponding decomposition (2.11) defined by the limiting Hodge fil- 
tration Foo and the relative weight filtration of V. Define, 

= 0 (3-16) 

a<p 

and 0? = { a G 0c I Q^(^p) Q "^p-i } denote the subalgebra of gc = Lie{Gc) 
consisting of those elements which preserve the increasing filtration W defined by 
(3.16), and act trivially on each layer Gr^ = of 

Lemma 3.17. W is opposite to Foo- Moreover, relative to the decomposition 

0C = 0 (3.18) 

r,s 



induced by the bigrading (3.15), 



0 ? = 0 0 '’’^ 
r<0 



(3.19) 
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Proof. That W is opposite to Foo is a simple consequence of definition (3.16), 
and the fact [cf. Theorem (2.10)] that Likewise, since 

gT,s ^ ja+r,6+s 

the sum 0r<oB’^’^ maps Wp to ^p_i, and hence is contained in Conversely, by 
equation (3.16), if a G then the components with respect to the decompo- 
sition (3.18) can be non-zero only if r < 0. 

Corollary 3.20. Let V he an admissible variation with unipotent 

monodromy. Then, on a neighborhood of the origin, the associated function (3.9) 
admits a unique representation of the form 

^(s) = e^W.Foo (3.21) 

with respect to Q^-valued holomorphic function T(s) which vanishes at the origin. 

Proof. By (3.19), is a vector space complement to Lie{G^°°) in gc- Con- 
sequently, the map u ^ e^.Foo is a biholomorphism from a neighborhood of zero 
in gf onto a neighborhood of Foo in Accordingly, 'tp{s) admits a unique repre- 
sentation of the type described above on a neighborhood of zero in A^. 



A priori, the filtration ^ defined above depends on the choice of coordinates 
used in the construction of the limiting Hodge filtration (3.11). However, as the 
following result shows, this is in fact not the case, since the monodromy logarithms 
iVi, . . . , Nji preserve 

Theorem 3.22. ^ is independent of the choice of coordinates used in the def- 
inition of Foo ‘ Moreover, 

^ = (^) * m = (FZ) * ('■TV) (3.23) 

Proof. Without loss of generality, any two systems of local coordinates 
(si, . . . , Sn) and (si, . . . , Sn) on A^ which are compatible with the divisor structure 
(3.1) may be assumed to be of the form Sj = fjSj for some collection of holomorphic 
functions /i, . . . , /n which do not vanish at the origin. Moreover, direct calculation 
shows that, under such changes of coordinates, the corresponding filtrations (3.11) 
are related by the equation: 

F^=e~^ .Foo (3.24) 

Let J\f = spanc(ATi, . . . , Nn)- Then, V C because each Nj is a (—1, — 1)- 

morphism of {FooJW). Accordingly, 

NeAf => .Foo,^W) ^ ’^{Foo^^W) (3.25) 

and hence 
where 

^ = (3-26) 

3 

On the other hand. 
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since Af C g ^ and g ^ C by Lemma (3.17). Consequently, 



^ = W 



(FoorW) 



= 



(Foo,^w') — ^(FooFM^) (3.27) 

is independent of the choice of coordinates used in the construction of the limiting 
Hodge filtration (3.11). 

To verify (3.23), observe that * (’^W’) by virtue of equations (3.16) 

and (2.13). To show that 

® = (^) * rw^) 

observe that Af is closed under complex conjugation since Nj = Nj for all j. Con- 
sequently, when evaluated at any particular point in Fniip = e^.-Foo for some 
element N G Af. On the other hand, by definition [SZ], Af preserves the relative 
weight filtration ^W. Thus, 



m = e^.{Fl) * fW) = ^ 



Finally, as a consequence of the above results, we obtain the following general- 
ization of Theorem (2.26): 

Theorem 3.28. Let V A*^ he an admissible variation of graded-polarized 
mixed Hodge structure with unipotent monodromy. Then, ^ extends to a filtration 
^ of V by flat subbundles which pairs with the Hodge filtration T of V to define an 
unpolarized C VHS on a neighborhood of the origin. 

Proof. Since each Nj preserves 1^, and V has only local monodromy, ex- 
tends to a filtration W of V by flat subbundles. To see that ^ is opposite to T, 
observe that after pulling everything back to the upper half-plane, we can write 

F{z) = (3.29) 

relative to a g^-valued holomorphic function F(s) by virtue of equations (3.8) and 
(3.21). Moreover, since gf is nilpotent, we can write 

for some function X{z) with values in g*. Thus, 

= FP © = e^(^).(FP © 4-p_i) 

= (e^(").F^) © (e^(").«'p_i) = FP{z) © 
since F{z) = e^^^\Foo and gf preserves 



4. Probenius Modules 

Let X be a compact Kahler manifold. Then the even part of i7 * (X, C) is nat- 
urally a Frobenius algebra with product given by the cup product and the bilinear 
pairing arising from the intersection form^. The quantum cohomology defines a de- 
formation of this ( “classical” ) structure parameterized by the complexified Kahler 

^The full H*{X, C) is a Z2-graded Probenius algebra, as considered by Kontsevich and Manin 
in [KM]. 
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cone oi X. In this case, the deformed (“quantum”) product is defined in terms of 
a function known as the Gromov-Witten potential. 

In the case where X is also Calabi-Yau, the cohomology decomposes H* (X, C) = 
and the quantum product preserves this bigrading. In particular, 
inherits a Probenius algebra structure. We should mention that these spaces also 
satisfy nondegeneracy and positivity conditions encoded in the Hard Lefschetz The- 
orem and the Hodge-Riemann relations. 

In his analysis of mirror symmetry, D. Morrison constructed a polarized vari- 
ation of pure Hodge structure using the data described above. This variation is 
known as the A-model variation ([M], [CoK, Chapter 8]). A close inspection 
of his construction shows that not all of the algebra structure is used: it is only 
the Symil^’ ^-module structure on ©piJ^’^ that is needed. This observation is the 
starting point for the construction of an equivalence between this type of structure, 
called a Probenius module, and certain maximally degenerating variations of pure 
Hodge structures. In what follows we will describe this construction. See [CF2] 
for further details. 

Por k let V = ©p=o^ 2 p be a graded finite dimensional C- vector space and 
B a symmetric non-degenerate bifinear form on V pairing V 2 p with V 2 (k-p)- Let 
{Ta}o<a<m be a B-self dual, graded basis of V. We will refer to {Ta} as an adapted 
basis. Por 0 < a < m define 6 {a) by B{Ts(a)^Tb) = Sab — the right hand side S is 
Kronecker’s S — for all 6 = 0, . . . , m. We also set o := p if and only if Ta G and 
assume that the map ~ : {0, . . . , m} ^ {0, . . . , 2A:} is increasing. 

Definition 4.1. (1^,5, e, *) is a graded V 2 -Frobenius module of weight k if 

1. e^O and Vb = (e). 

2. V is a graded Syml^-module under *. 

3. Por all vi.,V 2 eV and w EV 2 

B{w *vi,V 2 ) = B{vi^w * 02 ) (4.2) 

4. w * e = w ioT a\l w E V 2 . 

Since To € Vb? it must be a non-zero multiple of e and we assume that an 
adapted basis satisfies Tq = e. Clearly, the fact that F is a Sym p 2 -naodule is 
equivalent to 

Tj * {Ti * T) = Tz * {Tj * T) for all Tj,Ti E V 2 and T eV. (4.3) 

We say that V is real if V has a real structure, 14, compatible with its grading, 
* is real, e G 14? and B is defined over M. 

To any real Probenius module we can associate a Hodge-Tate mixed Hodge 
structure, split over R, whose canonical bigrading is 

:= (4.4) 

The multiplication operator Lyj E End(V'), G Vb, is an infinitesimal auto- 
morphism of the bilinear form 

Q{Va,Vb) ■■= (4.5) 

as well as a (—1, — l)-morphism of the associated mixed Hodge structure. We will 
say that w e ¥20 Vr polarizes V if the mixed Hodge structure (!*’*, Q,Lo;) is 
polarized [CK] . A real Probenius module V is said to be polarizable if it contains a 
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polarizing element. Given a polarizing element w, the set of polarizing elements is 
an open cone in P 2 fl Pi- We can then choose a basis Ti, . . . , of Pi Pi spanning 
a simplicial cone C contained in the closure of the polarizing cone and with w 
Such a choice of a basis of P 2 will be called a framing of the polarized Probenius 
module. 

Example 4.6. If X is a compact Kahler manifold of dimension k, let p 2 p := 
HP^P{X), Bint the intersection pairing on V := and ^ the restriction of 

the cup product to V. Then, {V, Binti 1? defines a polarizable Probenius module. 
The real structure is induced by 

Given an adapted basis {To, . . . , Tm} of F, let 2 ^ 0 , . . . , Zm be the corresponding 
linear coordinates on V and set qj := exp{27rizj) for j = 1 , . . . , r := dimF 2 • If 
U is the upper-half plane, we may identify = {V 2 f) 0 i C and view the 
correspondence 

r 

ZjTj € (P^ n Pi) 0 iC (gi, . . . , gr) € (A*)^. 



Let F be a framed Probenius module of weight k. Then the action of F 2 on 
V can be recovered from a homogeneous polynomial (j)o G C[zo,. . . , Zm] of degree 
three, called the classical potential Indeed, if we let 






E ZjZaZk^B{Tj*Ta,Tb), 

j=2, 0<a,b<2k 



with 



C{a) 



' 2 if = 3 and a = 2, 

^ 3 if A: ^ 3 and a = 2 or a = 2/c — 4, 
^ 6 otherwise. 



then we recover the F 2 -action by: 



Tj^Ta 



cit+2 9zjdz„.dzs^c{ 



j = 1 , • 



Example 4.7. In the case of weight A: = 3, the classical potential is 



(foizo, . . . 



, Zjn) — ^ ^ ZQZjZ§(^j^ + 
3=2 



- E ^{Tj*Ti,Ts(k))zjZiZs{k}- 

j=2,l=2,k=4 



In the special case where dimF 2 p = 1 for p = 0, . . . , 3, we obtain 0o(^O5 • • • , ^ 3 ) = 
- 2 ^ 0^! ^2 + for K = ^B{Ti * Ti,Ti). This is the case of, for instance, the central 
part of the cohomology of the quintic threefold in 

Next we consider deformations of a framed Probenius module induced from 
a potential. Let R := C(^i, ... ,gr}o denote the ring of convergent power series 
vanishing for oi = • • • = = 0 and R' be its image under the map induced by 

q. for 1 < j < r. 
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Definition 4.8. Let (V, e, *) be a framed Probenius module of weight k > 3 
with classical potential 0o- A quantum potential on V is a function (p : V C of 
the form 0 = 0o + 0^? where 

■= X) ,Zr)+ ^ ZaZb(pt{zi,... ,Zr), (4.9) 

a=2k-A 2<a<2fe-4,a+6=2fc-2 



with 0^, 0^^ G R' and such that the action 

■■= E withg = (gi,...,g,)€A^ (4.10) 

turns (y, e, -g) into a graded y 2 -Probenius module for all q. 

For weight A; = 3 modules, the form of the potential is just 0 = 0o + 0a where 
(pfi £ R', and requiring that (4.10) defines a graded V 2 -niodule imposes no constraint 
on 0a, contrary to the situation of higher weights. 

Remark. For V of weight 1 or 2, the Frobenius module is determined by B 
and e; hence no deformations in the sense of Definition (4.8) are possible. 

Remark 4.11. The form (4.9) of the quantum potential is motivated by the 
Gromov-Witten potential, except that in the setup of Frobenius modules only a 
graded part of the potential is relevant. 

The condition for a quantum potential to induce a Frobenius module can be 
interpreted as a WDVV type of equation, only that, compared to the original setup 
in quantum cohomology, here we only see a graded part of the full system. 

Example 4.12. In the weight k = 3 case we have, for j = Z = 2, 

T> T.=T,.T,^ (2,if g 

while the action of Tj on all the other graded parts of V is the one given by *. 
Notice that, since (pn is assumed to be convergent at gi = . . . = = 0, we have 

•0 = *. 



As we stated at the beginning of this section, there is a correspondence be- 
tween deformations of a framed Frobenius module and a certain type of maximally 
degenerating polarized variation of Hodge structure. To make precise the notion of 
maximally degenerating variation we reformulate Definition (2.27) in the context 
of abstract variations. 

Definition 4.13. Given a polarized variation of Hodge structure of weight 
k over (A*)’” whose monodromy is unipotent, we say that 0 G is a maximally 
unipotent boundary point if 

1. dim/^’^ = 1, dimJ^~^’^~^ = r and diml^’^“^ = dim/^“^’^ = 0, as well 
as = 0 for all p, ^ < 0, where I*’* is the bigrading associated to the 
limiting mixed Hodge structure and, 

2. spanc{iVi(/^’^), . . . ,iV^(J^’^)} = where Nj are the monodromy 

logarithms of the variation. 
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Theorem 4.14. There is a 1-1 correspondence between 

(a) Deformations of a framed Frohenius module (V, B, e, *) of weight k arising 
from a quantum potential, and 

(b) Germs of polarized variations of pure Hodge structure of weight k on V 
degenerating at a maximally unipotent boundary point to a limiting mixed 
Hodge structure of Hodge- Tate type, split over M, and together with a marked 
real point e G . 

The proof of this correspondence can be found in [CF2, Theorem 4.1]. The 
cases of weight 3 and 4 have been analyzed in [P] and [CFl]. Below we will describe 
the main constructions that set up the correspondence. The key technical step in 
proving the theorem is the asymptotic description of the Hodge filtration of an 
admissible variation presented in §3. 

Let V — ^ (A*)’” be a variation of pure, polarized Hodge structure with unipotent 
monodromy. Then, by Corollary (3.20), the germ of V at zero is determined by the 
following data: 

1. The nilpotent orbit (3.12); 

2. The function -0(s) = • Fq©. 

Moreover, to such a nilpotent orbit (3.12), we can associate the corresponding 
limiting mixed Hodge structure {Foo,W[~k]), which turns out to be polarized by 
the monodromy cone (3.14) (cf. [CK]). Furthermore, this polarized mixed Hodge 
structure is equivalent to the nilpotent orbit [Sc], [CKS], [CFl, Theorem 2.3]. 
Also, [CFl, Theorem 2.7], on account of the horizontality of the period map of 
V, the function T{s) can be recovered from its projection r_i onto the subspace 
p_i := 0s 9“^’^ of [cf. Lemma (3.17)] 

0 _ := 0 * = 0 0 ^’* 

r<0, s 

and the monodromy logarithms Ni, ... ,Nr of V. 

The period mapping of the variation V is written as • Fq© for a (multival- 
ued) map X : (A*)^ “^0-: as in (3.29)-(3.30). The horizontality condition of the 
variation V can be written, in terms of X, as 

forX_i = V • + r_i(s), (4.15) 

L'Kl 

J=1 

and, in turn, this is equivalent to dX-\ being a Higgs field. 

Remark. Theorem (4.14) can now be refined to show that under the same cor- 
respondence, the nilpotent orbit of the variation of Hodge structure corresponds to 
the framed Probenius module and that the function r_i corresponds to the quan- 
tum potential. Moreover, the transversality condition of the variation is equivalent 
to the graded part of the WDW equation alluded to in Remark (4.11). 

In what follows we will describe the two constructions that establish the equiv- 
alence between degenerating variations of Hodge structure and Frobenius modules. 

Construction 4.16 (Variation of Hodge structure from a Frobe- 
nius module). This is the transcription of the well known A-model variation of 
Hodge structure into the language of families of Frobenius modules. See [CF2, §5] 
for more details as well as [CoK, Chapter 8] for the standard A-model variation. 
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Consider a deformation of the framed Probenius module of weight 

k generated by the potential 0 = (f>o with the framing {Ti,... ,Tr}; let 

(^ 1 , . . . , Qr) be the corresponding system of local coordinates on (A*)^. Define 

1. A free sheaf V := F 0 

2. A Hodge filtration TP := {®a>pV2(k-a)) ^ ^(a*)^ Q V. 

3. The Dubrovin connection: for T € F and j = 1, . . . r, 



V_^T := 

dqj 



J*. 

27Tiqj ^ 



It follows from the symmetry condition (4.3) that V is fiat. Also, it has 
simple poles at qj = 0 where the residue ReSg^.=o(V) is, up to a constant, the 
endomorphism of (V, H, e, *) given by the action of Tj on V. The logarithms 
of the monodromy of V, iVj, are also given by that same action. 

4. A polarization Q given by (4.5). 

5. A real form Vr defined as follows. Let 



V = F ® Oa- and V = V - — V iV,' ® 

^ Qj 

Then V is a fiat connection on V; for u E F we define ay to be the V-flat 
section such that d^(0) = v. Then Vr C V is the local system generated by 
the sections exp(-^ Ylj for all € 14- 

Theorem 4.17. The tuple (V, V,.F, Vr, Q) constructed above is a polarized 
variation of Hodge structure of weight k having a maximally unipotent boundary 
point at 0 E where the mixed Hodge structure is of Hodge-Tate type split over 



A proof of Theorem (4.17) can be found in [CF2, Theorem 5.10]. See [CoK, 
Theorem 8.5.11] for a version of this result in the original setup of quantum 
cohomology of Calabi-Yau manifolds. 

Remark. The construction described above does not explicitly use the fact 
that the deformation of the Probenius module comes from a potential. Nevertheless, 
the quoted proof does depend on that fact. 

Construction 4.18 (Probenius module from a variation of Hodge 
structure). The starting point is a polarized variation of Hodge structure of 
weight k degenerating to a maximally unipotent boundary point where the fimiting 
mixed Hodge structure is of Hodge-Tate type, split over R, together with a real 
element e e F^. 

The construction of a Probenius module uses only the information of the vari- 
ation near the degeneration, so that we can restrict all considerations to the case 
of a variation over (A*)’^ having the origin as a maximal degeneration. 

Define: 

1. A graded vector space V := 0p=o^2p, with p 2 p defined by (4.4). 

2. A symmetric nondegenerate pairing H on F by (4.5). 

3. A real structure on F defined by the real structure carried, by hypothesis, 
by all P^P. 

4. A framing {Ti, . . . , Ty} of F, where Tj := Nj{e) G F 2 for j = 1, . . . , r. 

5. An action * of F 2 on F by Tj * T := Nj{T) for j = 1, . . . , r. 
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6. A “unit” eeF^ = = Fq- 

Then, (F, *, e) is a F2 Frobenius module framed by {Ti, . . . , T^}. This follows 

from the commutativity of the monodromy logarithms, the fact that these are 
infinitesimal isometries of Q, and that they polarize the limiting mixed Hodge 
structure. 

To define a deformation of (F, B, *, e), we need special coordinates (gi, . . . Qr) 
on A”, known as canonical coordinates. Such a coordinate system is characterized 
by the fact that the function r_i is normalized with respect to these coordinates 
to satisfy = 0. Canonical coordinates exist because of the maximal 

unipotency condition on the variation (see [CFl, §3]). Finally, for j = 1,... ,r 
and T G F, define 

(T) (4.19) 

dX 

where the right hand side is the evaluation of the endomorphism of F, -57^, on the 
vector T. The fact that this action defines a family of Sym V 2 modules is equivalent 
to (4.15). The quantum potential (j)fi that generates the deformation is: 

(9) ••= \ B{r^i{Ta),Tb) for 2 < a < 2fc - 4 and a + b = 2fc - 2 
4>l{q) := B(-r_2(Ta),To) for a = 2fc - 4 

•= 'y ^ “I" ^ 

a = 2fc-4 2 < a < 2fc-4, a+6 = 2k-2 

0 := 00 + 0a? (4.20) 

where F_2 is determined by r_i and the monodromy logarithms. 

Theorem 4.21. (F, H, e, *) as constructed above is a graded Frobenius module 
framed by {Ti, . . . ,T^}. Moreover, the V 2 action defined by (4-^9) is a deformation 
of (F, H, e, *) generated by the potential (4.20), whose quantum part is uniquely 
determined by the function T-i of the variation. 

Remark. In the weight A: = 1 and k = 2 cases, the use of canonical coordinates 
implies the normalization F = 0. This choice parallels the fact that there are no 
deformations of Frobenius modules for the same weights. 

5. Frobenius Algebras 

Following Dubrovin, a Frobenius algebra over the finite dimensional C-vector 
space F consists of a tuple (F, B, *, e), where * defines a commutative and associa- 
tive C- algebra structure on F with unit e, and B is a non-degenerate symmetric 
bilinear form on F such that 



B{vi^V 2 jVs) = B{v 2 ,Vi^Vs) iOT all Vi,V 2 ,Vs eV. (5.1) 

Additionally, (F, B, *, e) is a graded Frobenius algebra of weight k if V decomposes 
as F = 0p=o^2p, Vb = (e), the product * is graded and B pairs with V 2 (k-p) 
for all p. 

If (F, B, *, e) is a graded Frobenius algebra of weight k we can, by restricting 
the action of *, define a graded V^-module (F, H, *,e). In general, this process can 
not be reversed since part of the product structure is lost. Nevertheless, in some 
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cases a full Probenius algebra can be constructed from a graded V 2 -module. We 
will illustrate this phenomenon in the following examples. 

Example 5.2. Let (V, *, e) be a graded V 2 Probenius module of degree k = 

3. Then, for homogeneous elements Va, Vb in Va and we define a multiplication 
* by: Va ^ e = e ^ Va = Va, ioi a = 2 {b arbitrary), Vb^Va = Va^Vb = Va ^ Vb and, 
Va^Vb = 0 if a > 2 and b > 2. We notice that * is graded and commutative. 
Associativity can be seen as follows: if any vector in a triple product is (a multiple 
of) the identity, associativity is immediate. If all vectors are in ¥ 2 , associativity 
follows from (4.2). Pinally, if none of these conditions hold, all triple products vanish 
by the grading properties. Pinally, a short analysis shows that B{va^Vb,Vc) = 

B{Vb,Va^Vc). 

Similar arguments show that the same result applies in the weight A: = 4 and 
k = b cases. The cases of weight k = 1 and k = 2 are trivial since the product 
structure is determined by B and e. 

Example 5.3. Let (V,B, *,e) be a graded V 2 Probenius module of degree k. 
We say that V is generated by V 2 if the linear map SymV 2 — ^ V defined by P 
P * e is onto. In this case, the algebra structure of SymV 2 can be transferred 
to V. Explicitly, for homogeneous vectors Va = Pa * e and U 5 = P 5 * e we have 
Va^Vb = {Pa • Ph) * 6 * Clearly, Pa is homogeneous, so that * defines a graded 
multiplication that is commutative, associative and with unit e. Condition (5.1) 
follows immediately from the iteration of (4.2). 

If (F, P, -g,e) is a (continuous) family of Probenius modules such that -q = * 
generates F in V 2 , then for all q near 0 the corresponding Probenius module also 
generates and we obtain a family of graded Probenius algebras defined over an open 
neighborhood of g = 0 of the same parameter space. 

In quantum cohomology the standard constructions produce the Probenius 
manifold structure on H* (A, C) whose product is the big quantum product Then, 
considering i : P^(X, C) C P*(A, C), the product obtained by pulling back to 

i*(TP*(A,C)) 

X H* the big quantum product is known as the small quan- 
tum product. 

Starting from a family of graded F 2 -Probenius modules we have seen that in 
some cases it is possible to construct a family of Probenius algebras over an open 
subset of the same base. In Section 4 we took the parameter space of such a family 
to be A’", with r = dimV 2 . We can also consider the covering of the polydisk by 
the product of upper half planes, given by z q = exp(27T22;); in this case we 
pull back our constructions and obtain a family of modules (or algebras) over C/’’, 
that we view as contained in F 2 via the framing. In this case, the family is defined 
near the point at infinity. 

One can pose then the following question: If F is generated by V 2 under *, 
the construction described in the previous paragraph resembles the small quantum 
product with a family of Probenius algebras defined over (an open set contained 
in) V 2 . Is it possible to “unfold” this structure to obtain a full Probenius manifold 
analogous to the big quantum product? We will show that the answer to this question 
is positive in some cases. 

Before going into the details, recall that a Probenius manifold [Du] is a complex 
manifold M of dimension at least 1 with a commutative and associative multipli- 
cation • on the holomorphic tangent bundle TM, a unit field e and a symmetric. 
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nondegenerate bilinear pairing g on TM such that the Levi-Civita connection of 
is flat, the unit held e is V^-flat and for all vector fields X, F, Z on M the 
following conditions hold: 



g{X-Y,Z) = g{Y,X-Z) 



(5.4) 



and 



v^(F-z)- vf.(x-z) + x-vf.z-y-v?^z-[x,y]-z = o. (5.5) 



Remark. Probenius manifolds usually carry a vector field known as the “Euler 
field” . We will not describe this field in our construction below, but such object can 
readily be constructed in terms of the grading that is part of a Probenius module. 

Construction 5.6. Let (F,B, *,e) be a framed Probenius module of weight 
k that is deformed via the potential and assume that the module 

structure of * can be extended to an algebra that we denote by *. As we mentioned 
above the family can be lifted to a family of modules on C An adapted 
basis To , . . . Tm of V provides coordinates zq^ . . .Zm and the algebra structure * 
corresponds to lm{zj) = oc for j = 1, . . . , r. 

The algebra structure * can be encoded into a classical potential and we 
define a multiplication on the tangent bundle TV by 



Ta-.n := 

c 



+ 0ft) 

dzadzbdzs{c) 



Ta*Tb + Y. 



^4>h 



dzadztdzs(c) ' 



(5.7) 



for all ZaTa e V. We remark that this definition does not, in general, define a 
graded product. 

We also consider the (constant) metric on TV induced by B and its Levi-Civita 
connection V characterized by VT = 0 for all T G F regarded as a constant vector 
field. In particular, the unit e G Fq extends to a flat vector field that we keep 
denoting by e. 

To see if the previous data makes TV into a Probenius manifold we have to 
check the following 

1. Compatibility between • and B (5.4): 



B{Ta-,n,Tc) = B{T,in + J2 

d 



d^4>h 

dzadzbdzs(d) 



Td,n) 



= B{Ta*Tb,Tc) + J2 

d 



dZaZbZs(d) 



B{Td,Tc) 



= B{Ta*Tb,T,) + 



d^(ph 

dzadzbdzc ’ 



from where (5.4) follows by applying (5.1) to * and by the symmetry of the 
second summand. 
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2. The potentiality condition (5.5): 

(Tb Tc) = (Tb * Te + ^ 






dzbdzcdzs(^d) 



Td) 



= va{n*T,) + VB{Y^ — 

^ “ d ^^bdzcdzs(^d.) 

_ rp 

^ dzadzbdzcdzs(d) 






By the linearity of (5.5) it suffices to check it for X = Ta, F = Tb and 
Z = Tc. The result then follows from the symmetry of the last expression. 

3. Commutativity, associativity and unit: commutativity is clear from for- 
mula (5.7). That e is a unit follows from e being a unit for * and that 
there is no dependence on zq in (j)fi. The associativity of - 2 ;, will be discussed 
below. 

We will only check the associativity in the cases of weight 3, 4 and 5. The fact 
that * 2 : is not graded makes the computations hard, and this is only partially eased 
by the weaker property V 2 p'^z V 2 q Q 0 a>(p+g)^ 2 a- 

Weight k = 3. In this case is graded and can be computed from 



Ta-zTb = 



Ta -z' Tb if d = 6 = 2, 
Ta * Tb otherwise. 



where z' = 7T2{z) is the projection of Y^ZaTa on Associativity follows immedi- 
ately. 

Weight k = 4. The more involved of the triple products is that of To '^z{Tb -z Tc) 
with a = b = c = 2. We proceed as follows. Remember that the quantum potential 
for weight 4 is ^a<i>h{zu ■■■ ,Zr). Then: 

Ta -.{Tb Ta) = Ta -.{Tb * ^ ^^^Td + ^ Td) 

“ OZbOZcOZS(d) ~ OZbOZcOZs{d) 

d=4 d=6 



d=6 



5{d) 



= Ta-,{Tb-,.Ta) + Y, 






(i=6 



dzbdzcdzs(d) 



Ta * Td 



- Ta (Tb Ta) + 

where, as before, z' = 'K 2 {z) denotes the projection of 2 : to V 2 . Then, using the 
commutativity of we have 



(To *2; Tb) '''z Tc = Tc *2 (To -2 Tb) =Tc‘z' {Ta ’z' Tb) + 



d^(j)h 



dZadZbdZa 



!«(0), 



and, since defines a family of Probenius modules, relation (4.3) implies the 
associativity of - 2 . 

The weight k = 5 case is similar to the previous one, with more painful com- 
putations. 
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Remark. All together, the construction described in (5.6) provides unfoldings 
of the original algebra structure defined on V 2 x V to a. full Probenius manifold 
on TV for weights k = 3, 4, 5. We note that these results do not follow from the 
application of [HM, Theorem 4.5] because in our case we are working with germs 
at infinity or, in terms of families defined over A’”, our Higgs fields have logarithmic 
singularities. Perhaps, Construction (5.6) should be regarded as evidence for an 
extended version of [HM, Theorem 4.5]. 

It seems unfikely that associativity — hence this explicit construction — can be 
extended to weights k >6. The reason for that is that the homogeneity properties 
of a potential defining the product on a Probenius manifold imply that, for weight 
A: < 5 all potentials have the form (4.9), whereas for A: > 6 new homogeneous terms 
can be present. 



Another connection between families of Probenius modules generated in V 2 and 
Probenius manifolds can be established as follows. 

Theorem 5.8. Consider a deformation of the framed Probenius module 
(F, *,e) induced by a quantum potential defined over a neighborhood o/O € 

(r = dimp 2 ) and such that V is generated by V 2 under *. Then, for each s E {A*Y 
near 0 the family of Probenius modules generates a germ of a family of algebras at 
s. Moreover, this germ can be unfolded to a germ of a Probenius manifold. 

Proof. By Theorem (4.14) the deformation of (V, *, e) generates a polarized 

variation of Hodge structure (V, V,.F, Vr, Q) over a neighborhood of 0 € A^, with 
a marked element e E P^. The limiting mixed Hodge structure of this variation 
is given by (4.4). As was observed in (3.13), this variation defines an admissible 
variation of graded-polarized mixed Hodge structure with unipotent monodromy. 

As in (3.16) let Wp = 0a<p,6^“’^ = 0a<p^2(fc-a)* Then is g_-invariant and 
opposite to Poo- Moreover, by Theorem (3.28) i^p extends to a V-flat increasing 
filtration Wp of V that pairs with to define an unpolarized CVHS in a neighbor- 
hood of the origin. In particular, by (1.3), and Wp are opposite. 

By parallel transporting the bundles and additional structure to a fixed fiber 
of V we write 

F^{s) = • FP with = ®a>pV 2 ik-p). 

Recalling that ’Pp is ^--invariant we can find the decomposition (1.4) of the 
complex variation as follows: 

U^{s) = F^is) n %{s) = ■ F^) n • {F^ n 

= • F2(fe-p). 

Then, using (1.5), the Higgs field 0 of the CVHS is 

0{s) = exp{X{s)) dX-i exp{—X{s)). (5-9) 

We notice that since X{s) is an infinitesimal automorphism of Q, 

^ Q(i7’P ,iT_fc-P+l) = 0 

and, by the g_ -invariance of ^p, 

Q{%{s),^k-p-ii^)) = = 0 . 
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Prom (5.9) it follows that, for a i&xed s, the C-span of the iterated apphcation 
of 9y for Y G Tg{A*Y is conjugate to that of (dX_i)y. But the span for these last 
operators as s — ^ 0 is the span of the iterated action of the monodromy logarithms 
which act as V 2 acts on V via * as was remarked in (3) of Construction (4.16). 
Then, under the hypothesis that V is generated by V 2 under *, we conclude that 
the same condition holds for the Higgs field 0(s), for s near 0. 

Next we use the machinery of [HM, §5] to construct a Probenius manifold. We 
claim that (((A*)^, s), V, V, T) is a germ of an if^-generated variation of filtrations 
of weight /c, in the language of [HM, Definition 5.3]. The only thing that remains 
to be proved is that the Higgs field C : induced by V satisfies 

the generation condition. But, under the isomorphism introduced by parallel trans- 
port to a fixed fiber of V and the canonical isomorphism F^(s)/F^"^^(s) 1 /^( 5 ) 

we see that C is, in fact, isomorphic to 9 and, since this last field satisfies the 
generation condition, so does C, and the claim is proved. 

But then, the if^-generated variation of filtrations of weight k defined above, 
together with the pairing Q, the opposite filtration and the “fixed generator” e 
satisfy the conditions of [HM, Theorem 5.6]. Hence, we conclude that there is a 
unique unfolding of this structure to a germ of a Probenius manifold. 

Remark. The filtration W constructed in Theorem (5.8) is related to the rela- 
tive weight filtration ^ W by the rule Wp = '^W 2 p since the associated limiting mixed 
Hodge structure is Hodge-Tate. 

In view of Theorem (4.14) there is the following immediate corollary to Theo- 
rem (5.8). 

Corollary 5.10. Let V (A*)’^ be a variation of Hodge structure of weight 
k which satisfies the hypothesis of Theorem (4.14), and assume that the iterated 
action of the monodromy cone of V on e E C spans F^ . Then, for each 

s E A*’^ sufficiently close to the origin, there exists a corresponding germ of a 
Probenius manifold Mg, which is completely determined by the asymptotic behavior 
ofV. 

Remark. Because of (5.9) we see that there is a simple connection between the 
Higgs field 9 and the one that appears in the correspondence described in Section 4, 
namely, dX-\. In fact, 

9 = exp{X) dX-i exp{—X) = dX-i mod 
Alternatively, 9 and dX-i define isomorphic Higgs bundles. 
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The jet-space of a Frobenius manifold 
and higher-genus Gromov-Witten invariants 

Ezra Getzler 



1. Introduction 

The theory of genus zero Gromov-Witten invariants associates to a compact 
symplectic manifold X a Frobenius manifold H (also known as the small phase space 
of X) whose underlying flat manifold is the cohomology space H*{X,C). Higher 
genus Gromov-Witten invariants give rise to a sequence of generating functions , 
one for each genus g > 0] these are functions on the large phase space 

Hoo = H*{X X CP'^,C). 

The manifold Hqo has a rich geometric structure: it is the jet-space of curves in the 
Frobenius manifold H. (This identification is implicit in Dubrovin [9].) 

Frobenius manifolds also arise naturally in a number of other geometric situa- 
tions, such as singularity theory and mirror symmetry (see for example Dubrovin 
[9] and Manin [27]). The Frobenius manifolds of Gromov-Witten theory carry an 
additional geometric structure, a fundamental solution, given by the formula 

c» 

fc =0 

In this paper, we formulate the differential equations satisfied by the potentials , 
such as topological recursion relations and the Virasoro constraints, in an intrinsic 
fashion, that is, in such a way that the equations do not depend on the choice of 
fundamental solution. This effort is rewarded by a closer relationship between the 
resulting theory and the geometry of moduli spaces of stable curves. 

A consequence of our analysis is the proof of a conjecture of Eguchi and Xiong 

[17]. (Here, we use the summation convention with respect to indices a, 6, ) 

Introduce the coordinates 

on H, along with their derivatives 

which form a coordinate system on Ho©; here, d is the vector field on Ho© given by 
differentiation with respect to the puncture variable Iq. 




46 



EZRA GETZLER 



Theorem 1.1. If g > 0, the Gromov- Witten potential has the form 

3^-3 

•^9^ = Z) («“, 9«“) . . . 9'=’'+iw“- . 

n=0 ’ ki>0 

fci H \-kn ^3^—3 

The coefficients /a^^V.an symmetric in the indices (ki^ai), and homo- 
geneous of degree {2g ~ 2) - {ki h + n) in the variables du°'. 

This theorem generalizes a well-known formula for the case of pure gravity: by 
the Kontsevich- Witten theorem, the functions fal'/.'an coefficients of the 

Gelfand-Dikii polynomials (Hamiltonians of the KdV hierarchy), and the theorem 
may be reinterpreted as a result in the theory of integrable hierarchies. Of course, 
it may be easily proved in this case by direct methods from the definition of the 
Gelfand-Dikii polynomials. Dubrovin and Zhang [ 13 ] have greatly generalized this 
observation, showing that Theorem 1.1 holds, for quite different reasons, in the 
theory of integrable systems. 
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2. The jet-space of a Dubrovin manifold 

2.1. Dubrovin connections. A large part of the theory of Probenius mani- 
folds does not require the existence of a metric or Euler vector field. In this section, 
we introduce the geometric structure which is the essential part of the definition of 
a Probenius manifold, a Dubrovin connection. 

As in Dubrovin [10], we work with connections on the cotangent bundle; of 
course, there is a bijection between connections on the tangent and cotangent bun- 
dles. Let 

V : P(M,T*M) 0^(M,r*M) 

be a connection on the cotangent bundle of a manifold M. Denote by 
Vx = t{X)V : P(M,r*M) P(M,r*M) 
the operation of covariant differentiation along a vector field X on M. 
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The connection V is torsion- free if the torsion T E Q^{M^TM) vanishes, 
and flat if the curvature R € 0^(M, End(T*M)) vanishes. A flat manifold is 
a manifold M with torsion-free and flat connection V on the cotangent bundle 
T*M. A flat coordinate chart M D U ^ on a manifold is a coordinate chart 
u°' :U ^ M such that the one- forms du^ are parallel: 

V(du^) = 0. 

A manifold is flat if and only if it has an atlas of flat coordinate charts. 

A pencil of torsion-free affine connections is a family of connections de- 
pending on a complex parameter z such that 

= V + zA, 

where V = and A E 0^(M, End(T*M)). A Dubrovin connection is a pen- 
cil of torsion- free affine connections which is flat for all values of 2 :, together with 

a flat vector field e such that Ae is the identity. A Dubrovin manifold (M, V^,e) 
is a manifold together with a Dubrovin connection. 

Given a Dubrovin connection V^, denote the vector field {Ax)*y hj X oY; 
this defines a product on the tangent bundle of M. Denote the components of the 
tensor A in flat coordinates (u^) by .4^^: 

daodb = Albdc^ 

Proposition 2.1. The data (V^,e) form a Dubrovin connection if and only if 
the following conditions are satisfied: 

1) the affine connection V is flat; 

2) the product X oY is commutative and associative: 

{X oY) o Z = X o {Y o Z); 

3) the vector field e is flat, Ve = 0, and is an identity for the product X oY: 

eoX = Xoe = X; 

4) [XxiAy] - [XyiAx] =A[x,y]' 

Proof. If V is torsion-free, the commutativity of the product X oY is equiv- 
alent to the vanishing of the torsion of V^. 

The curvature R^{X, Y) of the connection is a quadratic polynomial in 2 ;: 

= R{X,Y) + z{[^x,Ay] - [yY,Ax]-Aix,Y])+AAx,AY]. 

The constant term vanishes if and only if V is flat, the linear term if and only if 4) 
holds, and the quadratic term if and only if A o T is associative. □ 

The questions which we address in this paper are of local character; for this 
reason, we will work in the neighbourhood of a basepoint p E M of our Dubrovin 
manifold (M, V^, e). Let {u°') be a flat coordinate system on M centred at p: that 
is, u^{p) = 0. 
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Since the identity vector field e is fiat, we may assume that the fiat coordinate 
system (w®) is chosen in such a way that e is differentiation with respect to where 
e is one of the indices labelfing the coordinates: in other words, e = dfdue = 

The one-form 

(2.1) w = Tr(A)dw“ e (M) 

plays a prominent role in the theory of Dubrovin manifolds; following Herthng [22], 
we call it the socle one-form. 

2.2. Fundamental solutions. A fundamental solution of a Dubrovin mani- 
fold is a power series 

oo 

Q = I + J2 e r(M, End(T*M))l 2 ] 

n=0 

such that 

V • 0(^) = 0(;^) • 

This is equivalent to the sequence of equations 

(2.2) Vx0n = 0n-i^x- 

Since the endomorphism 0 q plays a special role, we introduce the notation At = 0 q. 
The case n = 0 of (2.2) shows that VxAt = Ax- In particular, 

daMl = 5l 

It follows that Me = ifc® + c“, where c“ is a constant. 

Proposition 2.2. Let p be a point of a Dubrovin manifold (M, V^,e), and 
let (t£®) be a system of flat coordinates which vanish at p. Then there exists a 
fundamental solution 0{z) in a neighbourhood of p such that M% = . 

Proof. We construct endomorphisms 0„ of the cotangent bundle T*M induc- 
tively in n, starting with 0_i = /. To carry out the induction, we must show that 
the one-form 0n-iA G 0^(M,End(T*M)) is exact. To do this, we use condition 
4) of Proposition 2.1: we have 

V(0n-lA) = ([Va,0n-lA] - [Vb,0n-lAa]) du"" A du^ 

= + 0n-2[Ao, Afe]) du°' A du^ = 0. 

In particular, the existence of 0 q is equivalent to condition 4) of Proposition 2.1, 
while granted the existence of 0 q, the existence of 0i is equivalent to the associa- 
tivity of the product X oY . □ 

If 0 ( 2 ;) and 0(z) are two fundamental solutions of the Dubrovin connection 
V^, then 0(z)“^0(z) is a fiat section of P(M, End(T*M))| 2 :|, that is, 

V{e{z)-^e{z)) = 0 . 

Conversely, if p{z) is a flat section of P(M, End(T*M))| 2 :| such that p(0) = I and 
0(z) is a fundamental solution, then S{z)p{z) is again a fundamental solution. 
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2.3. The jet-space of a Dubrovin manifold. Let n be a natural number 
and let M be a manifold. An n-jet in M is a map from the variety Spec(C[t]/ 
to M. 

In local coordinates (tt®), we may write an n-jet as 

fc=o 

In particular, ng are the coordinates of the origin of the jet, and uf da G Tu(o)M is 
the velocity of the jet at t = 0. 

The space of n-jets J^M in M is a fibre bundle over M whose fibres are affine 
spaces of dimension ndimM. For example, a 0-jet is the same as a point of M, 
and a 1-jet is the same as a tangent vector; thus JqM = M and J\M = TM. If 
m < n, denote the projection from JnM to JmM defined by reduction mod 
by pn,m] we write pn • JnM M instead of pn,o- 
Let JooM be the inverse limit 

lim JnM. 

n 

There is a fibration poo^n from JqqM to JnM. 

If V is a coherent sheaf on M, denote the space of sections of the coherent sheaf 
p* V on JnM by Vn; in particular, the space of sections 

oo 

Voc = r(jooM,p:,v)= y v„ 

n=0 

is filtered by subspaces 



V C Vi C • • • C Vn • • • C Voo. 



In particular. On is the algebra of functions on JnM. Locally, we have 



Vn ^ VK I 1 < A: < n]. 




is a vector field on JooM; formally speaking, d generates translation along the 
parameter t of the jet. Note that = d^u^, where tt® = Uq. 

Another important vector field on the jet-space JooM is the dilaton vector 

field 

oo 

Q = 

e=o 

which counts the coordinate = d^u°^ with weight i. 

We now specialize to the case where M is a Dubrovin manifold. The Dubrovin 
connection on T*M pulls back by poo to a connection on p^T*M. If X is 
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a vector field on the jet-space JooM, denote by X the covariant derivative Vx on 
p*^T*M and its associated tensor bundles. For example, we write d instead of Va- 
Given a vector field X on JooM, define an endomorphism Ax of the bundle 
End(T*M) by the formula 

Ax = X{M), 

This definition is independent of the fundamental solution 0 ( 2 ;), and consistent 
with the definition of Ax in the case that X is a. vector field on M. We have the 
formula 

X{e{z)) = zG{z)Ax e End(T*M)oo. 

Let in ' M —^JnM denote the section of the projection pn JnM ^ M which 
sends a point p E M to the jet 

^n(p) =p + te + o(t^). 

Taking the limit over n, we obtain a section Loo : M JqqM of the projection 
Poo • JooM M such that tn = Poo,n O ^-oo- 
In local coordinates, the endomorphism 

A: = dM = Ade End(T*M)i C End(T*M)oo 

is given by the formula 

■^ 6 “ = ulAl,- 

In particular, its restriction to M equals the identity. 

Let J^M C JnM^ 0 < n < oc, be the subvariety where X is invertible. In 
particular, J°M contains the image of in- If V is a coherent sheaf on M, let V° be 
the localization 

V° = V„[det(A’)-i]. 

We think of V° as the space of sections of over J°M. In particular, we have 

CXD 

= U K- 

n=0 

2.4. A frame of vector fields on the jet-space. Let (M, V^,e) be a 
Dubrovin manifold with basepoint p, and let S{z) be a fundamental solution such 
that the fiat coordinates M% = u°' vanish at p. Consider the following noncommu- 
tative analogues of the Faa di Bruno polynomials: 

Vn{z) = G End(T*M)„. 

For example, we have Po(z) = z~^I and 'Pi(z) = X. In general, we see that for 
n > 0, 

n — 1 

Vn{z) = {d + zXr~^X = 

j=0 

where Vn,j € End(T*M)^_j. The polynomials Vn{z) are intrinsic; they do not 
depend on the choice of fundamental solution. 
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Let di = du°‘ di^a- We now introduce a generating function for vector fields on 
Joo-M, by the formula 

oo oo 

a{z) = = Y.^e+i[z)de : T*Mlzj^. 

k=o e=o 

For example, 

oo oo £ 

= 0-1 = EE d‘-'^{Xd'^-^X)de. 

£=0 £=1 fe=l 

Observe that [^ + z^,a{z)] — 0; it follows that [d^ak] = Together with 

the formula 

aa{z)u'’ = X^, 

this characterizes cr{z). 

If X is vector field on M, define vector field ak^x on JooM by the generating 
function 

oo 

ax{z) = {X,a{z)) = '^z^ak,x- 

k=0 

We abbreviate the vector fields (Jk,da fo (Tk,a^ In particular, (Jo,e = d. 

Given of sequences k = {ki, . . . ,kn) and £ = (£i, . . . , €n), we say that k > i \i 
ki > li for all i, and that A: > ^ if in addition ki > ii for at least one L 

Proposition 2.3. A function f € 0%^ lies in if and only if cr{z)f is a 
polynomial in z of degree at most i. 

More generally, suppose K = {Ki , . . . , Kn) is a sequence of integers such that 
Ki> 1 for all i, and suppose that (Jfci • • • cTknf = 0 for all k > K; then . . . dk^f = 
0 for all k > K. 

Proof. Since ajX = 0 for j > 1, we see that for k> K, 

0‘k\ ,ai • • • O'kn^an 

= • • • dk„,K + E 

£>k 

Since X is invertible on J^M, it follows that 

^ki,ai • • • ^kn,an 

£>k 

Thus, . . . cTfc^/ = 0 for A; > K if and only if ^fci • • • dk^f = 0 for k> K. □ 

2.5. An affine structure on the jet-space. We now show how the choice 
of a fundamental solution S{z) on a Dubrovin manifold (M, V^,e) gives rise to 
an affine structure on the jet-space J^M, that is, a frame of the tangent bundle 
TJ^M consisting of commuting vector fields. This affine structure identifies the 
formal neighbourhood of d with the large phase space of Gromov-Witten theory. 
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Introduce the generating function of vector fields on JooM, 

oo oo 

r(z) = ^ = Q{z)a{z) = ^ 

fc=o e=o 

The introduction of these vector fields is motivated by the fact that they are evo- 
lutionary: 

[d,T{z)] =0. 

Lemma 2.4. [Q,a{z)] = a{z) and [Q,r{z)] = r{z) 

Proof. Since QO{z) = 0, it suffices to prove that [Q,a{z)] = a{z). Since 
9] = it follows that QVi = and hence that 

oo oo 

[S, <^(^)] = - ^n+i{z)dt) = a{z). □ 

If X is a vector field on M, let Tk^x be the vector field on JooM defined by the 
generating function 

oo 

Tx[z) = {X,t{z)) = 

fc =0 

and let Tk,a = Tk,da- Note that tq = do; in particular, ro,e = d. Also, observe that if 
/ € O is a function only of the coordinates on the Probenius manifold M, then 

T0,af = O"0,a/ = X^dbf. 



In particular, we see that 

(2.3) daf = { X -^ tro , bf . 

Proposition 2.5. The vector fields Tk,a form a frame of the tangent bundle of 
J^M. 

Proof. We have 



i>k 

and the result follows, since X is invertible on J^M. □ 

The vector fields Tk,a were shown by Dubrovin [9] to be the commuting flows 
of an integrable hierarchy. In this paper, these vector fields play an auxilliary role: 
the vector fields (Tk,a are a more natural frame for the tangent bundle of 
because they are intrinsic, that is, independent of the fundamental solution G{z). 
For us, the fact the vector fields ak,a do not commute is of secondary importance. 



Proposition 2.6. [ra{z),n{y)] = 0 
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Proof. We have Aa^{z) = in other words, the compo- 
nents of Wa equal and are symmetric in a and h. Since [d^r{z)] = 0, 

we see that 

CX) 

[Ta{y),n{z)] = 'Y^d’^^'^{z-'^Ta{y)Ql{z) - y-'^n{z)Ql{y))dk,c 
fe =0 
oo 

{y)aa'{y)Ql{z) - y~'^Qk {z)ab{z)@l{y))dk,c 

k=0 

oo 

= ^9'=+! (e:'(y)eg'(^)(w„^,6, - w,%,))^fc,c = o. □ 

k=0 



Corollary 2.7. We have [aa{y),crb{z)] = A^abiv^civ) — ^^c(^))? other 
words, 



[^k,a’> ^i,b] 



-y^ab^e-hc, k = 0, 
0, k > 0. 



Proof. Since [ra{y)iTb{z)] = [©“ (y)(Jo/(y),0| (z)ab'(z)] vanishes, we see that 

©a (y)®b (^) Wa' (y) , 0-6' (^)] 

= ®U^)Wb'{z)Qa iy))(^a'iy) - eaiy)Wa'{y)&bW))(^b'{z) 

= (y)®b W){yy^b'a'<^c{y) - zW^,h’<^c{z)). □ 

2.6. Flat coordinates on the jet-space. The results of this section are 
taken from [ 20 ]. The main result of this section is Theorem 2.11, which is taken 
from Section 4 of [ 20 ]; it is interesting to compare this with Proposition 6.1 of 
Coates and Givental [6]. 

Let p be a basepoint of the Dubrovin manifold M. Since the vector fields Tk,a 
are in involution, there is a coordinate system centered at tt = ^-oo(p) ^ 
such that Tk,a = ^nd t%{7r) = 0; we call these the fiat coordinates on the 

jet-space. Of course, these coordinates do not lie in (9^; rather, they lie in the 
completion O of Oqo at tt, and are only coordinates in a formal neighbourhood of 
7T. This completion O may be identified with the algebra C|t^ | > 0]. 

Proposition 2.8. Let ©(z) be a fundamental solution on the Dubrovin mani- 
fold (M, V^,e). There is a unique generating function 

oo 

t(^)= ^ z->^-Hk&TM°Jiz,z-^\ 

k= — oo 

such that Qt{z) = —t{z) and 

(2.4) T{y)t{z) = e{y)Q-\z). 

^-y t^o 

For k >0, we have — Sk,iS^- 

Proof. We start with a lemma of Dubrovin [9]. 
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Lemma 2.9. Let 

oo 

9,{y,z) = ^ y^z^9,k,t 
k,e=o 

be the generating function characterized by the equation 
(2.5) {y- z)n{y,z) = e{y)e-^{z)- I. 

Then Tk,a^l^lb = 

Proof. We must prove that Ta(a:)Og(y, z) = Tb{y)0>ai^j equivalently, that 

(a; - z)r„(a:)(0(y)e“^(z))^ = {y ~ z)-n,(t/)(0(a;)©“^(z))^. 

But 

Ta(a;)(0(y)0“^(z)) = (y - z)0(y)Ar„(a:)0“H^)- 
Thus, it suffices to show that {^{y)Ar^(x))b ~ {^i^)'^Tb{y))ai follows from the 
formula 

(0(2/)^r,.(x))? = Q^Jix)e”b{y)^^o,J' = ei{x)eUvm'b' 

and the symmetry □ 

To show the existence of t(z), we must solve the system of equations 

(2-6) '^j,a^k — ^j,k^a ~ ^j,-fc-l|a5 

subject to the constraints Qtk = —tk. For k > 0, this system has the unique 
solution 

tfc = ifc - 

For A: < 0, the system is integrable by Lemma 2.9. Since [Q,r{z)] = r{z) and 
Qfl{y^ z) = 0, we see that Qtk + t/c is a constant; replacing by — Qt^, we obtain 
the desired solution. □ 

The vector fields Q and e have simple expressions in flat coordinates on the 
large phase space. 

Proposition 2.10. The dilaton vector field Q and the identity vector field e 
are the residues of the generating functions —{t{z),r{z)) and —{t{z)^ZT{z)) respec- 
tively. 

Proof. By Lemma 2.4, there are constants such that 

oo 

Q=Y.(<^i-n)rk,a. 

fc =0 

By the definition of r(^), we have 

Tfc,a< = (0fc-„-lAf”+l)t 

Applying the equation for Q to the function and evaluating at tt, we see that 

oo 

<5n,l5e = E®tn-l,a(’r)4- 

k=0 
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This system of linear equations is upper triangular, with diagonal entries equal to 
1, hence has a unique solution: it is easily checked that this solution is 5 

since ©“(tt) = = 0. 

The proof of the formula for e in flat coordinates is similar. Since e{Q{z)) = 
zS{z) and [0, e] = 0, we see that 

CX) 

[e,T(z)] = z'^d^+^e{Q{z))dt = zt{z). 
e=o 

In other words, [e,Tfc,a] = Tk-i,a’ It follows that there are constants such that 

00 

6 ~ y ~ ^k) 

k=l 

Applying this equation to the function and evaluating at tt, we see that 

CO 

<5„,05,' = E©t«-2.aW4- 

fc=l 

Again, this system has a unique solution c% = Sk,iS^. □ 

Just as the modification a = G{z)~^r{z) of r{z) is intrinsic, so the modification 
s = S*{z)t{z) of t{z) is intrinsic. This modification was introduced in [20], where 
it was denoted z~^G* {—z~^). 

Theorem 2.11. Let (M, V^,e) he a Duhrovin manifold. The generating func- 
tion 

CO 

s(z) = e*(^)t(^)= ^ e 

fc= — 00 

is intrinsic, that is, independent of the fundamental solution S{z), and 

fc>0, 

Sfc — \ 

lo, k<0. 



Proof. We first show that sq = 0. We have 

CO 

sS = iS + E^t©Li,i,-©S,e- 

k=l 

Since 0(y, 0) = y~^{Q{y) — I), we see that flk,o = Bfc, and hence that r^t-i = — 0^. 
It follows that 






i,b 



k=l 



1 — tg + e(t® 1 ) — 0. 



A special case of (2.4) is dt{z) = z ^(e,0 ^{z)); it follows that 
(2.7) ds{z) = z~^e JM*s{z). 



Taking the residue, we see that 0 = e + Af^si, while taking the coefficient of 
we see that dsk = for fc > 1; this establishes the formula for s^, k >0. 

In order to prove that Sk vanishes for A: < 0, we need two lemmas. 
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Lemma 2.12. A power series f in the coordinates t^ such that df — ef = 0 is 
constant. 

Proof. Since 

oo 

{d - e)f = '^t%Tk-l,af 

k=l 

vanishes, it follows that / is a constant. (See [20], Section 3, for more details of 
the proof.) □ 

Lemma 2.13. (e + z)t{z) = 0 

Proof. The equations [e, r(y)| = yr{y) and {e + z — y){S{y)S~^{z)) = 0 show 

that 

{z - y)T{y){e + z)t{z) = {z- y){e + z- y){T{y)t{z)) 

= {e + z-y){e{y)e-\z)) = 0. 

In other words, T{y){e + z)t{z) = 0, and hence (e + z)t{z) G €.{z, z~^. Composing 
this equation with the dilaton vector field Q, we see that (e + z)t{z) = 0. □ 

It follows from the equations Qt{z) = —t{z) and (e + z)t{z) = 0 that have 
Qs{z) = —s{z) and es( 2 ;) = 0. 

Suppose that s-^ vanishes, for A: > 0. Taking the coefficient of z^'^^ in (2.7), we 
see that ^s_fe-i = 0. Since we know that es-^-i = 0, it follows from Lemma 2.12 
that S-k-i is constant. Since Qs-k-i = S-k-h we conclude that s-^-i vanishes. 
Thus S-k = 0 for all A: > 0, by induction on k. □ 

Using the series s{z), we may now rewrite Proposition 2.10 in an intrinsic 
fashion: 

cx> oo 

Q= ~'^{sk,(^k), e = -^(sfc+i,<Tfc). 

fc=o fc=0 

Apart from being intrinsic, these formulas have the virtue that when applied to a 
function / 6 On, they truncate to a sum over 0 < k <n. 

Relationship to prior results. The Dubrovin connection was introduced by 
Dubrovin [9]. He also initiated the study of the jet-space of a Probenius manifold 
(which he calls the loop-space). Sections 2.4 and 2.5 are taken from our joint work 
with Eguchi and Xiong [14], and Section 2.6 from [20], Section 4. (Note that the 
generating function t{z) used here is related to the generating function 9{Q of [20] 
by the formula t{z) = z~^6*{—z~^).) 

3. The jet-space of a conformal Dubrovin manifold 

3.1. Conformal Dubrovin manifolds. A linear vector field on a flat mani- 
fold is a vector field E such that VE G F(M, End(TM)) is fiat. In fiat coordinates 
(u“), there are constants Ag and such that 

E = {Alv!’ + B^)da. 
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An Euler vector field E for a Dubrovin connection is a linear vector field such that 

(3.1) [E,XoY] = [E,X]oY + X o[E,Y] + X oY. 

Equivalently, [Ce,Ax] = A[e,x] +-4x, where Ce is the Lie derivative of the vector 
field E acting on one-forms. 

A conformal Dubrovin manifold {M,V^,e,E,r) is a Dubrovin manifold 
(M, e) together with an Euler vector field E and a real number r. 

Let /X be the endomorphism of the cotangent bundle defined by the formula 

/Lfc = 1 — I -h Ve — ^E- 

The adjoint of // is the endomorphism of the tangent bundle given by the formula 
f^*{X) = -VeX + [E,X] + (1 - §)A = (1 - |)A - VxE. 

Let U be the endomorphism U = Ae of the cotangent bundle. 

Proposition 3.1. Let E,r) be a conformal Dubrovin manifold, and 

let H be the bundle T"^M[z, z~^]. Let 5z be the endomorphism 

^ ^ ^ (/i + ^) + ^ 

ofH. Then[W,6z]=0. 

Proof. If A is a vector field on M, we have 
= [Vx + zAx^dz + z Ae\ 

= ^~MVx,m] + {[^x,Ae] - [Xe,Ax] - Ax + [Le,Ax]) + ^[^x,^e]- 

Since E is linear, it follows that [Vx, A^] = 0; it is also clear that [Ae^Ax] = 0. By 

(3.1) , we see that that 

[Ce,Ax] = A[e,x] + Ax = \Se->Ax] — [^x,Ae] + Ax- □ 

Let 0(^) be a fundamental solution of the conformal Dubrovin manifold 
(M, V^, e, E, r), and consider the conjugate of Sz by Q{z), defined by the formula 

5z = S{z) - 6z • Q~^{z) — dz + z~^R{z), 

where 

oo 

R{z) = Y^z'°Rk € zT{M,End{T*M))[zl 

k=0 

In particular, jRq = M + |. It follows from Proposition 3.1 that R{z) is fiat. 

By the Jordan decomposition, we may write p as the sum of semisimple and 
nilpotent endomorphisms fj,s and pn of the cotangent bundle T*M; furthermore, 
both ps and pn are fiat. (In many cases, such as the theory of Gromov- Witten 
invariants, p is semisimple.) Let t\ be the projection onto the subbundle of T*M 
on which ps has eigenvalue A: we have 

i = Ms = 

X X 

Proposition 3.2. There exists a fundamental solution such that = 

kRk. 
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Proof. If X — X' ^ k, the endomorphism k — ad(/i) is invertible on the space 
of endomorphisms of the form ttxAkx': we have 

oo 

{k - ad(/i))“^(7TAA7rv) = ad(/i„))®(fc - ad(/is)(7rAA7rA'))~‘"'^ 

i=0 

_ (-ad(^n))H7rA^7rv) 

i=0 ^ ^ 

where of course, the sum is finite since fin is nilpotent. 

Let S{z) and S{z) = Q{z)p{z) be a pair of fundamental solutions, where 

oo 

p{z) = I + 'Y^z^pk 
k=l 

is a flat endomorphism ofH = T*M[z,z~\ Let dz + z~^R{z) and dz + z~^R{z) 
be the associated endomorphisms of Ti. Then we have 

k-l 

Rk = {k — a.d{fi))Gk + ^^{GjRk-i — Rk-gG^) + Rk‘ 

e=i 



Setting 



fc-i 



Gk = - ^ {k- ad(/x)) ^ f {GgRk-g - Rk-£Gg)7rx' + TTxRk^rx' ) , 

X-X'^k ^g=i 



we obtain a fundamental solution ©(2;) such that [fig^Rk] = kRk- 



□ 



Definition 3.1. A conformal fundamental solution is a fundamental solution 
satisfying the condition [fig^Rk] = kRk 

Extracting the constant term of the equation ©( 2 ;) • Sz — dz - ©( 2 ;) = 0, we see 

that 

(3.2) lA = [/i, A^] + AA + R\. 

Applying d to this equation, we see that 

(3.3) dU = [fi,X] + X. 

3.2. Vector fields on the jet-space of a conformal Dubrovin manifold. 

Let be the vector field on the jet-space J^M of a conformal Dubrovin manifold 
(M, V^, e, r) defined by the formula 

Ck = Res^=o(s(z),2i5^+V(z)). 

For example, C-\ = — e. By the work of Eguchi, Hori and Xiong [15] and Dubrovin 
and Zhang [12], these vector fields play a fundamental role in the theory of Gromov- 
Witten invariants. In this section, we give simple intrinsic formulas for them. 

Theorem 3.3. Restricted to O C Ooo, the vector field Ck equals — We 
have 

[d,Ck] = Res2=o(e,<5*+^cT(z)), 
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and 

oo . e X 

(3.4) Ck = -^(9^(6,^*=+^) + Res,=o{e,S^+\d + zXY-^X)\de. 

e=o ^ j=i ' 

Proof. By Theorem 2.11, S£ vanishes for ^ < 0. Since = Xdu ^' ^ it 

follows that 

£fcw“ = Res^=o{s{z),zS'^+^Xdu°-) = (si, 

= {X*si,U’^+^du‘^) = -(e,W'“+^dw“) = -E°'^+\u^). 

Here, we have used that [W, X] = 0. 

Choose a conformal fundamental solution 0(z) on M. We may replace s(z) 
and cr(z) in the formula for Ck by ©*(z)t(z) and Q~^{z)t{z), and rewrite Ck as 

Ck = ReS;j=o(0*(-2)t(z),2(5^+^©“^(2)T(z)) = ReSj,=o(t(z),25^+^r(2)). 

Prom this formula, and the fact that [5, 5z\ = 0 and [d, t{z)] = 0, we see that 

[d,Ck] = Res^=o(at(z),z5^+V(2)) = Res2=o(©*(z)“^e,5^+V(2)) 

= Res^=o(e,<5^+V(z)). 

If X is a vector field on the jet space JooM, we have 

X{u1) = d\Xu<^) ■ [d,X]u<l_j. 

i=i 

In the special case X = Ck, this gives 

£ 

>CfcW? = -d\CkU°') Res2=o(e,<5^‘''V(z)tt^_j), 

j = l 

from which (3.4) follows. □ 

Using the noncommutative Faa di Bruno polynomials Vn{z)i we may rewrite 
(3.4) in the elegant form 

oo £ 

Ck = — EE d^Res,=o{e,S^,+^Ve-j{z))de. 

£=0 j=0 

The following corollary is an immediate consequence. 

Corollary 3.4. The vector field Ck preserves the filtration of Ooo by subalge- 
hras Oj. 

As an illustration of the utility of the formula (3.4), let us calculate CkX; we 
will need this calculation later in the discussion of Virasoro constraints in genus 1. 

Proposition 3.5. 

k k 

CkX = J2[X,l(^tjU'^-^] - Y^{U^pdA’^-y^AaX - |(fe + l)XU'^ 

£=Q £=Q 
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Proof. We have X = u\Ab, hence ^o,a^ = dAai ^i,a^ = Aa^ while dn,a^ = 0 
for n > 1. It follows that 

CkX = doX - d{e,U^-^^) diX - Res^^o{e,6^"^^X) diX 

= -5((W'=+i)“A) -Res.=o(5^'-V)“A 
= - Res,=o(<^^+^)eAA:’, 

since [AxiAy] = 0. By (3.3), we have 

k k 

a(t/'=+i) = 'Y^u^ix + [n,x])u'^-^ = -{k + i)xu'^ + J2[x,u‘fjii'^-% 

e=o e=o 

We also have 

k 

Res.=o(5^'):X^ = 

e=o 

k 

= i(fc + l)(U^)^AaX + 

€=0 

The proposition follows, since (U^)^Aa =U^. □ 

Corollary 3.6. In terms of the socle one-form uj of (2.1), 

k 

rfelogdetCA") = ^)U'^-^Lo). 

i=0 

Proof. We see from Proposition 3.5 that 

Ck logdet(Af) = Tr{X-^ CkX) 

k k 

= X-'^U^nU^-^] - Y^{}A^^dA’^-^)lTI{Aa) - |(fc + 1) Tr(W*). 

^=0 ^=0 

The corollary follows, since Tr:[X ^ X~^U ^ = 0 and Tr(ZY^) = {e^U^uj). □ 



The vector fields Ck form a Lie algebra isomorphic to the Lie algebra of vector 
fields on the line, under the correspondence which associates to Ck the vector field 
These relations are sometimes called the Virasoro relations. 



Theorem 3.7. [ Cj , Ck ] = {j - k ) Cj^k 
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Proof. We have 






t{z),z6^+^- 



e {z)e-H y) 

y- z 






= (s{y),ySi+^ ■ -zS^+^aiz)^ - ^s(z),z<5^+^ ■ -y(5^+V(z)^ 

^ ((<5yF"^^2/s(2/), z<5*+ V(z)) - ^ ((<5*)''+^zs(z), y5^+V(z)). 

y ^ 



z-y 



The coefficients of y^ and in ((5*)^"*“^ys(y) and {6*)^'^^ zs{z) vanish for ^ > 0; it 
follows that 



Resy=0 Res^=o 



Z-y 



y- z 



iSms{y), 



and hence that 



[Cj,Ck] = ReSy=o ReS;^=o [(t(i/), y^'^^T{y)), (t(z), z5^+ V(z))] 

= Res2=o((5D'^''’^^s(z),z<5^+V(z)) - ReSy=o((<5y)*+^ys(z),2/(5^+V(y)) 

= Res2=o(s(z:), (2(5^+^ • z5^'^'^ - z(5^+^ • z5{+'^)a{y)). 

The result follows, since z5i'^^ • zS^'^^ = + (j + l)zSl'^^'^^. □ 



As a corollary, we see that 

This relation was first conjectured for Probenius manifolds by Dubrovin and Zhang 
[12], and proved by Hertling and Manin [23], using their theory of F- manifolds. 



Relationship to prior results. The theory of conformal Dubrovin connec- 
tions is due to Dubrovin. The study of the Virasoro vector fields on the jet-space of 
a Probenius manifold was initiated by Dubrovin and Zhang [12]; the presentation 
in Section 3.2 is based on the methods of Section 5 of [20] (for the action of these 
vector fields on functions of the underlying Dubrovin manifold) and of [14] (for the 
commutator with the vector field d). 



4. Topological recursion relations for Gromov-Witten invariants and 

the jet-space 

The genus 0 Gromov-Witten invariants of a smooth projective variety X define 
a conformal Dubrovin manifold with conformal fundamental solution, called the 
small phase space of A. In this section, we recall the construction of the small 
phase space, following Dubrovin [9]. We then show the way in which the theory of 
topological recursion relations (Eguchi and Xiong [17], Kontsevich and Manin [25], 
and our own work [19]) takes a simpler form when rewritten using the intrinsic 
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geometry of the jet-space of this Dubrovin manifold; this is the main new result of 
this paper. 

4.1. Stable maps and Gromov- Witten invariants. Let us recall the def- 
inition of the Gromov-Witten invariants of a projective manifold over C; see Cox 
and Katz [5] and Manin [27] for more detailed expositions. The definition which we 
outline is the one which works in the setting of algebraic geometry: Gromov-Witten 
invariants have also been defined for compact symplectic manifolds, using entirely 
different techniques. The Gromov-Witten invariants of a projective manifold reflect 
the intersection theory of Kontsevich’s moduli spaces of stable maps Mg^n{X^ (3)^ 
whose definition we now recall. 

Let X be a projective manifold of dimension r. A prestable map 

of genus p > 0 and degree /? € H 2 (X, Z) with n marked points consists of the 
following data: 

1) a connected projective curve C of arithmetic genus g = h}(C^Oc)^ whose 
only singularities are ordinary double points, 

2) n distinct smooth points (zi, . . . , Zn) of C; 

3) an algebraic map f : C ^ V, such that the degree of /, that is, the cycle 
/4 C]gJT 2(X,Z), equals /3. 

If C is the normalization of C, the special points in C are the inverse images of the 
singular and marked points of C. (Note that the degree of f : C X equals 0 if 
and only if its image is a single point.) 

A prestable map (/ : C X, 2 : 1 , . . . ,Zn) is stable if it has no infinitesimal 
automorphisms fixing the marked points. The condition of stability is equivalent 
to the following: each irreducible component of C of genus 0 on which / has degree 

0 has at least 3 special points, while each irreducible component of C of genus 1 on 
which / has degree 0 has at least 1 special point. In particular, there are no stable 
maps of genus g and degree 0 with n marked points unless 2{g — 1) n > 0. 

The moduli stack of n-pointed stable maps Aig^n{X, /3) is the classifying stack 
for stable maps of genus g and of degree f3] it is a complete Deligne-Mumford stack, 
though not in general smooth (Behrend and Manin [4]). The definition of Gromov- 
Witten invariants is based on the study of Afg,n(X, P). Let ev^ : Mg^n{X, /3) — > X, 

1 < i < n, be evaluation at the ith marked point: 

evi : A4g^n(X, P) 3 (/ : C — ^ X, 2 : 1 , . . . , Zn) f{zi) G X. 

Let {f : C X, 2 : 1 , . . . , 2;n_j_iv) be a stable map, representing a point of 
Mg,n+N{X, P). The map {f : C X, zi, . . . , 2 :„) obtained by forgetting the 
last N points may not be stable, owing to the existence of rational components 
of C on which the sheaf f*TX 0 Oc{—{zi • -i- Zn)) has non- vanishing sec- 
tions. On such a component, the map / is constant; thus, there is a stable map 
(/ : C X, zi, . . . , ZnY^^^ obtained by contracting each of these components of 
C. There is a morphism, constructed by Behrend and Manin [4], which sends 
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{f : C X, 2 : 1 , , Zu-^n) to (/ : C X, 2 ^ 1 , . . . , and which we denote 

'^n,N • *^^;g,n+Ar(X, /?) > A4.g^n{^ 1 PY 

In the case X = 1, this construction yields the universal curve 

(4.1) 7T = 7Tn,l : Mg,n+l{X,P) -> Mg^n{X,P). 

The fibre of tt at a stable map (/ : (7 X, 2 : 1 , . . . , Zn) is the curve C; f = ev^-i-i : 
X4g^n+i(X, P) — ^ X is the universal stable map. 

The sheaf R^7r^f*TX on Aig^n{X^ p) is called the obstruction sheaf of 
Mg^n{X, P). If it vanishes, the Grothendieck-Riemann-Roch theorem implies that 
the stack M.g^n{X^ P) is smooth, of dimension 

(4.2) vdim7(4g,„(X,/?) = (3 - r){g - 1) + f^ci(X) + n; 

this is called the virtual dimension of Mg^n{X^ P). This hypothesis is rarely true; 
however, there is an algebraic cycle 

the virtual fundamental class, which stands in for [M.g^n{X^ P)] in the general 
case. The most important property of the virtual fundamental class is the formula 

(4.3) [^g,„+i(X,/3)]™‘ = 7r-'[>ig.„(X,/3)]™* 

for integration over the fibres of the stabilization map. 

If the obstruction sheaf R^7 t*/*TX is locally free of rank e, the moduli stack 
Mg^n{X^P) is smooth of dimension Ydim Mg^n{X^ P) + e, and the virtual funda- 
mental class satisfies the equation 

[A4g,„(X,/3)]™‘ = Ce{R\j*TX) n [Mg,n{X,P)]. 

The universal curve (4.1) over Mg^n{X^ P) has n canonical sections 
(Ti : Mg^n{X,p) -^Mg^n+i{X,p), 

corresponding to the n marked points of the curve C. Consider the line bundles 

Oj = 1 < i < n, 

where uj = n(A,/3) relative dualizing sheaf of the universal 

curve. Thus, the fibre of at the stable map f : C X equals the cotangent line 
T*.C of C at the ith marked point zi of C. Let 

be the Chern class of Oj. 

The Gromov- Witten invariants of a projective manifold are defined by in- 
tegrating tautological cohomology classes against the virtual fundamental class 
[A^c/,n(X, /?)]^^^^. Given rational cohomology classes xi^...^Xn on X, we define 
the Gromov- Witten invariants by the formula 

(Tfej (a;i) . . . Tfc„ {Xn))g^0 = /__ ’i'lV . . evj xi... ev^ Xn € Q. 
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Perhaps the most important property of the Gromov-Witten invariants is that they 
are invariant under deformation of the variety X. 

The Novikov ring A of X is the commutative graded algebra consisting of all 
formal sums 

(3£H2{X,Z) 

such that for all C > 0, the set oi /3 e if 2 (X, Z) such that ^ 0 and J < C 
is finite; the product is defined by and the grading is defined by 

\q^\ = —2ci{X)np. For example, for CP^, we have A = Q[^], where \q\ = — 2(d-hl). 
By working over the Novikov ring, we may combine the Gromov-Witten invariants 
in different degrees into a single generating function: 

{TkAxi)---Tk„{Xn))g = Y 

PeH2{X,Z) 

4.2. The small and large phase spaces. Let 

{7a G \ae A) 

be a homogeneous basis of the Dolbeault cohomology of X, such that for a dis- 
tinguished element e G A, 7e = 1. The small phase space H of X is the formal 
neighbourhood of 0 in the vector space if*(X, C). Denote by it® the coordinates 
on H dual to the basis 7a- Let rj be the fiat metric on H associated to the Poincare 
form on if*(X, C), with components 



Vo.b = Sx'Ta'J lb, 

and by r;®** the inverse matrix of rjab- 

Dubrovin [9] shows that H is a conformal Dubrovin manifold, and construct 
from the genus 0 Gromov-Witten invariants of X a conformal fundamental solution 
©( 2 ;) on H. The flat connection V of this Dubrovin manifold is the Levi-Civita 
connection associated to the flat metric rj. We defer the definition of the remaining 
geometric structures on H , namely the tensor A, the identity and Euler vector fields 
e and E and the fundamental solution ©, to below. 

The large phase space Ho© of X is the formal neighbourhood of 0 in the vector 
space H*{X x CP°°, C); it is a formal manifold with coordinates | a G A, A: > 0}, 
where has degree —pa — 2k. (If X has cohomology of odd degree, H and Ho© are 
actually super manifolds; this detail does not materially change the theory.) 

The genus g potential Eg of X is the function on the large phase space Hqo 
given by the formula 



00 ^ 

^^ = Y:T\ Y *kl---tk"Mua^---Tk„,aJl 



Z— / n! 

n—O ki...k. 



where we write Tk^a in place of Tk{ja)’ 

Denote the constant coefficient vector field d/dt^ on Ho© by Tk,ai and ro,e by 
d. The partial derivatives of the potential Eg are denoted 

{{'^ki,ai • • • '^kn,an))g ~ '^ki,ai ♦ • • '^kn,an^ g • 
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In particular, {Tki,ai • ■ - Tk^,an)f is the value at 0 G Hqo of the function 
• -Tk^,an))g’ Explicitly, we have 



oo . 



0eH2{x,i 



]SJ\ Z— / kn + l ’ ' ' fen + iV 

N=0 ■ bi...bN 

kn + l • • -kn+ N 






^fki ^£n 
^1 • • • ^n+ 



n+N evi 7ai ■ • . ev^ 7a,, ev„_^i 76 i . . . 6V^+^ . 



4.3. Dual graphs and their associated cycles. The moduli space of stable 
maps M.g^ri{X^ p) is stratified by boundary strata, which are most conveniently 
parametrized by dual graphs. 

The dual graph C{G) of a pointed prestable map (/ : C X^z\^ ^ Zn) is a 
graph G = G{C) with one vertex v for each component C{v) of the normalization 
C of the curve C, labelled by the genus g(y) of this component and the degree P{v) 
of the restriction f{v) : G{v) X of f to C{v). 

The edges of the dual graph G{G) correspond to double points of the cmrve C; 
the two ends of an edge are attached to the vertices associated to the components 
on which the two branches of the double point lie. (If both branches lie in the same 
component of C, then the edge is a loop.) 

Finally, to each marked point Zi of the curve corresponds a leg of the graph, 
labelled by z, at the vertex corresponding to the component of G on which zi lies 
(which is uniquely determined, since Zi is a smooth point). 

In drawing dual graphs, we denote vertices of genus 0 either by a solid circle 
• or leave them unmarked and vertices of genus ^ > 0 by ©. 

Define the genus g{G) of a dual graph G to be the sum of the genera g{v) over 
the vertices v G Vert(G) of G and the first Betti number of the graph G. Then 
g{G) equals the arithmetic genus of the curve C. Define the degree P{G) of a dual 
graph G to be the sum of the degrees P{v) over the vertices v of G. The valence 
n{G) equals the number of external legs of G. 

A dual graph is stable if each vertex v such that P{v) =0 satisfies the addi- 
tional condition 2{g{v) — 1) + n{v) > 0; a pointed prestable curve is stable if and 
only if the associated dual graph is stable. The set of isomorphism classes of stable 
dual graphs G of fixed genus g{G), valence n(G), and degree p{G) is finite. 

If G is a stable graph of genus p, valence n and degree /?, let M.{G) C 
M.g^n{X^P) be the moduli stack of stable maps with dual graph G, and let M(G) 
be its closure in Mg^n{X^ P). Let M{G) be the product 

M{G) = n g{v) ,n{v) (-^? 

v£Vert{G) 

with virtual fundamental class 

n [Mgiv).n(v)iX,P{v))r\ 

uGVert(<3) 
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There is a natural covering map 

7t{G) : M{G) 

with covering group Aut(G). Let [G] = be the cycle 

fXirrMvirt _ 7r(G)4TW(G)]"’^^ 

[-M(G)] lAut(G)| ■ 

In formulas, we will often symbolize the cycle [G] by the dual graph G itself. 

A dual graph G with one edge determines a Cartier divisor D{G) supported by 
M(G). Axiom V for virtual fundamental classes in Behrend [3] implies that 

D(G) n pg(c 3 ),„(G)(X,/?(G))]™‘ = [G], 

The following formula is due to Witten [29]. 

Proposition 4.1. Let w : A4g^n+i(^i j3) /^) be the universal curve 

(4.1). For 1 < i < n, let Di = D{Gi) be the Cartier divisor on Mg ,n+l(^,/3) 
associated to the dual graph 



1 t n 




i n+1 



Then on A4^,n+i(A, /3), we have the formula 7r*^i = 

4.4. The puncture, dilaton and divisor equations on the large phase 
space. For uj € C), let Ra{^) be the matrix of multiplication by a; on JT(X): 

W U 7o = -Ra(w)76- 

Combining Proposition 4.1 with (4.3), we obtain the puncture, divisor and dila- 
ton equations: 



n 



(4.5) 


(R),eTfci,ai • 


• • '^kn,ar 




— y^(Tfei,ai • . . Tki-l^ai • • • '^kn,an)^,^^ 
i=l 


(4.6) 


{ro{uj)Tk,,a^ . 


• • 'Tkn,ar 




n 

= ■ ■ - T-kt-lfi ■ ■ ■Tk„,ajf,i3 

2 — 


(4.7) 


(Tl,eTfci,ai • 


’ • '^knjdr 


^^0 


1 0 ^^ ' i'^ki,ai ■ ■ ■Tkn,an)g, 0 r 

= { 2 g - 2 + n){Tk,,ai ■ ■ - Tk^,ajg, 0 - 



Owing to the nonexistence of the stabilization maps tt : A4o,3(A’, 0) Mo^ 2 {X^O) 

and TT : Ali,i(A, 0) — ^ AIi,o(A^)0)? we have the following exceptional cases: 

(TO,eTo,aTo,6>^0 = Vab, = izX{X), 

{ro{‘^)ro,aTo,b)$,0 = Rab{i^), {To{^))hO = 
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Introduce the vector fields 

OO OO CXD OO 

e = - XI ^k+\dk,a = 9 - XI *k+ldk,a, Q = “ X! ^k^^a = ^l.e ~ X 

A:=0 fc=0 fe=0 k=Q 

on the large phase space Hoo- The puncture and dilaton equations are equivalent 
to the differential equations 

_ f = 0? 9 — ^1 

" lo, 5>0, ^ ^ ~\{2g-2)T^, g^l, 

for the Gromov- Witten potentials . 

We may identify the large phase space Hqo with the jet space of the small 
phase space H. Consider the map u from the large phase space Hoo to the small 
phase space H given by the formula 

Applying the vector field ^o,6 to the genus 0 puncture equation cTq = 
we see that 

OO 

=tg + X4+l'r&,6M“- 

k=0 

It follows that the map w : Hqo H is a submersion at 0; this submersion has a 
section, which identifies H with the submanifold of Hqo along which the coordinates 
k > 0, vanish. 

The following result shows that the jet coordinates d'^u^ form a coordinate 
system on the large phase space, and that the origin of the large phase space 
corresponds to the basepoint of the jet-space J^H. 

Proposition 4.2. We have d^u°'{0) = Sn,iS^, and Tk,b{d'^u^){0) = Sn,kS^ if 
k <n. 

Proof. We argue by induction on n = 0; we have already seen that the result 
is true for n = 0. Expanding the equation e^{u°') = which holds for rz > 0, 

we see that 

n— 1 ✓ OO \ n—i 

(4.8) SV = 5^, ,51 + X(-l)'(”) 

i=0 ^k=Q ' 

In particular, evaluating at 0 G Hoo, we see that d'^u^{0) = Sn,iS^. Applying the 
vector field Tk,b to (4.8) and evaluating at 0 G Hoo, we see that 

n— 1 
i=0 

The result now follows by the induction hypothesis. □ 

The following theorem is due to Hori [24]; we will only need it in genus 0, where 
it yields a construction of an Euler vector field on the small phase space. 
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Theorem 4.3. Let Co be the vector field 

oo oc 

^0 = '^{k + Pa + -Ratfc+lT-fc.b 



k=0 



fe =0 



= -5(3 - r) 5 i,e + '^{k+Pa + ^)tkTk,a ~ -R§To,6 + ^ -Ra^fc+lT-fc.b. 



k=0 



k=0 



where is the matrix R^{ci{X)). We have 



0 = CoT^ + { 



kRabt^t^, 9 = 0, 

i A((3 - r)Cr{X) - 2ci{X)Cr-x{X)), P = 1, 



0 , 



p > 1. 



Proof. The formula (4.2) for the dimension of the virtual fundamental class 
of Mg,n{X,l3) implies the following identity: 



n 

= vdim;Mg,„(X,/3) • ...rfc„,a„)^p 

i=l 

= ((3 - ?-)(5 - 1) + f^Ci(X) + n)(Tk,,a, ■ ■ ■ Tk„,aJg,/3- 

To eliminate the dependence on the genus subtract |(3 — r) times the dilaton 
equation (4.6); after some rearrangement, this gives 



n 

+ki + {Tk,,a^ ■ ■ ■ Tk„,ajf,0 

i=l 

= 5(3 - »’)(n,eTfci,ai • ■■Tk„,ajf,0 + /^Ci(X) • {Tk^,a^ ■ • • 'Tfc„,o„)^/3. 

To eliminate the dependence on j3^ apply the divisor equation (4.6) with uj = ci{X): 
this yields 



X^((Pai +ki + V) • ■■Tk„,ajg,p + (Tfci.ai • • • 'Tfc,-1,6 • • • Tfc„,a„>^/3) 

i=l 

“ 2 ~ ‘^)('^l,eTfci,ai • • • '^kn,an)g,f3 “I" {'T~Q,e'^ki,ai • • • '^kn,an) g,(3' 

Taking into account the exceptional cases in degree 0, we obtain the theorem. □ 



4.5. Topological recursion relations. A stable curve is a stable map with 
target a point; the moduli space Xig^n = A1g,n(pt, 0) of stable curves of genus g with 
n marked points is a smooth Deligne-Mumford stack of dimension 3^ — 3 + n, the 
Deligne-Mumford-Knudsen moduli stack of stable curves. Denote the line bundles 
on Mg^n = -^i^,n(pt, 0) by and their Chern classes c\{uji) by 'ipi. 

If n and N are nonnegative integers, let Mg^n,N{X, P) be the moduli space of 
stable maps Mg^n-\-N{X^ p). If 2^ — 2 + n > 0, the stabilization map 

Pn,N ’• Xig^n,N{X , P^ > Xig^n 

is the morphism which takes a stable map (/ : C — > X, 2 : 1 , . . . , Zn, a;i, • • . , a^jv) to 
the stabilization (C, 2 : 1 , ... , We abbreviate the pullback 
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Proposition 4.4. For 1 < i < n, let Di = D{Gi) be the Cartier divisor on 
Mg,n,N{X, /3) associated to the following dual graph: 



1 t n 




i 



Then = Di. 

Proof. See the proof of Proposition 5 in [19]. □ 

Corollary 4.5. 

l-z^i ^ 

Proof. Divide the equation l — z'ifi = l~z{^i — Di) by {l — zilJi){l — z'^i). □ 

Prom Proposition 4.4, we may derive many relations among Gromov-Witten 
invariants. For example, using the vanishing of on the zero-dimensional 

moduli space Af o ,3 when k\ > 0, we obtain the genus 0 topological recursion relation 

(4.9) {{'^ki,aiTk2,a2'^k3,as))o = {{'^kl-l,al'^0,A))o{{To^B'^k2,a2'^k3,a3))o• 

The following result of Dijkgraaf and Witten [7] , proved using the topological recur- 
sion relation in genus 0, may be viewed as an analogue of Theorem 1.1 in genus 0. 

Proposition 4.6. The function {{rk^a'^e,b))o large phase space is the 

pullback of a function on the small phase space; that is, 

oo ^ 

(4.10) {(Tk,an,b))o = {'^k,an,bTo,ai ■ ■ ■ 'T 0 ,a„)^ • 

n=0 

Proof. Let Ak^a]i,b and Bk,a-,£,b be the left and right-hand sides of (4.10). 
Since u°' and tg are equal along H C Hoo, it follows that Ak^a-,£,b and Bk^a-,i,b are 
too. We now calculate the derivatives of Ak^a-,£,b and Bk,a\i,b with respect to 
m > 0, using (4.9). On the one hand, 

oo ^ 

'^m,cBk,a;£,b ~ °) ^ ^ ^ . .U ^ {t^ a'£^£,b'^0,ao'^0,ai • • •"^0,an)o 

n 

n=0 

oo ^ 

= {{Tm,cro,eTo,A))o ^ i'^k,an,bro,BTo,ai ■ ■■To,aJo 

n=0 

= {{Tm-l,cTo,c))o {{To^DTo,eTo,A))o 

T. " 1 ““' •••«“” {Tk,an,bT0,BT0,ai ■ ■ ■ TQ,aJo 

n=0 

= v"''^{{Tm-l,cTo,A))oTo,BBk,a-,e,b- 
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On the other hand, we have 

Tm,cAk,a-Ab = {{Tk,an,bTm,c))o = {{Tm-l,cTO,A))o {{Tk,aTe,bTO,B))o 
= T]^^{{Tm-l,cTO,A))o'^0,BAk,a-,e,b- 

Induction in the order of vanishing of Ak,a-,e,b — Bk,a;i,b in the variables {t^ | m > 0} 
shows that the two power series are equal. □ 

4.6. The Dubrovin connection on H. Let M be the endomorphism of the 
cotangent bundle of H with components = 'n^^{{To,aTo,c))o ] by Proposition 4.6, 
it is a function on H. We may now define the Dubrovin connection = V + zA 
on the small phase space H: the tensor A is defined by the formula Ax = X{M). 

Proposition 4.7. Ax = A~^to,xM = (ro,eA)~^(To,xM) 

Proof. By (2.3), we have Aa = = A’“^ro,aAt. □ 

We now check that = V 4- zA is a Dubrovin connection. The equation 
[Va,v4b] = [Xb,Aa] follows from the fact that the tensor A is the covariant de- 
rivative of M. The equation [Aa^Ab] = 0 is equivalent to the Witten-Dijkgraaf- 
Verlinde-Verlinde (WDW) equation 

{{TO,aTo,bTo,A))o {{'TO,BTO,cro,d))o = {{TO,aro,cro,A))o ({'^0,BTo,bTo,d))o ■ 

This equation is proved by applying the vector field to, 6 to the topological recursion 
relation (4.9): 

{{Tl,aT0,cT0,d))0 = {{TO,aTo,A))o{{To,BTo,cTO,d))o- 

This gives 

77^^((ro,aTo,6To,A))o((To,BTo,cTo,d))o 

“ {{'^l,a'^0,b'TO,c'^0,d))o 'H {{'TO,a'^0,A))o{{'^OyB'^0,b'^0,c'T~0,d})oi 

the left-hand side of this equation is symmetric in the indices b and c, since the 
right-hand side is, and this is precisely the WDW equation. 

The identity vector field e of the Dubrovin connection is the constant vector 
field de in the direction of the coordinate u®. The equation Ae = eM = I is 
obtained by applying the differential operator ro,a7o,6 to the puncture equation 
= ^rjabtoto = 0 . 

4.7. The Euler vector field on H. Using Hori’s equation, we may construct 
an Euler vector field E on H which along with the Dubrovin connection and the 
identity vector field e makes it into a conformal Dubrovin manifold. To see this, 
apply the differential operator ro,6To,c to the equation CqTq + |i^o6^o^o = O' 
obtain 

(4.11) >Co((ro,bTo,c))^ + (Pb + Pc + 1 - r){{TQ^bTo,c))o + Rbc = 0. 

In particular, 

£o«“ + (1 - Pa)«“ + Rt = £o«“ + Eu'^ = 0, 
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where E is the vector field 

a 

Let /i be the endomorphism of the cotangent bundle of H with components 

Ma = <^a(Pa “ r/2), 

corresponding to the identification of the constant r in the definition of the confor- 
mal Dubrovin manifold M with the dimension oi X. By (4.11), we see that 

Cq{M) + [fi,M]-^M + R = 0. 

Applying the vector field d to (4.11), we see that Cq{X) + [/x, X] 4- = 0, and 

hence that 

-CoCA-i) + = 0. 

It follows that 

E{Aa) = -Co{X~^To,aM) 

= -Co(X-^)To,aM - X~\oMM) - X-^[Co,TQ^a]M 
= ([M> ^ A) + (A”” Vo,a[M, M] + Aa) + (pa + 4^) A 

[M: •^a] “i“ PaAa- 

In other words, [E,Ah,\ = {pa + Pb - Pc) ^6! this implies (3.1), since on the one 
hand, 

[E,da o db] = [E,Al,dc] = {EiAl,) - {1-Pc))dc, 
while on the other hand, 

[E, da] odt + daO [E, db] + daO db = {~{l - Pa) - (1 - Pb) + 1) Ab^c- 

This establishes that E is an Euler vector field on the small phase space H. 
Observe that Hori’s vector field £q agrees with the vector field 

£o = Res(s( 2 ;), z6z(j{z)) 

associated to the conformal Dubrovin manifold (H,V^,e, E). Historically, Hori’s 
equation was an important step in the discovery of the Lie algebra of vector fields 

^k- 



4.8. The fundamental solution on H. It is remarkable that the small phase 
space H has a canonical conformal fundamental solution; this was first shown by 
Dubrovin (see [9], Chapter 6). 

Proposition 4.8. The matrix 

oo 

k=0 

is a conformal fundamental solution on H . 
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Proof. The equation da^k = ©fc-i^a is an instance of the genus 0 topological 
recursion relation: 

{{Tk,aTo,bro,c))o = {{n-l,aTo,A))o {{'^ 0 ,BTo,bTo,c))o ■ 

It remains to show that the fundamental solution 0{z) is conformal. Applying the 
differential operator Tk,aTo,b to Hori’s equation in genus 0, we see that 

Co{{Tk,aTo,b))o -i- {k+l+Pa+Pb- r){{Tk,aro,b))o + Sk^oRab = 0. 

Multiplying by and sununing over fc, we see that 

ES{z) = zdzB{z) + [p, ©( 2 ;)] + zR. 

On the other hand, EO{z) = zG{z)U^ where U = EM. Prom this equation, we see 
that the operator Sz equals 

Sz = dz z + ^) 4" R. 

Since [/u, R] = R^ we see that ©( 2 ;) is conformal; this equation is the statement that 
multiplication by ci(X) in the Dolbeault cohomology raises degree by (1, 1). □ 



4.9. Intrinsic formulation of topological recursion relations. We now 

come to the main result of this paper, an expression for the topological recursion 
relations among Gromov-Witten invariants in terms of the intrinsic vector fields 
ak,a on the jet-space J^H of the small phase space H. 

Introduce functions {{(Tki,ai • • •^kn,an))f on the large phase space by the for- 
mula 



{{^ki,ai • ‘ • (^kn,an)) g — / ^ 'l / ^ jyi 



l3eH2{Xr 



bi .6jv 
'^1 • • • 



i 



N=0 6i...6iv 

£i...£n 



‘“Wn ^n+1 • * • ^n+iv 

[A^g,n,iv(A:,/3)]virt 

ev^ 7 a, . . . ev; ev;_^i 76 , . . . ev^+jv 7biv • 
Theorem 4.9. Ifki>0, then {{ak^, ai ■■ -(^kr„an))f = ■■ - ■ 

Proof. Form the generating function 



4" ■ ■ ■ {{<^kuai ■ ■ ■ CTk„,a„))g 

fci , . . . jkfi—0 



X 



^ E E E 

/3eH2{X., 



N\ 

N=0 bi...bN 



bi ^bN 



L 

J\x 



^n+1 • • • ^n+iv evi 7ai • • • eVn 7an ev;+i 76i ■ • • 76 a 

(1 - ZiV’l) ... (1 - ZniJn) 



Corollary 4.5 implies that 

0^1 (^l) • • -©a" ■■■,Zn)= Ta,{zi) . . . T„„ (2„).F, 
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By the relation (Ta{z) = S^{z)rb{z), it follows that 

®a\{z 2 ) • • • ©a:(2n)^^ai62...b„(^l> • ■ • . ^n) = <^ai (^2) ■ • ■ ra„{z„)J^^ . 

Since 

<^ai(zi) • ©as (^2) = ©^2(^2) ■ (^01(2:1) + Z 2 Aa,), 

we see that 

©as (^ 3 ) • • . ©«::(2:n)^^aia263...i.„(^l’ ■ ■ ■ , Zn) 

- {(^aiizi) + Z2Aai)<Ta:,{z2)Ta3{Z3) . . .TaSZn)J^g ■ 

Continuing in the same vein, we see that 

“ ( 2 - 1 ) “H (-2^2 “1“ ' * ' “I" Zn)Aai ) (^^n— l) “i“ ZjiAa^_i^ ^o-n {.Zn)^ g ■ 

The proposition follows on expanding in the parameters Zi. □ 

This theorem immediately implies Theorem 1.1. Let > 0, so that the moduli 
space Mg^n has dimension 3p — 3 + n; it follows that when k\-\ \-kn > 35t — 3+n, 

(^ky.-(Tkr.Pg = {{<^kuai---(^kn,an))g = 0 . 

Hence, by Proposition 2.3, we see that when ki kn > 3g — 3 + n, 

Lfci,ai • • • '^kn,an^ g ~ 0- 

Theorem 4.9 gives rise to a simple procedure for translating identities among cy- 
cles on Deligne-Mumford moduli spaces into differential equations among Gromov- 
Witten potentials. For example, the identity on Ati,i 



(4.12) 



n = 



24 



Q 



where the vertices denoted by open circles are of genus 1, translates into the topo- 
logical recursion relation 

(W,a))f = M{OaOtO»))$. 

Here, Oa is an abbreviation for cro,a = '7o,a- This is the case A: = 1 of the following 
equation: 



(4.13) 



^k,a^l — 



i (To,a Tr(A4) k = l, 

0 fc > 1. 



(The cases k > 1 reflect the fact that has dimension 1.) 

Lemma 4.10. The equation (4.13) has a particular solution 

^logdet(A’) e (9. 

(Note that while logdet(A') is not itself an element ofOl^, its derivatives are.) 
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Proof. Clearly, crfc,a log det( A') = 0 for /c > 1, while 

ai,alogdet{X) ='It{X-\xy^di,bX) =Tr{X~^{X^,Ab) 

= Tr{XAa)=(7o,aTT{M). □ 

Let Q = Ti — ^ logdet(Af); we see that au.aQ = 0 for all /c > 0; hence, by 
Corollary 2.3, we recover a result of Dijkgraaf and Witten [7]: there is a function 
Q such that 

•^i=e + ^logdet(A’). 

The dilaton equation follows automatically from the formulas QQ = 

0 and 

Qlogdet(Af) = T^{X~'^QX) = x- 
To give a second example, the identity on 2,1 




translates into the topological recursion relation 



(Ka))^ = ((Oc»f + \{{OaO^O'^))^{{ObOo))^ 

+ ^{{0.0,0^0c0^))^ . 

5. Virasoro constraints on the jet-space of a Frobenius manifold 

5.1. Frobenius manifolds. A Frobenius manifold is a conformal Dubrovin 
manifold 

together with a non-degenerate symmetric bilinear form rj on the tangent bundle 
(also know as a pseudo- Rimannian metric) such that 

1) V is the Levi-Civita connection associated to rj; 

2) rj{X oY,Z) = rj{X^ F o Z), or equivalently. Ax = Axi 

3) Erj{X, Y) = t]{[E, X], F) + rj{X, [E, Y]) + (2 - r)rj{X, F), that is, CeT] = 
(2 - r)r]. 

On a Frobenius manifold, the endomorphism fi of the cotangent bundle is skew- 
adjoint: 

Y) + v{X, m*(F)) = (2 - rMX, Y) + r,[VxE, Y) + r,{X, XyE) 

= (2 - r)v{X, Y) + 7?(VbX, T) + r]{X, XeY) - r]{[E, X], r) - v{X, [E, T]) = 0. 

Here, we have used that V is torsion- free and compatible with the metric rj. 

If A is a linear operator on the bundle H = T*M[z, denote by A+ its 
adjoint with respect to the symmetric bilinear form 

f] z 

V{f,g) = R-eSz=o»?(/(-^:),ff(z)) — • 
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For example, = 0*(— 2;), d'^ = d z ^ and = —z. Since /i* = —ja and 

z= it follows that 

= i^z + + |) + W* = (9z + Z~^) + - |) + W = (5^. 

If S(z) is a fundamental solution, recall that the endomorphism R(z) of 7i = 
T*M[z] is defined by the formula 

dzS{z) + z~^ R{z)0{z) = z~^[fi + i)€)(2:) +^0(z). 

Definition 5.1. A fundamental solution 0(2:) on a Frobenius manifold M is 
symmetric if it is conformal and 0+(2:)0(2;) = I. 

It follows from the condition 0+(2:)0(2;) = I that R{z) + R'^{z) = 0, in other 
words, Rl = (— for all A; > 0. 

Proposition 5.1. There exists a symmetric fundamental solution on any Probe- 
nius manifold, 

Proof. Let S{z) be a conformal fundamental solution. Since V • 0(2;) = 
0(0) • V^, we have 

0 = vH~z), e{z ) . W0{z)) - ri{a{-z), V • e{z)P{z)) 

= V{®*{z)a{-z), V^P{z)) - dr]{a{-z), Q{z)(5{z)) + ?7(Va(-z), @{z)l3{z)) 

= -r/(V-^ • ©*(2)a(-2),/3(0)) +77(9(0) • ^a{-z),(5{z)). 

This shows that • 0*(2;) = 0*(2:) • V; conjugating by 0*(2:), we obtain the 
equation 

V-0+(-z) = 0+(z)- V~^ 

Replacing 2; by —2:, we see that 0+(2:)“^ is also a fundamental solution. 

It follows that p{z) = 0+(2:)0(2:) is a flat section of P(M, End(TM))|2;J. Re- 
placing 0(2:) by 0(z) = 0(2:)p(2;)“^/^, we obtain a new fundamental solution. Since 
p^{z) = p{z), we see that 

0'^(2;)0(z) = p~^ {z)^{z)p{z)~^^‘^ = J, 

hence Q{z) is symmetric. □ 

In the remainder of this section, we only consider symmetric fundamental so- 
lutions. 

5.2. Gromov- Witten invariants and Frobenius manifolds. In Section 
4, we showed that the small phase space H associated to the genus 0 Gromov- 
Witten invariants of a projective manifold X is conformal Dubrovin manifold. It 
also carries a flat metric rj; with respect to this metric, it is a Frobenius manifold. 
The equation CeP = (2 — r)p is equivalent to {pa -\-pb)Vab = rpab, which is a basic 
property of the Poincare form of a projective manifold of dimension r. 

Proposition 5.2. The conformal fundamental solution 

00 

k=0 
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on the small phase space is symmetric. 

Proof. Let p{z) = ©+( 2 :) 0 ( 2 ;). We have 

daP^{z) = daO'^iz)Q{z) + 0+(z)9a0(^) 

= -zQ^{z)Aa&{z) + 2:0+(^).4a0(2) = 0. 

Thus p{z) is constant on H. It remains to show that it equals / at the origin 0 G H. 
We may write 

oo 

p{z) (0) = / + ^ ^ g^Pfc,/3 . 

k=0 

For (jU e C), the divisor equation implies that 

J0^^pk,l3 = Pk- 1 , 0 ], 

from which it follows that pk,p = 0 for /3 7^ 0. On the other hand, in the limit 
g — > 0 in the Novikov ring, the value of ©^ at the origin of H is an integral over 
•Ado, 2 (^5 0), hence vanishes, since jMo, 2(-^,0) is empty. □ 

5.3. The genus 0 potential on the large phase space of a Probenius 
manifold. On a Probenius manifold, we may define a power series Tq on the large 
phase space by integrating the power series t( 2 ;): 

Tk.aR'o = 

Denote Vbc^j^a %,fcla,6; taking another derivative, we have 

(^•1) '^j,a'^k,b^0 ( 1) ^j,k\a,bi 

This determines To up to an affine function on the large phase space, which may 
be fixed by the dilaton equation 



QTo = -2To. 

The following formula To is due to Dubrovin [9] . 

Proposition 5.3. To = 

Proof. Since the fundamental solution S{z) is symmetric, we see that 
{y - z)Q.*{y,z) = 0*(z)~^0*(y) - J = 0(-z)0“^(-y) - J = {y - z)Q.{-z, -y), 
in other words, ^j^k\a,b = {~0^'^^^k,j\b,a- It follows by Lemma 2.9 that 
Tk,biie,m\p,<I = 
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We have 

1,1X1 

+ 5(-l)" E*? + 5 E(-l)™*- 

£ m 

£,m 

£ m 

= 5(-l)" E*^ (1 - + I E(-l)™t- 

£ m 

= K-i)*' E i E(-i)”t- 

£ m 

since Qft{y^ z) = 0. It follows that 

'T~j,a'^k,b^Q “ 2^ 2^ ^ ^ "^j,a^£,fc|p,b 

£ 

m 

^{~^y^k,j\b,a + ^{~^y y^ '^m,q^k,j\b,a 

m 

= i(-l)'=(l - Q)%fc|a.b + |(-iy (1 - Q)^k,j\b,a 
= |(-l)^%,fc|a,6 + 5(-iyf^fc,j|6,a = (-l)*^%,fc|a,b- 
This shows that satisfies (5.1). □ 

5.4. The Virasoro operators on the large phase space of a Probenius 
manifold. Let #(z) be the generating function (or free field) whose coefficients are 
linear differential operators acting on functions on the large phase space 

oo oo 

^a(^) = H'^z'°Tk,a + 

k=0 k=0 

The conjugate of $(z) by Zq = is given by the formula 

Zq^ • ^a{z) • Zo = hTa{z) + T]abt^{-z). 

The normal ordering of quadratic expressions in the field #( 2 ;) is defined by the 
formulas 

:tfct^: =tlt\, =ttn,b, ■Tk,bt1: =t“rfc,6, ■■Tk,an,b'- =Tk,aTe,b- 

If k > —1, let Lk be the second-order differential operator on the large phase space 
= ^Res^=o :?7 ($(-z),2:5^+^$(z)) : - j5fe,oTr(/i^ - |). 
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These operators were introduced in the theory of Gromov-Witten invariants by 
Eguchi, Hori and Xiong [15], who proved the following result. 

Proposition 5.4. The operators Lk satisfy the commutation relations 

[LjyLk] = (j — k)Lj^k‘ 

Proof. We give an outline of the proof; see [20], Section 2, for the complete 
details. 

Using the canonical commutation relations among the coefficients of ^{z)j the 
formula [Lfe, $(^)] + zS^+^^z) = 0 is easily proved. It follows that 

[[L^,Lk], $(z)] = [Lj, [Lk, $(^)]] - [Lk, [Lj, $(^)]] 

= -[Lj,z6'^+^^z)] + [Lk,z^+^^z)[ 

= -z6^+^[Lj,^{z)] + zU+^[Lk,H^)] 

= [zP+\z5i+^]^{z) = [k-j)P+'^+^^{z), 

and hence that [Lj, Lk] — (j — k)Lj^k commutes with ^{z). 

Any differential operator commuting with must lie in the centre of the 
algebra of differential operators, and hence 

[Lj,Lk] = {j - k)Lj^k + c(j, k)l 

for some two-cocyle c(j, k). Evaluating both sides of this equation at the basepoint 
of the large phase space, the result follows. □ 

In the following theorem, we show how the Virasoro operators Lk give rise 
to intrinsic differential operators on the jet-space of the Frobenius manifold. The 
explicit formula for Hk is equivalent to a formula of Liu ([26], Theorem 4.4). 

Theorem 5.5. We have 

Lk ’ Zq = Zq ' (hAk + + TCk), 

where Ak = \ ^^Sz=QT]{(j{—z)^z5^'^^a{zy), and 

Hk = 

i=o 

Proof. We have 

^ zP+^^{z )) : • Zo = \hr]{T{-z), zP+^t[z)) 

+ Wiz),zP+^T{z)) + \{zP+H^{-z),t{-z)) + |(r(-z),25*+H+(-z)) 

+ ^V{t{z),zd^+h(-z)). 

On taking the residue, the first term on the right-hand side yields 
I ReSj:=o ??(t(-z), z5^+V(z)) 

= |Res^=o?;(©'‘^(-2)o'(-z),0“^(2)z(5^'^V(z)) = Afc. 
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The residue of the last term on the right-hand side vanishes by Theorem 2.11 (this 
is the genus 0 Virasoro constraint), since 

7?(t(z), z5l'^H{-z)) = ri[e{z)t{z), 0“^(2:)2:5j+H(-z)) 

= V{s{z),z6^''~^s{-z)) = 0{z~^). 

It follows that 

’ Lk ‘ Zq — hAk + Tr(^^ — |) 

= 5Res2=o(t(z),2:52+V(z)) 

+ |Res2=o((^5*+H_(-2),r(-2:)) + (r(-2:),z5^+H4.(-0))) 

= 5 Res^=o((t(z), 2 :^^+V(z)) + (t-{z), z6^+^t{z)) + (zS^+^T{z),t+{z)j^ 

= Res^=o{t{z),z6^+^T{z)) - | ReS;,=o 
since r{y)t^{z) = —Q.{y,z). It remains to show that 

Res2=o Tr(yj^+’-f2(?/, z))y=^ 

0, A: < 0, 

k 

, ^=0 

Applying the operator to (2.5), we see that 

[k + 2)y'5^y+^n{y,z) + {y- z)y5^/^n{y, z) = yS';+^ {&{y)e-\z) - /). 
Taking the trace, we see that 

{k + 2 ) Tr{y~6^y+^n{y, z)) + {y - z) Tr{y5^+^Q{y, z)) 

= TV( 0 -i(^) 2 /J^+ 2 ©(y)) - Tr{y~6^+^I). 

Next, we restrict to the diagonal y = z: 

(k + 2) Tr{y'5^y+^il{y, z))^^^ = TV(0-i(^)z4^+20(^)) - Tv{z6^,+^l) 

= Tr{z5^+^I) - Tr(z5*+V). 

Taking the residue, we see that 

[k + 2)Res,=oTr{yd^+^n{y,z))^^^ 

= ^ Tr{W{y- \)W {y + - Res,=o 

Q<i-\-j<k 



Since [iig^Rk] = kRk, we see that 

1V((m -l-k)...{y-l){y + l)), 
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and hence ReSz=oTr(^zS^'^^l) = ^fe,oTr(/i^ — |). We have 

0<i+j<k 

= ^ - i J2 Tr(^'') 

0<i+j<fc 0<i+j<fc 

= (I + 1) 

i=0 

* ^=0 

and the formula for Hk follows. □ 

As a corollary of this theorem and the Virasoro relations for L/c, we obtain the 
following formula of Liu ([26], Section 6). 

Corollary 5.6. CjHk - CkHj = (j - k)Hj^k 

5.5. The Virasoro constraints on a Frobenius manifold. The Virasoro 
constraints are differential equations among a sequence of functions g > 0, on 
the large phase space of a Frobenius manifold M such that the dilaton equation 
holds: 

(5.2) QJ^g = {2g - 2)J^g + ^6g^^x, 

were x — Tr(/). As originally introduced by Eguchi, Hori and Xiong [15], in the 
case where M is the Frobenius manifold associated to the genus 0 Gromov- Witten 
theory of a projective manifold X and Tg is the genus g Gromov-Witten potentials 
A, these differential equations are given by the vanishing of functions Zk^g on the 
large phase space defined as follows: 

CX) 

= exp(- E^O ■ Lk ■ exp(E^o 

ff=0 

Using Theorem 5.5, we may write the vanishing of Zk^g intrinsically on the jet-space 
of the Frobenius manifold M: in fact, we have 

oo 

= exp(- E^i • ft Afc • exp(E^i 

5=1 

oo 

+ Y,hP~^CkTg + Hk. 

5=1 

This proves the following theorem. 



Theorem 5.7. For genus g > I , the Virasoro constraint Zk,g = 0 is equivalent 
to the equation 

5-1 

CkTg + Afe^p -1 + 5 Res^=o 7/(a(-z) J), V(z)^g_i) = 0, 



2=1 
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while the Virasoro constraint Zk,i =0 is equivalent to the equation 

l=Q 



Using Proposition 3.5, we see that the genus 1 Virasoro constraint Zk^i = 0 is 
equivalent to the equation 
k 

(5.3) CkQ = 

for Q = ^ logdet(A'). This equation was first proved in the special case 

where M is a semisimple Probenius manifold by Dubrovin and Zhang [12], and 
extended to general Probenius manifolds by Liu [26]. 

Let M be a Probenius manifold. There is a second-order diflPerential operator 

^ : P(M, O) ^ P(M, 5^(T*M)), 
given by the explicit formula 



(5.4) ®(Xi,x2,jc3,x4) = i X] Y. 

7T6*S'4 ai, 02,03,04 

(^*^Oia2 *^0304 4 *^^102 *^03/i ^04^1/ + 2 ^04*^^203 “ *^0102 ^^'^0304^!^ 

+ |^03-^aia2 ^04*^//!/ + ^^03^04*/^ai02 ^ *^03 04)7 

such that the generating function Q of genus 1 Gromov-Witten invariants of a 
compact symplectic manifold X satisfies the equation = 0 (see [18]). Let 

k 

Vk = UQ - 

1=0 ^ 

By a lengthy calculation, Liu [26] proves the formula 



Vk 



= i Y E, E)g - ^Ck-ivi. 



i=l 



In this way, he obtains the following theorem. 



Theorem 5.8. If^Q = 0 and Q satisfies (5.3) for k = I, then G satisfies (5.3) 
for all k > 1. 



Relationship to prior results. The results of Sections 5.1 and 5.2 are due 
to Dubrovin. The formula for the Virasoro operators on the large phase space in 
terms of free fields (Section 5.3) is a modification of the formalism of Section 2 of 
[20]. (Related formulas have been used by Givental [21].) 



6. The jet-space of a semisimple Dubrovin manifold 

6.1. Semisimple Dubrovin manifolds. A Dubrovin manifold is semisim- 
ple if the subset Mo C M on which the commutative algebra (Ta^M, o) is semisim- 
ple is dense in M. These manifolds were extensively studied by Dubrovin [9], who 
proved the following theorem. 
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Theorem 6.1. Around each point semisimple point in a semisimple Dubrovin 
manifold, there are coordinates such that the vector fields tti = dfdv'^ satisfy 

7Tj O TTj SijTTi. 

Proof. Locally in Mo, there is a frame {tti, . . . , 7t„} of the tangent bundle TM 
such that TTiOTTj = dijiTi. We must show that the vector fields tti satisfy [tt^, tTj] = 0. 
If i and j are distinct, the equation 

(6.1) Vi{7Tj OTTk) - 7Tj O (ViTTfc) - V j{7Ti O TTk) + TTi O (VjTTfe) = [TTi^TTj] O TTfe 

is a consequence of condition 4) of Proposition 2.1. If A: is not equal to i or j, (6.1) 
implies that [tt^, ttj] o tt^ vanishes. On the other hand, if k equals i, we see that 

-TTj O ViTTi - VjTTi +7TiO {V jITi) = [tT^, TTj] O TTi, 

from which we conclude that [7ri,7Tj] o vanishes. This shows that [iri,7rj] = 0. It 
follows that there are coordinates u* defined locally on Mq such that iTi = dfdv'^. □ 

The canonical coordinates (i?^) are seen to be defined up to addition of a con- 
stant and permutation. Let J = (Jf ) be the Jacobian 

= du^/dv\ 

and let J~^ = (J^) be its inverse 

4 = dv^du^. 



Denote by the functions 

n 

fe=i 

The identity vector field on Mq is given in canonical coordinates by the formula 

e = ^7Ti. 

i 

6.2. Conformal semisimple Dubrovin manifolds. Let ,e, E,r) be 

a semisimple Dubrovin manifold which is conformal. Taking X = Y = tt^ in (3.1), 
we see that 

[E, TTi] = 27Ti O [E, TTi] + TTi, 

hence [E, tt^] = — tt^. This shows that, after shifting the canonical coordinates vi by 
constants c% the Euler vector field on Mq is given by the formula 

E = 

In other words, the canonical coordinates are the eigenvalues of U. 

Proposition 6.2. The semisimple locus Mq c M contains the tame locus 
^00 of points at which the eigenvalues ofU are distinct and nonzero. 
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Proof. Locally in Mqo, the endormorphism W has eigenvectors tt^ with eigen- 
values Vi. We have 

OTTj) = {U*7Ti) O TTj = v'^TTi O TTj. 

Antisymmetrizing in i and j gives — v^)TVi oTtj =0, showing that tti ottj = 0 if i 
and j are distinct. Since E om = is nonzero, we see that tt ^ o tt ^ = fiiTi, where 
fi is nowhere vanishing, hence {TxM^ o) is semisimple in Mqo- D 

We will restrict attention to conformal semisimple Dubrovin manifolds satisfy- 
ing the following condition. 

Condition 6.1. There is a section 7 G r(Mo,End(T*M)) such that 

= [7,W]. 

Let 111 and be the matrix elements of the tensors 11 and 7 in the frame {tti); 
Condition 6.1 amounts to the relation /il = 

6.3. Semisimple Probenius manifolds. A Probenius manifold is semisim- 
ple if the underlying Dubrovin manifold is semisimple. We now show, borrowing 
from the exposition of Manin [27], that semisimple Probenius manifolds satisfy 
Condition 6.1. 

In Gromov-Witten theory, it is known that the Probenius manifolds associated 
to Grassmannians [1] , to Del Pezzo varieties [2] , and to arbitrary products of these, 
are semisimple. Another class of examples are the quotients V/W of a Euclidean 
vector space P by a Coxeter group W of reflections, considered by Saito [28] (see 
also Dubrovin [8]). 

Let M be a semisimple Probenius manifold. If e G Q}{M) is the one- form on 
M deflned by the formula s{X) = r){e,X)^ then 

rj{X,Y) = rjieoX,Y)=e{XoY); 

thus r){X^ Y) = 0 ifXoy = 0. It follows that the idempotent eigenvectors tt* on Mq 
are orthogonal. Let rji = rj{7Ti,iTi), let rjij = 7Tj{rji), and let rjijk = ^TkiVij)- We now 
list the main properties of these functions; these are known as the Darboux-Egoroff 
equations. 

Lemma 6.3. 

1) 'Hij — Vji 

2) Vijk = I ( -f when i, j and k are distinct 

3) e { r } i ) = 0 

4) E { r ] i ) = -rrji 

Proof. The coefficients Tijk = of the Levi-Civita connection V 

are given by the formula 

Taking the inner product of (6.1) with tt^, we obtain the equation 
2i^i^^jk “b dj£dik) (jjij Vji) ~ ^5 
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which shows that rjij = rjji. 

A lengthy calculation shows that 

Rijki = I { 5 u - Sje) » - 2 rujk) 

+ ^ - 2%^) 

+ W,iS,,-duSjk)J2'^^- 

Part 2) follows, by the flatness of the connection V. 

Since the vector fleld e is flat, we have 

0 = 77(7Ti, Vie) = y^J7(7Ti> ViTTj) = y^Fiji 
3 3 

~ 1 ^ + SijTJji — SijTJii) = 2^{fji). 

3 

Since Cet] = (2 — r)rj^ we see that 



E{rii) = {CEr]){'Ki,'Ki) - 2r]{[E,7Ci],TTi) = (2 - r)rj{7ri,7Ti) - 2r?(7ri,7Ti), 

which shows that E{rji) = —rr]i. □ 

Proposition 6.4. 14^e have n = [j,U], where 7 € P(Mo,End(T*M)) is the 
endomorphism of the tangent bundle of Mq defined by 

7du" = |dlog?7i. 

Proof. By the deflnition of 7, 

7?(7ri,7*7rj) = 



We must show that 

(6.2) ri{Tn,fi*Ttj) = 77(W*7ri,7*7rj) - ri{'y*Tri,WTrj) = - v^)r]ij. 

We have 



rj{7Tup*7Tj) = (1 - ^)rj{7Ti,iTj)~rj{7ruVjE) 

= (1 - ~ Vin^lTTj.E]) - rj{7Ti,VETTj) 



— 2^^3'ni ^ ^ Tfeji 

k 



1 

2 



1 

2 



f'dijTJi H“ ^ ^ U (SiJcTJj^j “h dijTJjk dj]^rfik 



{Sij {rrji + E(r/i)) + (u" - 



and (6.2) follows. 



□ 
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6.4. The vector fields on a semisimple Dubrovin manifold. We 

now give a new proof of an important recent theorem of Dubrovin and Zhang ([13], 
Theorem 3.10.20). This proof is perhaps a little simpler than theirs, though it is in 
the same spirit. 



Theorem 6.5. Let M he a conformal semisimple Dubrovin manifold satisfying 
Condition 6.1. If f E Ooo satisfies Ckf = 0 for all k > —1, then f is a constant. 

Proof. The theorem is proved by induction: if / G On satisfies Ckf = 0 for 
all A: > —1, then / G On-i* In order to carry out this induction, we must calculate 
the action of Ck on On modulo On-i- By (3.4), we see that 

n 

Ckul = ■ Res^=o(e,5^+i(a + zA:')”-^'A:’dM“) 

i=i 

= — nRes 2 =o(e, du°') (mod On-i) 

k 

= -ny^(e,t/^(A«+ -a"(e,W*+^dM“) (mod 0„_i). 

i=0 

Form the generating function 

CX) 

k=-l 

— d’^(e, (A — U)~^du^) (mod On-i)- 

We now invoke the hypothesis that M is semisimple. Since Udv^ = we 

see that 

(e, (A - ur^du'^) = (A - vT^Jfdv^) = Y 

It follows that 

a-(e, (A - U)-Hu<^) = Y + E 



We also have 



d^-^X = d'^-'^{u'iAl^)da ® dv!> 

= da ® du^ = Y,v'a'Ki® dv' (mod On-l), 



hence 



-Ydu® = Y <J?dv^ (mod On-i). 



It follows that 



(e, (A - «)-> (^ + 1){A V**) - J: 

i,j ^ 

1 '^n^i \~^ i ra i f ^ I 

~ 2 ^ (A - ■y')2 ( A - 



A — u* X — 



(mod 0„_i). 
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Assembling these results, we see that 



= + (modOn-.) 



k=-l 



for some coefficients c® G On- 
Now suppose that f £ On satisfies Ckf £ On-i for all k > 0. Extracting the 
coefficient of (A — in 

oo oo 

^ A-'=-"£fc/ = dn,af (mod 0„_i), 



fc=-l 



k——l 



we see that ^n,a/ = 0, and hence that dnf = 0. In other words, 

/ e On-l- ’ □ 



Corollary 6.6. On a semisimple Frobenius manifold, any solution 

{:Fg£Ooo\9> 1} 

of the Virasoro constraints (Theorem 5.7) and the dilaton equation (5.2) is unique 
(except in genus 1, where it is determined up to an additive constant). 

Proof. Consider two solutions {Tg} and {Tg] of the Virasoro constraints; we 
argue by induction on g that Tg = Tg. Suppose that Th = h < g. We see 

that Ck{Fg — Tg) = 0 for all /c > —1, hence by Theorem 6.5, Tg —Tg is a constant. 
If ^ > 1, the constant vanishes by the dilaton equation, which implies that 



6.5. The function 0 on a semisimple Frobenius manifold. A solution 
of the genus 1 Virasoro constraints (5.3) on a semisimple Frobenius manifold was 
found by Dubrovin and Zhang [12]; by Theorem 6.5, their solution is the unique 
one. Their formula for Q involves a function on the semisimple locus Mq called the 
isomonodromic r- function rj; in defining it, we follow the exposition of Hertling 
[22]. 



Lemma 6.7. The differential form 



a = i Y'M - vi)^dv^ e (Tl\Mo) 

is closed, and a{X) = —jTr{pi[y,Ax]) 

Proof. We have 

da = I Y {v^ - v^) dv’^ A dv^ 

= i Y m&i d^;'= A dv\ 

This vanishes, since {v^ — v^) dv^ A dv'' is antisymmetric in the indices i, j and k. 
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The matrix Ai has components {Ai)j = Sij5f. Since the matrices U and Ai 
are diagonal in the frame dv'^ of T*Mq, we have 

Si log T/ = -|Tt([7,W][7,A]) 

= -;j Tr(7Z^7A - 'yUAi'r - A + UjAi'j) 

= - S X) (%-^i 7i - Iphi - Hl'i 7j + U] 7]7i ) 

3 

= I ~ •y^)7j7i = (7Ti,a). □ 

3 

The isomonodromic tau-function rj is defined by the equation 

dlogr/ = a. 

Note that just like logr/ is only determined up to an additive constant. 
Theorem 6.8. Q = \ogn- A Y,^\ogr}i 

Proof. We calculate the derivative of the two terms contributing to CkQ sep- 
arately: we will see that they respectively contribute the two terms of (5.3). We 
have 



Tfclogr/ = |Tr(^[ 7 ,^£;„(fc+i)]) = | Tr(/i[ 7 , 
k k 



e=o e=o 

Further, since e{rji) =0, we have 

i£fc(log,7i) = ^{Ck + p)’‘+^e){logTH) = 



,fyk+l _ 
yi — yj 






k-£ 



= E- 

3 - - ^^0 j 

k 

€=0 

Summing over i, the Virasoro constraints Zk,i follows, since u = Y^- dv^. □ 



It is proved in [11] that Q automatically satisfies the differential equation '^Q = 
0 of (5.4). Ideally, this should be part of a larger phenomenon, whereby all of the 
known differential equations satisfied by the Gromov- Witten potentials 
namely the Virasoro constraints and the topological recursion relations, have a 
(necessarily unique) solution on every semisimple Probenius manifold. 
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Symplectic geometry of Probenius structures 

Alexander B. Givental 



The concept of a Probenius manifold was introduced by B. Dubrovin [9] to 
capture in an axiomatic form the properties of correlators found by physicists (see 
[8]) in two-dimensional topological field theories “coupled to gravity at the tree 
level” . The purpose of these notes is to reiterate and expand the viewpoint, outlined 
in the paper [7] of T. Coates and the author, which recasts this concept in terms of 
linear symplectic geometry and exposes the role of the twisted loop group 
of hidden symmetries. 

We try to keep the text introductory and non-technical. In particular, we sup- 
ply details of some simple results from the axiomatic theory, including a several-line 
proof of the genus 0 Virasoro constraints, but merely quote and refer to the liter- 
ature for a number of less trivial applications, such as the quantum Hirzebruch- 
Riemann-Roch theorem in the theory of cobordism- valued Gromov- Wit ten invari- 
ants. The latter is our joint work in progress with Tom Coates, and we would like 
to thank him for numerous discussions of the subject. 

The author is also thankful to Claus Herthng, Yuri Manin and Matilde Marcolli 
for the invitation to the workshop on Probenius structures held at MPIM Bonn in 
Summer 2002. 

Gravitational descendents. In Witten’s formulation of topological gravity 
[44] one is concerned with certain “correlators” called gravitational descendents. 
The totality of genus 0 gravitational descendents is organized as the set of Taylor 
coefficients of a single formal function .F of a sequence of vector variables t = 
(to, ^1, •••)• The vectors U are elements of a finite-dimensional vector space^ 

which we will denote H. One assumes that H is equipped with a symmetric non- 
degenerate bilinear form (•,•) and with a distinguished non-zero element 1. The 
axioms are formulated as certain partial differential equations on an infinite set 
of Topological Recursion Relations (TRR) , the String Equation (SE) and the Dilaton 
Equation (DE) . To state the axioms we are using the following coordinate notation; 
introduce a basis {(f)a} in H such that </>i = 1, put tk = = 9^01 

(^gOt(3) — and write dot^k for the partial derivative djdt^. Then the axioms 

read: 

oo 

(DE) (t) = EE (t) - IT (t), 

n=0 V 



Research is partially supported by NSF Grant DMS-0072658. 

^or super-space, but we will systematically ignore the signs that may come out of this 
possibility. 
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1 ^ 

(SE) ^i,o^(t) = -(to,to) + EE (t), 

n=0 v 

(TRR) da,k+idi 3 ,id^,mT (t) = ^ da,kd^,oT (t) g'^'' 5 ^, 0^/3, (t) 

fJLU 

for all a, j 3 ^ 7 and any A:, Z, m > 0 . We will see soon that the system DE+SE+TRR 
admits a transparent geometrical interpretation. 

Let Ti denote the loop space H{{z~^)) consisting of Laurent series in I/2; with 
vector coefficients. Introduce the symplectic form Q on H: 

^ / (f(-^)>g(«)) dz- 

The polarization H = H+ 0 H- by the Lagrangian subspaces H-\. = H[z] and 
H- = z~^H[[z~^] provides a symplectic identification of r2) with the cotangent 
bundle T*H^. We encode the domain variables t = •••) of tho function T 

in the coefficients of the vector pol3naomial 

q(z) = — 2: + to + t\z + l2^ + ••• (where —2: := —Iz) . 

Thus the formal function J^{t) near t = 0 becomes a formal function on the space 
near the shifted origin q = —2;. This convention is called the dilaton shift. 
Denote by C the graph of the differential dT: 

£ = {(p,q)GT* 7 t+: p = d^J^}. 

This is a formal germ at q = —2; of a Lagrangian section of the cotangent bundle 
and can therefore be considered as a formal germ of a Lagrangian submani- 
fold in the symplectic loop space {H, O). 

Theorem 1. The function T satisfies TRR, SE and DE if and only if the 
corresponding Lagrangian submanifold C CH has the following property: 

, . C is a Lagrangian cone with the vertex at the origin and such 

^ that its tangent spaces L are tangent to C exactly along zL. 



More precisely, the last condition is interpreted as follows. First, it shows 
that the tangent spaces L = TfC satisfy zL C L (and therefore dim L/zL = 
dimH+/zH^ = dimH). Second, it implies that zL C £. Third, the same L 
is the tangent space to £ not only along the line of f but also at all smooth points 
in zL. This is meant to include f, i.e. L = TfC implies f G zL. 

The tangent spaces L vary therefore in a dim jFf-parametric family. In partic- 
ular they generate a variation of semi-infinite Hodge structures in the sense of S. 
Barannikov [ 1 ], i.e. a family of semi-infinite fiags • ‘ • zL C L C z~^L - • satisfying 
the Griffiths integr ability condition. 

Thus another way to phrase the property (t*t) is to say that 
C is a cone ruled by the isotropic subspaces zL varying in a dim H -parametric family 
with the tangent spaces along zL equal to the same Lagrangian space L. 

Finally, the property should be understood in the sense of formal geometry 
near a point fo different from the origin. In particular, the fact that cones develop 
singularities at the origin does not contradict the fact that £ has Lagrangian tangent 
spaces as a section of near q = — 2;. 
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Proof. Let us begin with the cone C satisfying (★). Using the polarization 
H = we recover as the restriction of the quadratic form p(q)/2 (evaluation 

of the covector on a vector) to the cone C parameterized by as a section of the 
cotangent bundle. The resulting function T is homogeneous of degree 2 (since £ is 
a cone) which is exactly what DE expresses after the dilaton shift. 

Multiphcation hy z~^ m H is anti-symmetric with respect to the symplectic 
form O and thus defines a linear hamiltonian vector field i ^ z~^i corresponding to 
the quadratic hamiltonian ft{z~^fj f)/2. The vector field is tangent to £ since z~^f 
is contained in the tangent space L at the point f E zL, The cone £ is therefore 
situated in the zero level of the quadratic hamiltonian. It is straightforward to check 
that this condition written as the Hamilton- Jacobi equation for the generating 
function coincides with the string equation. 

Next, the property of £ to have constant tangent spaces L along subspaces zL 
of codimension dimH shows that the quadratic differentials depend only on 
dim if variables. In particular this applies to := X) Differentiating 

the string equation in tg we find 

( 1 ) r^ = tl+J2 ^"+1 

In particular independent and thus can be taken in the 

role of the dim H variables. 

Note that the tangent spaces L are transverse to H- and so the spaces zL are 
transverse to zH-. Therefore the projection of zL to the base along 7i- is 
transverse to the slice qi = — 1,^2 = Qs = ••• =0, and the intersection with the slice 
has qo ~ T. Making use of the correlator notation 

:= {da,kd0,l.-d^,ma^)\ to = T,ti=t2 = ... = 0 , 

we can write 

(2) d0,idj,mr{t) = 0.,V'"')(r(t)). 

Consider (1) as an implicit equation for r(t): 

( 3 ) :=T^ = 0 . 

Using the rules of implicit differentiation we conclude that the matrix (5 a,qf^) is 
inverse to {dG^ /dr^) at r = r(t). Using this together with implicit differentiation 
once again, we find 

da,k+lT^ = s'"" {(l>a'tp’',(j)^){T{t)). 

fJbjU 

This is a special case of TRR whose general form is obtained now by differentiation 
of (2): 

da,k+l90,ldj^rntF = {4>5,4>0lp\4>^i>'^) 

s 

= 5 "" d,,od0,id^,„^T. 

fl,V 



( 4 ) 
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In the opposite direction, suppose that T satisfies TRR, SE and DE. It is 
straightforward to see that given the TRR uniquely determines all 

the other correlators with at least two seats. 

We use (3) to implicitly define the (formal) map t r(t) and try the right 
hand side of (2) in the role of Repeating the above derivation (4) we 

conclude that TRR is satisfied and hence, by the uniqueness, (2) is indeed true. 

We see therefore that the tangent spaces to the graph £ of dT are constant along 
the fibers of the map t r. [ These fibers are affine subspaces (of codimension 
dimH) since G is linear inhomogeneous in t and r(to 5 0, 0, ...) = to- Taking t = 
(0, 1, 0, 0, ...) in G we find G^ = 1)('t). This equals 0 for all r 

because (0^, l)(r) = (</>^,t) as it follows from the string equation. Thus the fibers 
of the map 1 r become linear subspaces after the dilaton shift.] 

Due to the dilaton equation, .F as a function on is homogeneous of degree 
2, and hence £ is homogeneous of degree 1. Thus £ is a cone, so the tangent 
spaces L = Tf£ contain the application points f . Recalling that the string equation 
expresses the tangency of to £ at the points f G £ we see that in fact f G LOzL. 
This is true for all those f where the tangent space is L. Therefore the projection 
of zL to along H- contains one of the fibers of the map t r. In fact the 
projection coincides with the fiber since both have codimension dim if in For 
the space zL itself this means that it coincides with the set of points f G £ where 
Tf£ = L. In particular zL C L. □ 

The property (^^) is formulated in terms of the symplectic structure O and the 
operator of multiplication by ^ but it does not depend on the choice of the polariza- 
tion. This shows that the system DE+SE+TRR has a huge group of hidden symme- 
tries. Let C^‘^^GL{H) denote the twisted loop group which consists of End (if) -valued 
formal Laurent series M in the indeterminate z~~^ satisfying M*{—z)M{z) = 1. 
Here * denotes the adjoint with respect to (-,-). The following corollary shows how 
the action of the twisted loop group can yield new functions T which satisfy the 
system DE+SE+TRR whenever the original one does. 

Corollary. The action of the twisted loop group preserves the class of the 
Lagrangian cones £ satisfying (-k). 

Probenius structures. By a result of S. Barannikov [1], the set of tangent 
spaces L to the cone £ satisfying (^) carries a canonical Probenius structure. We 
outline Barannikov’s construction. 

Consider the intersection of the cone £ with the affine space — z + z7i-. The 
intersection is parameterized by r G fT via the projection to ~z-\- H along 7f _ and 
can be considered as the graph of a function from H to H called the J -function: 

J{~z,t) = -2 + T + y^ 

k>0 

The derivatives dJ/dr^ = 05 + ... form a basis in L Pi zH- which is a complement 
to zL in L. Since zdJ/dr^ E zL C C, the 2nd derivatives zd’^J/dr^dr^ are in L 
again. On the other hand, these 2nd derivatives are in z7i- as well. Thus they are 
uniquely representable via the basis as with the coefficients Ag^{r) 

independent of z. Thus dJ/dr^ form a fundamental solution of the pencil of fiat 
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connections depending linearly on z 
^ ^ ^dr^dr^ “ 

M 

Obviously Moreover, the string flow f i-> exp(u/ 2 :)f preserves —zAzTi- 

and projects along 7i_ to — 2 : + r — z + r — This implies that zdJ/dr^ = J 
and respectively (A^^) is the identity matrix. Furthermore, it is not hard to derive 
now that the multiplications on the tangent spaces TrH = H given by 

deflne associative commutative algebra structures with the unit 1 which are Probe- 
nius with respect to the inner product on H (i.e. (a • 6, c) = (a, 6 • c)) and satisfy 
the integrability condition imposed by (5). This is what a Probenius structure is 
(see for instance [39]).^ 

Conversely, given a Probenius structure one recovers a J-function by looking 
for a fundamental solution to the system (c/. (5)) 

in the form of an operator- valued series 5 = 1 + + 52 (r) 2 ;“^ + ... satisfying 

S*{—z)S{z) = 1. Such a solution always exists and yields the corresponding J- 
function J^{z,r) = z[S*{z^r)]f and the Lagrangian cone C enveloping the family 
of Lagrangian spaces L = S~^{z^t)H-^ and satisfles the condition (at). A choice of 
the fundamental solution S is called in [25] a calibration of the Probenius structure. 
The calibration is unique up to the right multiplication S SM by elements 
M = 1 + M\z~^ + M 2 Z~‘^ + ... of the “lower- triangular” subgroup in the twisted 
loop group. Thus the action of this subgroup on our class of cones C changes 
calibrations but does not change Probenius structures (while more general elements 
of C^‘^^GL{H)^ generally speaking, change Probenius structures as well). 

As an example, consider the translation invariant Probenius manifold deflned 
by a given Probenius algebra structure o on H. The system (5) has constant 
coefficients and allows for the following obvious solution 

J{z, t) = z ^ 

fc >0 

The corresponding cone is C = { : q G zH[z] }. Inflnitesimal automor- 

phisms of £ in the twisted loop Lie algebra contains the subalgebra 

2 :“^(aoo) -f 2 ;(aio) -f 2 ;^(a 2 o) -h ..., ai e H 
and actually coincides with it when the algebra (if, o) is semisimple. 

Quantum cohomology. In Gromov - Witten theory, the genus 0 descendent 
potential T of a. compact (almost) Kahler manifold X is deflned in terms on inter- 
section theory on moduli spaces Ao,n,d of degree d G H 2 {X, Z) stable maps E — > X 

^To match this with Dubrovin’s original definition [9] one can use the generating function T 
to show that in fact = Yh 9^^ 0A)(r) and therefore y(r, 0, 0, ...) satisfies the WDW- 

equation. 
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of genus 0 complex curves with n marked points [34]. Namely 



( 6 ) 




Here [Xo,n,d] is the virtual fundamental cycle [38], tk € H*{X,Q) are cohomology 
classes of the target space X to be pulled back to the moduli spaces by the evaluation 
maps evi : Xo^n,d X the i-th marked points, and 'ipi is the 1-st Chern class of 
the universal cotangent line bundle Li. The fiber of Li is defined as the cotangent 
line T*.S to the curve at the i-th. marked point. 

Thus the cohomology of the target space equipped with the Poincare intersec- 
tion pairing 



9fJLU 



L 






plays the role of the inner product super-space H. Yet the situation here does 
not quite fit our axiomatic set-up since an appropriate Novikov ring Q[[Q]] takes 
the place of the ground field. Moreover, one often has to consider the Lagrangian 
section £ = graph in the completion of the space H consisting of the series 
fkZ^ infinite in both directions but such that fk-^Oask—^ -hoo in the Q-adic 
topology of id = iJ*(X,Q[[(5]]). In what follows we will allow this and similar 
generalizations of the framework without special notice. 

The genus 0 descendent potential is known to satisfy the axioms DE, SE and 
TRR and therefore defines on id a Probenius structure with the multiplication • 
known as quantum cup-product. This Probenius structure comes therefore equipped 
with the canonical calibration S and the J-function: 



( 7 ) 



J{z,t) 






z + t + (ev„+i). 

d,n 



• niLiev*(r) 

■ Z-'llJn+l 



where (ev^+i)* is the push-forward along the evaluation map ev^_|_i : Xo,n+i,d 
X. The present description of this expression as the defining section of the whole 
cone £ seems more satisfactory than the ad hoc construction in the literature on 
mirror formulas. 



Below we briefly recall several results from [7] exploiting the language of La- 
grangian cones in the context of genus 0 Gromov - Witten theory. 

Gravitational ancestors. Porgetting the maps Y X (and maybe several 
last marked points) and stabilizing the remaining marked curves one defines the 
contraction maps ct : Yg,m+n,d ^ Xig,m of moduli spaces of stable maps to the 
Deligne - Mumford spaces. The latter carry their own universal cotangent line 
bundles and their 1-st Chern classes whose pull-backs to Y^,m+n,ci will be denoted 
Li and 'ipi respectively. We call ancestors the Gromov - Witten invariants which 
“mistakenly” use the classes 'ijj instead of A theorem of Kontsevich - Manin 
(see Theorem 2.2 in [35]) expresses descendents via ancestors and vice versa. ^ It 
was E. Getzler [17, 19] who emphasized a primary role of ancestors in the theory 
of topological recursion relations. The following theorem interprets their results 
geometrically in the case = 0. 



^The underlying relationship between iJj and ip is described also in [17], Proposition 5. 
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Introduce the genus 0 ancestor potential Tr depending on the parameter r E H: 

-)d p m oo m+n 



y — ! 

m\n\ J,- 



d,m,n 



[^o,n,d] 



j—m+1 



Let Cr denotes the Lagrangian section in'H = T*7i+ representing the graph of dTr 
subject, as usual, to the dilaton shift ^{z) = —z 

Theorem 2 (see Appendix 2 in [7]). We have Cr = S{r)C, where C represents 
the descendent potential, and S{r) G C^‘^^GL{H) is the corresponding calibration. 

The ancestor potential has zero 2-jet when to = 0 since dimAIo, 2 +m = 
m — 1 < m. Therefore Cr is tangent to 7^+ along zH-^. Thus Theorem 2 implies 
directly (i.e. by-passing Theorem 1) that the graph C of dj^ satisfies (★). 

Corollary. The sections Cr are themselves Lagrangian cones satisfying the 
condition ('k) (and isomorphic to each other and to C). 



The Probenius structures defined by the cones Cr are isomorphic to that for C 
since the calibration S is “lower-triangular” . 

On the other hand, Theorem 2 tells us how to define the ancestor potentials fr 
in the axiomatic theory: restrict the quadratic form p(q)/2 to S{r)C. In particular, 
the genus 0 ancestor potentials Tr satisfy SE, DE and TRR (which agrees with 
Theorem C in [43]). 

Moreover, let us call a function G{to^ii, ...) tame if 



( 8 ) 



d d 

dttr'dtt: 



Q |t=o — 0 



whenever k\ + kr > r — 3. 



The ancestor potentials in Gromov - Witten theory are tame on the dimensional 
grounds: dim Alo,r = r — 3. The following result shows that in the axiomatic theory 
there is no need to add this condition as a new axiom. 



Proposition. The ancestor potentials Tr ( defined in the axiomatic theory as 
the generating functions for the Lagrangian cones Cr := S{r)C) are tame. 

Proof. The ancestor potentials themselves satisfy DE+SE-hTRR but in addi- 
tion have zero 2-jet at t = 0. Let us apply the derivation ldt^^...dt^^ to the 
identity TRR for Fr and assume that (8) is satisfied for the terms on the right 
hand side. If at least one of these terms is non-zero at t = 0, then we must have 
k 1 + m + ni + ... + Ur <r — 1. Thus (8) is satisfied for the left hand side. This 
allows us to derive (8) by induction on A:i -h ... 4- □ 

Apparently, a more general result applicable to higher genus theory is contained 
in [19]. 

Twisted Gromov — Witten invariants. Let E he a. holomorphic vector 
bundle over a Kahler target space X. One can pull it back to a moduli space 
Xg^n+i,d by the evaluation map ev^+i : Xg^n+i,d X and then push the result 
forward to Xg^n,d by the map ft^+i : Xg^n+i,d — ^ ^g,n,d forgetting the n -h 1-st 
marked point. This way one gets an element in K^{Xg^n,d)> 

= a virtual bundle with the fibers f*E) © i7’^(S; f*E). 

Fixing an invertible multiplicative characteristic class 5(-) = ^^kchk{‘) complex 
vector bundles, one defines twisted GW-invariants by systematically using inter- 
section indices against the twisted virtual fundamental cycle S{Eg^n,d) H [A^,n,d]- 
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When E is a, negative line bundle, and S is the inverse total Chern class, the twisted 
theory represents GW-invariants of the total space of the bundle. When £" is a pos- 
itive line bundle, and S is the Euler class, the twisted genus 0 theory is very close 
to the GW-theory of the hypersurface defined by a section of the line bundle. The 
following “Quantum Riemann - Roch theorem” describes the twisted version 
of the genus 0 descendent potential (6) via the untwisted one. 

Given E and 5, represent the the twisted genus 0 descendent potential by 
the Lagrangian submanifold C 7i obtained from the graph of using the 

dilaton shift convention q( 2 :) = S{E){t{z) — z). 

Theorem 3 (see [7]). The Lagrangian submanifold is obtained from the 
Lagrangian cone C of the untwisted theory by a linear symplectic transformation: 

oo 

= A£, A ~ ^/S{E) J][ S{E ® L-™) 

m=l 



where L is a line bundle with ci{L) = z. 

More precisely, put s{x) = Y^SkX^/kl and let Xi be the Chern roots of E, so 
that S{E) = expj])^ s{xi). Then the expression 



oo / s CX) 



has the asymptotical expansion 



i 1 -f 



I Q-zd/dxi 



Q—zdfdxi 



s{xi) = 

0<m 0<^<dimcX 



S2m-l+l 



^2m 

(2m)! 



chi{E)z 



2m-l 



where B 2 m are the Bernoulli numbers, and chi{E) are understood as operators of 
multiplication in the cohomology algebra H of the target space X. The operator 
In A is the infinitesimal symplectic transformation defined by this series. 



When expressed in the original terms of the generating functions, the relation- 
ship stated in the theorem would have the form 

y^’^^(q) = critical value in q' of ^(q, qO + 

where Q is the quadratic generating function of the above linear symplectic trans- 
formation. The operation of computing the critical value is complicated, and it 
seems not obvious if the new function satisfies, say, the TRR. In fact it is not 
hard to see directly that the twisted genus 0 GW-theory satisfies the same axioms 
DE, SE and TRR. Then another question arises: are these equations for formal 
consequences of those for E or they carry some additional information about the 
untwisted theory? The use of Lagrangian cones makes the answer obvious: since 
the linear transformation in the theorem belongs to the group £^^^GL(iJ), the con- 
dition {-k) for is formally equivalent to that for £. This elementary example 
illustrates possible advantages of the geometrical viewpoint. 

Quantum Lefschetz Theorem. The following result is a formal (but com- 
binatorially non- trivial) consequence of Theorem 3. 

Note that the germ of a Lagrangian cone £ satisfying {-k) is determined by 
a dimH-dimensional submanifold (at least when it is sufficiently close to the J- 
function). We begin with the J-function J(— 2 ;, r) representing the Lagrangian cone 
£ of the untwisted theory on X and generate a new Lagrangian cone £' satisfying 
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{-k) by using the following function /(— z,r) in the role of “a dimii/'-diniensional 
submanifold” : 

poo j pOO 

I{z,T)r^ J e^/^J{z,T + p\a.x) dx / J 

where p = A + Ci(J5) is the total Chern class of a complex line bundle E over X, and 
the integrals should be understood in the sense of stationary phase asymptotics as 
z-^0. 

Theorem 4 (see [7]). The Lagrangian cone C! determined by the function I 
coincides with the cone of the genus 0 Gromov - Witten theory on X twisted 
by the line bundle E and by the total Chern class 

S{.) = + ... + Cdi^(.)(-). 



This is an abstract formulation of a very general result which in the limit A 0 
allows one to compute genus 0 GW-invariants of a hypersurface in X defined by 
a section of E in a form generalizing Quantum Lefschetz Theorems of B. Kim, A. 
Bertram, Y.-P. Lee and A. Gathmann [2, 3, 36, 16]. Namely, Theorem 4 applies 
beyond “small” quantum cohomology theory, to general type complete intersections 
as well, and also offers a new insight on the nature of mirror maps as a very special 
case of Birkhoff factorization in loop groups. In particular, given the J-function 
of a toric Fano manifold X, the theorem yields the mirror formulas of [22] for the 
J-function of a Fano or Calabi - Yau complete intersection in X (including the 
celebrated example of quintic three-folds in CP^).^ 

Singularity theory. Although not named so, Frobenius structures first emerged 
around 1980 from K. Saito’s theory of primitive forms in singularity theory (see [29] 
for a modern exposition). 

Let / : (C"^, 0) (C, 0) be the germ of a holomorphic function (for simplicity 

— weighted homogeneous) at an isolated critical point of multiplicity N. Let 
F{x,r) be a miniversal deformation of /, i.e. a family of functions in x G 
depending on the Y- dimensional parameter r G T and such that P(x, 0) = f{x) 
and dF/dT^\r=o^ = 1,...,Y, represent a basis in the local algebra H of the 
critical point: 

H = C[x]/{f, f^J. 

The tangent spaces T^-T are canonically identified with the algebras C[x]/{Fx) of 
functions on the critical sets. To make the algebras T^T Frobenius, one picks a 
holomorphic volume form uj on (possibly depending on r) and introduces the 
residue pairing on TrT via 

(We assume here that y is a unimodular coordinate system on C^, i.e. uj = dyi A 
... A dym-) To make T a Frobenius manifold one takes the volume form lo to be 

"^The initial proof [21, 22] of the mirror formulas for toric complete intersections was based 
on fixed point localization while the new approaches [36, 16, 7] seem to be free of this restrictive 
technique. It is worth mentioning however that these approaches require the J-function of the 
ambient toric manifold as an input. Ironically, the only currently available method of computing 
J-functions of general Fano toric manifolds is to specialize the result of [22] based on fixed point 
localization to toric complete intersections of codimension 0. 
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primitive, i.e. satisfying very special conditions which in particular guarantee that 
the residue metric is flat. 

Many attributes of abstract Probenius structures make more sense when inter- 
preted in terms of singiflarity theory. For example, the system (5) is satisfled by 
the complex oscillating integrals 



J^(r) = (-27T2)-™/2 / 

written in flat coordinates r of the residue metric on T. 

The oscillating integrals also satisfy the following weighted homogeneity con- 
dition: 

, . . d / 1 \\ \ ^ \ ^ rr ^ rr 

(9) )r z—^J = z—^J , 

where fis = deg{dsF)-\-deg{uj)—m/2, (5 = 1, ..., N, is the spectrum of the singularity 
symmetric about 0. The pencil (5) of flat connections over T can therefore be 
extended in the 2 :-direction by the operators 



V. := 



d /X 

_j 1_ 

oz z 




Here E = ^{degT^)T^d/dr^ is the Euler field and fi = diag(/xi, ...,/Xjv) is the 
Hodge grading operator (anti-symmetric with respect to the metric and diagonal in 
a graded basis of H). 

The extended connection is flat (since the oscillating integrals zdj^ / dr^ pro- 
vide a basis of flat sections) and can be considered as an isomonodromic family of 
connections over z G C\0 depending on the parameter r eT. In this situation, 
the calibration S{z,r) — 1 + Siz~^ + S 2 Z~‘^ + ... can be chosen as a gauge trans- 
formation near ;^ = oc of the operator Vr to the normal form Vo = d/dz-\- p,/ z. In 
other words, the fundamental solution matrix {zdj^^/dr^) consisting of oscillating 
integrals can be written as S{z,r) z~^ C (where C is a constant matrix), and the 
J-function can be extracted from J in o. similar way. 

In singularity theory, gravitational descendents are not deflned (at least math- 
ematically) in an intrinsic way, but rather recovered from the axioms, i.e. the total 
descendent potential is deflned as the generating function for the Lagrangian cone 
C CH determined by the J-function. 



Semisimplicity. In the case dim H = 1 (interpreted either as the Gromov - 
Witten theory of the point target space or in mirror terms as Ai singularity) the 
J-function ze'^^^ generates the descendent potential (in dilaton-shifted variables) 

(10) J^(q) = the critical value of - / {qo + qix -1- ... + — + ...)^ dx. 

2 Jo k\ 

Consider now the model Cartesian product case of a semisimple translation invari- 
ant Frobenius structure defined by the algebra . Let be the corresponding 
Lagrangian submanifold. It is isomorphic to and is generated by direct 

sum J*(q^^^) + ... + J*(q^^^) of N copies of the function (10). 

Theorem 5. The Lagrangian submanifold C C TC representing the germ of 
a semisimple N -dimensional Frobenius manifold is locally isomorphic to C 
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Proof. This is a reformulation of a result from [24] (c/. Exercise 3.7 in [9] 
though) about existence of an asymptotical fundamental solution 

to the system (5) at semisimple points r. Here R = l+Riz+R 2 Z^ + ... is an “upper- 
triangular” element of the (completed) twisted loop group ^ H 

is an isomorphism of the inner product spaces, and U = diag(ui, Ujv) is the 
diagonal matrix of Dubrovin’s canonical coordinates [9] on the Frobenius manifold. 

In the case of K. Saito’s Frobenius structures of singularity theory, ux{r) 
are critical values of the Morse functions F(-,r), and an asymptotical solution 
"^Rexp{U/z) can be found as the stationary phase asymptotics of the complex 
oscillating integrals zdj^^/dr^. 

In general, consider the cones Cr = S{r)C representing the ancestor potentials. 
The operators exp(— C/(r)/ 2 ;)i?“^(r)^“^(r) act on the cones Cr despite the fact 
that R = 1 + Riz + ... are infinite 2 ;-series. This is because the ancestor potentials 
are tame and in particular can be considered as series in fo^^i with coefficients 
polynomial in (see Section 8 in [26] for more details). The resulting cone 

£' does not depend on r since the operators S and "^Rexp{U/z) satisfy the same 
differential equations (5) in r. On the other hand, the operators R preserve the 
isotropic space ^C^[[ 2 :]] contained in (the completion of) the cones This implies 
that the cone £' together with the point — contains all points exp{—U/z){—z). 
Thus zexp{U/z) is the J-function of £' which shows that £' = C^^h □ 

The operator R{z^r) is unique up to the right multiplication by the automor- 
phisms exp(ao/^ -f + 02 Z^ + ^ ^ The ambiguity in is 

eliminated by imposing the additional homogeneity condition (9) (or equivalently 
LeR = 0) available in the presence of the Euler vector field E in the definition of the 
Frobenius structure. This is the case in singularity theory and in (non-equivariant!) 
Gromov - Witten theory. 

Virasoro constraints. The so called “Virasoro conjecture” was invented by 
T. Eguchi, K. Hori, M. Jinzenji, C.-S. Xiong and S. Katz [ 12 , 13 ] and upgraded 
to the rank of an axiom in abstract topological field theory by B. Dubrovin and 
Y. Zhang [ 10 ]. In the axiomatic context, the Virasoro constraints are defined in 
the presence of the additional grading axiom expressing the role of the Euler field 
E in the definition of Frobenius structmes. The genus 0 Virasoro constraints are 
known to contain no information in addition to the grading axiom and the system 
DE-FSE+TRR. The geometrical argument below replaces the original proof of this 
fact given by X. Liu - G. Tian [ 38 ] as well as the shorter proof given by E. Getzler 
[ 18 ]. 

Suppose that linear operators A and R on a vector space are anti-symmetric 
with respect to a bilinear form. Then the operators Im = ABABA.. .BA {B re- 
peated m times) are also anti-symmetric. On the other hand, if AB — BA = 
R, then Im^Tn = 0,1,2,..., commute as the vector fields x^^^djdx on the line: 
pm? In] ~ (^ '^)lm-\-n‘ 



^and up to reversing or renumbering coordinates in . 
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In the symplectic space consider infinitesimal symplectic transforma- 

tions A^B satisfying [A^B] = where A = Iq = zdjdz -f- 1/2 + a{z) with 
a*{—z) + a{z) = 0, and B is multiplication by z. 

The additional grading axiom for the descendent potential T is formulated as 
the invariance of the cone C under the fiow of the linear hamiltonian vector field 
on H defined by the operator Iq with a special choice of a (determined by the the 
Euler field E). For instance, in the case of weighted - homogeneous singularities 
a = fjL^ and in Gromov - Witten theory take a = + pjz where p is the Hodge 

grading operator on H*{X;Q) and p is the operator of multiplication by c\{Tx) in 
However the exphcit form of a is irrelevant for the present discussion. 
Note that the vector field defined by the operator Z_i = B~^ = z~^ (corresponding 
to d/dx) is also tangent to C due to the string equation. The following theorem 
expresses the genus 0 Virasoro constraints for T . 

Theorem 6. Suppose the vector field on TC defined by the operator Iq is tangent 
to the Lagrangian cone C satisfying the condition (-k). Then the same is true for 
the vector fields defined by the operators Im = IqzIqz...zIq^ m = 1,2, .... 

Proof Let L be the Lagrangian space tangent to C along zL. We know therefore 
that for any f £ zL the vector lof is in L. This implies zlof € zL, implies lozlof £ L, 
implies zlgzlof £ zL, ..., and therefore for all m = 1, 2, ... the vectors are tangent 
to the cone at the point f. □. 

Higher genus and quantization. Correlators of the higher genus axiomatic 
theory are arranged into the Taylor coefficients of a sequence of formal functions 
g = 0,1,2,..., called genus g descendent potentials, which includes the 
genus 0 theory with T = . In this section, we collect some results from [24, 

25, 7, 26, 27, 30, 31] illustrating the following general observation: the higher 
genus theory is quantization of the genus 0 theory and inherits the twisted loop 
group of symmetries. 

The polarization H = H+ = T*H-^ allows one to quantize quadratic 

hamiltonians on the symplectic space {7i, O) using the following standard rules: 

{Qaq^T = qaqp/fi, {qatPuT = qccd/dqp, (pccPpY = /dq^dq^. 

Quantized quadratic hamiltonians act on functions of q € depending on the pa- 
rameter h. They form a projective representation of the Lie algebra of infinitesimal 
symplectic transformations and of its Lie subalgebra C^^^gl{H). The notation A 
for a simplectic transformation A £ will be understood as the operator 

exp (In A)''. 

The functions are assembled into the total descendent potential 

Expressions of this form where are formal functions of t will be called asymp- 
totical functions and, after the dilaton shift q( 2 ;) = -z + to+tiz-\-..., considered 
as “asymptotical elements of the Fock space”. This means that we treat the 1- 
dimensional subspace {V) spanned by P as a point in the projective space — the 
potential domain of our quantization representation. 

• Theorem 3 above is derived in [7] as the quasi-classical limit ^ ^ 0 of the higher 
genus “Quantum Riemann - Roch Theorem” expressing twisted Gromov - Witten 
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invariants via the untwisted ones: 

{V^^) = A{V) 

where A is the symplectic transformation in Theorem 3. This result is based on 
Mumford’s Grothendieck - Riemann - Roch formula [41] apphed to the universal 
families of stable maps and generalizes the result of Faber - Pandharipande [15] 
for Hodge integrals corresponding to the case of the trivial twisting bundle E. 

• The higher genus formula of Kontsevich - Manin [35] (see also [19]) relating 
descendents and ancestors in Gromov - Witten theory has been rewritten in [25] 
(see also [7]) as the quantization of the calibration operators 5(r) of Theorem 2: 

Ar = S{t)V, 

where At = exp^/i^“^^r^^(t) is the total ancestor potential. 

• According to [24, 25], the machinery of fixed point localization and summation 
over graphs used by M. Kontsevich [34] for computation of equivariant Gromov 
- Witten invariants in the case of tori acting on the target spaces with isolated 
fixed points gives rise to the following formula for the equivariant total ancestor 
potentials: 

(11) {Ar) = ^-Cr) R{t) exp([//^)' (2?®^). 

Here the rightmost function is the product oi N = dim if 

copies of the total descendent potential Vpt of the one-point space X = pt, and 
^Rexp{U/z) is the asymptotical solution to the system (5).® 

• The formula (11) makes sense for any semisimple Probenius structure and thus 
can be used as a definition of the higher genus ancestor potentials in the abstract 
theory. According to [25] this definition meets a number of expectations. Namely: 

o The total ancestor potential Ar thus defined is tame in the sense that the 
corresponding functions (t) satisfy 

lt=o = 0 whenever ki + ... + kr > r + Sg - 3. 

o The corresponding total descendent potential defined by {V) = S~^{t){At) 
does not depend on r. (Together with the previous property this means that V 
satisfies the 3g - 2-jet condition of Eguchi - Xiong [14, 19] playing the role of TRR 
in the higher genus theory.) 

o The string equation = 0 always holds true, and the higher Virasoro 

constraints ImR = 0,m = 1,2,... hold true if the grading condition IqV G ij>) is 
satisfied. 

• In non-equi variant Gromov- Witten theory, the formula 

(12) {V) = S-'^-^ R (2?®t^) 

is known to be correct for complex projective spaces and other Fano toric manifolds 
[25] and for complete flag manifolds [31] (which in particular implies that the 
Virasoro conjecture holds true for these manifolds). Also, it is an easy exercise 

®See [24, 25] for the explanation of how to fix the ambiguity in the construction of the 
asymptotical solution in the equivariant quantum cohomology theory lacking the Euler vector 
field E. 
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on application of the dilaton equation for Dpt to check that the result of Jarvis - 
Kimura [30] computing gravitational descendents in the Gromov - Witten theory 
on the quotient orhifold of the one - point space by a finite group agrees with 
(12). In this example, the Frobenius structure is translation invariant, (if, o, (•, •)) 
is the center of the group ring, ^ describes its orthonormal diagonalization while 
S = R = 1. 

• According to the part of Witten’s conjectures [44] proved by M. Kontsevich [33] 
(see also [42]) the asymptotical function Vpt describing intersection theory on the 
Deligne - Mumford spaces Mg^rn satisfies the KdV hierarchy of evolution equations 
with the time variables to, ^ 2 , •••• The remaining part of the conjectures similarly 
identifies the total descendent potential in the moduli theory of curves equipped 
with n-spin structures with solutions to the nKdV (or G elf and - Dickey) hierarchies 
of integrable systems. Corresponding Frobenius structure coincides [44] with K. 
Saito’s structure on the miniversal deformation of the -singularity. It is a 
result of [26] that in the case of -singularity the function (12) indeed satisfies 
the equations of the nKdV hierarchy. In [27] this result is generalized to the ADE- 
singularities. 

Conventional wisdom says that the structure of the axiomatic higher genus 
theory should refiect the geometry of the Deligne - Mumford spaces, and vice 
versa. Yet both subjects are far from being clear. In view of the above examples it 
is tempting to impose the following two requirements on conjectural axioms of the 
higher genus theory. 

A. The set of asymptotical elements of the Fock space satisfying the axioms has 
to be invariant under the quantization representation of the twisted loop Lie algebra. 

In particular, the stabilizer of a Lagrangian cone C with the generating function 
E satisfying the axioms of the genus 0 theory has to act on the set of asymptotical 
elements satisfying the axioms of the higher genus theory and having the same 
genus 0 part = T. 

B. The action of the stabilizer is transitive. 

The latter requirement is inspired by the uniqueness lemma of Dubrovin - 
Zhang [11] which says that in the semisimple case an asymptotical function V 
satisfying the higher genus TRR and the Virasoro constraints is unique (and thus 
coincides with (12) according to the results quoted earlier). It would be preferable 
however to derive the Virasoro constraints from other axioms (such as or similar to 
A+B) just the way it is done in the proof of Theorem 6 in the genus 0 theory. 

Quantum K-theory. The material of this section represents our joint work 
with Tom Coates and shows that the description of the correlators and their prop- 
erties in geometrical terms of Lagrangian cones and quantization remains valid in 
the context of quantum K-theory. 

In quantum K-theory, a basis of “observables” has the form where {#“} 

is a linear Q-basis in K*{X) (here K^{X) is the Grothendieck group of complex 
vector bundles over the target space X) and Li, ...,Ln are the universal cotangent 
line bundles over the moduli spaces of stable maps Xg^n,d’ 

Correlators can be defined in cohomological terms using the virtual tangent bun- 
dles Tg^n,d of the moduli spaces Xg^n,d and with holomorphic Euler characteristics 
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in mind: 

(13) [ td(Tg,„,<i) ch.[®JLiev*($“0®Lf'=‘]. 

First properties of K-theoretic Gromov - Witten invariants are discussed in 
[23], and the foundations in the setting of algebraic target spaces have been laid 
down by Yuan-Pin Lee in [37]. We have to stress that the correlators (13) are 
only approximations to the actual holomorphic Euler characteristics which in the 
orbifold / orbibundle context are given by Kawasaki’s Hirzebruch - Riemann - 
Roch Theorem [32]. The correlators (13) differ therefore from those used in the 
papers [23, 37]. However the general properties of the correlators (as opposed to 
their values) remain the same as in [23, 37]. This is because the bundles, sheaves 
and their properties used in those papers are the same as in the “fake” version of 
K-theory considered here. 

In complete analogy with the cohomology theory, one can introduce K-theoretic 
descendent potentials as formal functions of to + tiL + t 2 L'^ + ... with 

ti £ K := K*{X)0 Q[[Q]]. As it was found in [23], K-theoretic genus 0 Gromov - 
Witten invariants define a “Probenius-like” structure on K which however exhibits 
the following peculiar distinction from the case of cohomology theory. The constant 
coefficient metric 

9al3 = (^a, 1, ^/3)o,3,0 = X(A'; = / td(Tx) ch*(^o,) ch*(#/3) 

Jx 

has to be replaced in all formulas by the non-constant one: 

E nd 

^($Q.,r, ...,r,#/ 3 )o,„,d, where t = e K. 

Th\ ' 

n>0,d 

The multiplication = where 

V 

makes the tangent spaces TrK Probenius algebras with respect to the inner product 
The K-theory version of the J-function (7) 

(14) J= (l-?)+T+ ^ ^(ev„+i)f 

n>0,d 

satisfies the system 

(15) = 

The system (15)atg = — 1 yields the Levi - Civita connection of the metric 
which is therefore fiat. 

We will show that it is possible to adapt our language of symplectic loop spaces 
to absorb these changes at least in the version of quantum K-theory discussed here.^ 



^In the original version of quantum K-theory studied in [23, 37] the orbifold features of the 
moduli spaces -X^,n,d plsiy prominent role. For example, the classes Li £ K^{Xg^n,d) no longer 
behave unipotently. This causes some difficulties which seem formal at first (so that an analogue 
of Theorem 7 below still holds true), but become overwhelming in the more sophisticated Riemann 
- Roch problems discussed in the next section. 



®iLiev*(r) 
1 - qLn+i 
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First, note that the J-function (14) considered as a 1/(1 — g)-series becomes 
finite when reduced modulo since L^+i — 1 is nilpotent in i^®(Xo,n,d)- We will 
call such Laurent 1/(1 — g)-series convergent away from g = 1 in the Q-adic topology 
(i.e. for those q € Q[[Q]] whose Q-adic distance to 1 is > 1 ). 

Next, consider the loop space K of all vector Laurent series with coefficients 
in K convergent in this sense away from g = 1. Equip K with the inner product 
(#o;, #/?) = Qa(3 (the original constant one!) and define in K the symplectic form 

— ■- -[R-es,=o + R.eSg=cx)](f(g“^),g(9)) — • 

Zm J q q 

Substituting q = expz (as motivated by ch*(Ln+i) = expipn+i) we find that this 
O is in a sense the same as in cohomology theory. Consider the polarization JC = 
/C 4 - 0 /C_ where JC+ = K[q] and JC- consists of the series convergent away from 
q = I and vanishing at q = 00 . The polarization is Lagrangian (although not 
invariant with respect to z —z) and identifies K with (a topologized version of) 
T*/C+. We use the dilaton shift q(g) = 1 — + + to encode the 

genus 0 descendent potential by a Lagrangian submanifolds £, and furthermore — 
to identify the total descendent and ancestor potentials of higher genus quantum 
K-theory with the appropriate asymptotical functions V near q = (1 — ^) ^ /C+. 

Now, repeat the construction for ancestors Cr^ At using the inner product 
(^cx,^/ 9 )t- = Ga^{r) and the corresponding symplectic structure CV in the space 
JC'^ =JC. 

It turns out that in quantum K-theory the calibration operators S{q, r) defined 
via the J-function (14) as 

fjLiy 

satisfy 

Otfi 

This shows that S{r) is symplectic as a linear map from (/C, O) to (/C'^,0'^). The 
following result is the K-theoretic version of the formula [25, 7] relating descendents 
and ancestors. 

Theorem 7. We have = S{r)V and in particular Ct = S{t)jC. 

Since ch*(Li — 1 ) = — 1 are nilpotent in H*{M.o^n]Q)i the Lagrangian 

sections Cr are tangent to along (1 — q)JC'!^. 

Corollary. The Lagrangian submanifold C C JC is a cone with the vertex at the 
origin and satisfies the condition that its tangent spaces L are tangent to C exactly 
along (1 — q)L. 

The conic property of C is equivalent to the genus 0 case of the K-theoretic 
dilaton equation 

(t(i)(L), 1 - L)g,n+i 4 = {2-2g- n)(tW(L), 

where are arbitrary polynomials of the universal cotangent line bundles L = Li . 

The operator of multiplication by 

1 1 1 1+q 



1-q 2 2 1-q 
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is anti-symmetric with respect to O and defines a linear hamiltonian vector field on 
(/C, O) which is tangent to the cone C. This property of C expresses the following 
genus 0 K- theoretic string equation 

i=l 

As we mentioned earlier, the same results hold true in the original version of 
the quantum K-theory studied in [23, 37]. 

Quantum cobordism theory. The complex cobordism theory is 

defined in terms of homotopy classes of maps to the spectrum MU{k) of the Thom 
spaces of universal C//fc/ 2 -bundles: 

MU^{B)= \im MU {n + k)). 

fci— >oo 

When B is a stably almost complex manifold of real dimension m, the famous 
Pontryagin - Thom construction identifies elements of MU^{B) with appropriately 
framed bordism classes of maps M — » J5 of stably almost complex manifolds M of 
real dimension m—n. This identification plays the role of the Poincare isomorphism. 
Similarly to the complex K-theory, there is the Chern - Bold character which 
provides natural multiplicative isomorphisms 

Ch: Mt/*(M)0Q->F*(M,A*). 

Here A* = MU*{pt) 0 Q is the coefficient ring of the theory and is isomorphic to 
the polynomial algebra on the generators of degrees —2k Poincare - dual to the 
bordism classes [CP^j. The theory MU* is known to be the universal extraordinary 
cohomology theory where complex vector bundles are oriented. Orientation of 
complex bundles in MU* is uniquely determined by the cobordism- valued Euler 
class u G MU‘^{CP'^) of the universal complex line bundle. Explicitly, the Euler 
class of 0(1) over CP^ is Poincare - dual to the embedding CP^~^ CP^ of a 
hyperplane section. The image of u under the Chern - Bold character has the form 

(16) u{z) = z + aiz"^ tt 2 Z^ + ... 

where z is the cohomological 1-st Chern of the universal line bundle 0(1), and 
{ok} is another set of generators in A*. The operation of tensor product of line 
bundles with the Euler classes v and w defines a formal group law F{v^w) on 
MU*{CP^) = A*[[u]j. The series u{z) is interpreted as an isomorphism with the 
additive group (x,y) x + y: F{v,w) = u{z{v) + z{w)). Here z{-) is the series 
inverse to u{z). It is known as the logarithm of the formal group and explicitly 
takes on the form 

z = « + [CP^y + [Cp2]y + [CP=*]y + - 

Specialization of the parameters [CP^] h- 4 0 yields the cohomology theory, and 
[CP^] t— 1 yields the complex K-theory. In the latter example, z = — ln(l — n) 
and hence u{z) = 1 — exp{—z). Similarly to the K-theory, one can compute push- 
forwards in MP* -theory in terms of cohomology theory. In particular, for a stably 
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almost complex manifold B, we have the Hirzebruch - Riemann - Roch formula 

(17) 'iceMU*{B), 7rf^(c)= [ Ch(c) Td(Ts) G A*, 

Jb 



where tt : B ^ pt, and Td(TB) is the Todd genus of the tangent bundle. It is 
characterized as the only multiplicative characteristic class which for the universal 
line bundle is equal to 



mi ^ ^ 

Td= — =exp > Sfc — . 
u{z) 



k=l 



Z'" 

1 ' 



Here si, S 2 , ... is one more set of generators in A*. To round up the introduction, let 
us mention the Landweber - Novikov algebra of stable cohomological operations in 
complex cobordism theory. The operations correspond to cobordism- valued char- 
acteristic classes a of complex vector bundles. To apply such an operation to the 
cobordism element of B Poincare-dual to a map tt : M ^ B of stably almost com- 
plex manifolds, one takes the relative normal bundle 7t*TbGTm over M and pushes- 
forward its characteristic class cr to H. According to Buchshtaber - Shokurov [5], 
after tensoring with Q the Landweber - Novikov algebra becomes isomorphic to 
the algebra of left-invariant differential operators on the group of diffeomorphisms 
(16). The Landweber - Novikov operations commute with the Chern - Bold char- 
acter and can therefore be expressed in the cohomology theory A*) as certain 
differential operators on the algebra A* of functions on the group. The algebra is 
generated by the derivations Ln whose action on the generators is given by 



(Lnu){z) = u(z)'^~^^, or, equivalently, Ln — u^~^^dfdu, n = 1, 2, .... 



These generators correspond to the characteristic classes defined by the Newton 
polynomials 

< + 1^2 + - ^ MU*{CP^ X CP^ X ...). 



In a sense, the idea of Gromov - Witten invariants with values in cobor disms 
is aheady present in Gromov’s original philosophy [28] of symplectic invariants to 
be constructed as bordism invariants of spaces of pseudo-holomorphic curves. The 
possibility to define Gromov - Witten invariants with values in the cobordism ring 
A* is mentioned in Kontsevich’s work [34] . This proposal was further advanced by 
Morava [40] in a hope to explain the Virasoro constraints in terms of the Landweber 

- Novikov operations. Following suggestions of these authors, we define cobordism- 
valued Gromov - Witten invariants via (17) using the virtual tangent bundles T^,n,d 
of the moduh spaces Xg^n.d- We formulate below the genus 0 version of the “Quan- 
tum Hirzebruch - Riemann - Roch Theorem” which expresses these new Gromov 

- Witten invariants via the old ones. The discussion below represents joint work of 
Tom Coates and the author. The thesis [6] contains many details omitted here. 



In quantum cobordism theory, a basis of observables has the form where 
{#“} is a basis of HK := MU*{X) G Q[[Q]] over A* 0 Q[[Q]], and Ui is the Euler 
class of the universal cotangent line bundle L{. The correlators are defined by the 
formula 



( 18 ) 




gX)fc=l 



n[ev*Ch($,Jtx(^,)"^]. 

i=l 
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One can introduce A*-valued descendent potentials in complete analogy 

with the cohomology theory as formal functions ofto + tiU-\-t 2 U^-\- ... with U G HA. 

In order to express the cobordism- valued Gromov - Witten invariants in terms 
of cohomological ones one needs to control the classes chk{Tg^n,d)- Roughly speak- 
ing, the virtual tangent bundles T^,n,d consist of two parts. One of them, represent- 
ing deformations of holomorphic maps of Riemann surfaces with a fixed complex 
structure, coincides with Eg^n,d (as in Theorem 3 about twisted Gromov - Witten 
invariants) with E = Tx. The effect of this part can be described therefore via 
Theorem 3. The other part represents deformations of complex structures and con- 
tributes to the correlators in a complicated fashion. Surprisingly, the very formalism 
of the symplectic loop space takes effective care of these contributions. 

We denote by A = Q{si, S 2 , ...} the coefficient ring of complex cobordism theory 
completed with respect to the s-adic norm defined by the grading deg Sk = —k. Let 
HA he the cobordism group of the target space X over A equipped with the inner 
product 

(a, 6)s := n^^{ab) = Ch(o) Ch(6) exp Sk chfe(Tx)) . 

Denote HA the loop space HA{{u~^}} of Laurent series YlfkU^ with coefficients 
fk G HA which can be non-zero for all A: G Z but should satisfy the condition that 
fy — ^ 0 in the s-adic topology as k ^ H-oo. Introduce the symplectic form with 
values in A: 

«s(f,g) ^ ""(fK) g(«)) du = dz. 

The following quantum Chern - Hold character identifies the symplectic structure 
Os with its cohomological version O = Oq: 

qCh : HA ^ W = A ® H{{z-^)) : qCh(f) = ^/Td{Tx) ^ Ch(/fc)u'=(z). 
Assuming |^| < \z\ write 

=J2i’^Wk{z). 



Put 

and 



HA^ = HA{u} = { power series qkU^ with qk 0 } 
HA- = { arbitrary infinite series ^^PkVk{u) }. 



The following residue computation shows that {...,u^, ...,u/c(u), ...} (as well as 
{..., 0^, ..., u;fc(^), •••}) is a Darboux basis in (7^A,Os) and implies that the spaces 
HA± form a Lagrangian polarization (depending on s): 

1 / 0 if \z\<\x\,\y\oi\xl\y\<\z\ 

2nifu{z-x)u{-z-y) \ if ja;| < |z| < |y| or | 2 /| < |z| < |a;| 



Introduce the dilaton shift convention 



q(ti) = t{u) + u*{u), where u*{u{z)) = u{—z). 

We consider the genus 0 descendent potential of the quantum cobordism theory 

as a function depending formally on the parameters s = (si,S 2 , •••) and define the 
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corresponding family of Lagrangian submanifolds £g in the family of symplectic 
spaces = HA over Spec{A), 

The following theorem expresses Cs in terms of the cone C = jCq describing the 
quantum cohomology theory of X. 

Theorem 8 (see [6]). The image of Cs under the quantum Chem ~ Dold 
character coincides with the Lagrangian cone of the Gromov - Witten theory on X 
twisted by the class Td(Tx).' 

CO 

qCh(£s) = nc, □ ~ ^/Td{Tx) n Td(Tx ® L"™), 

m=l 

where L is a line bundle with ci{L) = z. 

In fact qCh(?^A+) = but qCh(?iA_) and the dilaton shift depend on 
s. This causes a discrepancy between the descendent potentials of the quantum 
cobordism theory and the twisted theory which accounts for the entire contribution 
of variations of complex structures on Riemann surfaces into the virtual tangent 
bundles of the moduli spaces of stable maps. 

The same happens in the higher genus theory. The quantum Chern - Dold char- 
acter identifies the Heisenberg Lie algebras of the spaces (TiA, Og)- By the virtue 
of the Stone - von Neumann theorem and the Schur lemma, the Fock spaces corre- 
sponding to different polarizations are identified projectively. The total descendent 
potentials T>s of the quantum cobordism theory differ from the total descendent 
potentials T>1^ of the appropriately twisted Gromov - Witten theory in such a 
way that the corresponding lines (Dg) and {Vl^) in the representation space of the 
Heisenberg algebra coincide. 

Returning to the genus 0 case, notice that in the case of translation invariant 
Probenius structure the cone C is invariant under the symplectic transformations 
defined by □. 

Corollary. When X = pt, we have qCh(£g) = £. 

The formal group law 

(19) u{x + y) = u{x) -h u{y) - Xu{x)u(y), u{z) = (1 - e“^^)/A, 

interpolates between cohomology and K-theory. Thus the specialization [CP^] i— ^ 

allows one to adjust the quantum Hirzebruch - Riemann - Roch theorem to 
the case of quantum K-theory. (The correlators discussed in the previous section 
correspond to A = — 1.) 

Corollary. The quantum Chern character qch : X H defined via qchu = 
(1 — exp(— Az))/A identifies qch(£A) with □£ where □ is defined via the Todd class 
td(L) = Xz/{1 — exp(— A^:). 

The quantum Chern - Dold character transforms multiplication by u to mul- 
tiplication by u{z) = z -i- ... e A{^}. Transformations defined by □ belong to the 
twisted loop group and thus commute with multiplication by u{z). 

Corollary. The submanifolds Cs C HA are Lagrangian cones satisfying the 
condition (Wj. 

In particular, the dilaton equation holds true in quantum cobordism theory 
(which is easy to prove directly for any genus). Moreover, the cubical form on L/zL 
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defined by the correlators 5^7) represents the Yukawa coupling defined on 

any Lagrangian submanifold in a linear symplectic space (see [20]). The form 
coincides therefore with the structure tensor of the Probenius manifold defined 
by the twisted Gromov - Witten theory. However in quantum cobordism theory, 
there is no a simple formula for the string equation, as there is no general reasons 
for flatness of the metric Gap = {^ai or associativity of the quantum cup- 

product whose constructions depend on the polarization. In fact, a key step — 
Barannikov’s derivation of the equation (5) for the J-function — was based on the 
relation u*HA- = HA -t- HA-. It is not hard to see that the group laws (19) are 
the only ones satisfying this condition. 

Indeed, the inclusion \/k > 0, Hu*Wk C HA-\-HA- means that the projection 
of all u{—z)wk{z) along the subspace Span{wi{z)J = 0,1,2,...) yields constant 
polynomials. By definition we have = l/u{z — x) when \x\ < \z\ and 

u{—z)wk{z)y^ = u{—z)/u{—z — y) when \y\ < \z\. In terms of these generating 
functions the inclusion is equivalent therefore to the condition that 

1 f u{—z) dz u{—x) u{y) 

‘^'^ij\x\,\y\<\z\u{z-x)u{-z-y) u{-x-y) u{-x-y) 

is independent of x for all y. Differenting u{—x — y)f{y) = u{—x) — u{y) in x we find 
u'{—x — y)f{y) = u'{—x) which at a: = 0 yields f{y) = l/u^{—y) (since u'(0) = 1) 
and implies u'{--x — y) = u'{—x)u'{—y). Thus u'{—x) = exp(Aa;) and respectively 
u{z) = (1 — exp(— Az))/A. 

It would be interesting to find out if ellipticity of u{z) brings any “improve- 
ments” in properties of elliptic quantum cohomology in comparison with the general 
quantum cobordism theory. 
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Unfoldings of meromorphic connections 
and a construction of Probenius manifolds 

Claus Hertling and Yuri Manin 



1. Introduction 

Let M be a complex manifold. A structure of a Probenius manifold on M defined 
by B. Dubrovin consists of several pieces of data of which the most important are: 
(a) the choice of a flat structure on M represented by a subsheaf of flat vector fields 

of the sheaf of holomorphic vector fields (b) a commutative and associative 
O^-bilinear multiphcation o on 

Let be the unique torsionless holomorphic connection on the holomorphic 
tangent bundle TM with kernel T^. Then the axiom connecting (a) and (b) is the 

following requirement: Vz,x •= — ^Xo is a pencil (with parameter z) of flat 

connections on M, where X € T^. It was called the first structure connection in 
[Man2]. We use here its more sophisticated version: cf. lemma 4.4 and theorem 
4.2. 

Additional pieces of data include a flat holomorphic metric g, a flat identity 
vector field e for o, and an Euler field E: see definition 4.3 below for the complete 
list of their properties and interrelations. 

Three general constructions of Probenius manifolds are known: K. Saito’s 
Probenius structures on unfolding spaces of singularities; quantum cohomology 
(physicists’ A-models); and Probenius structures on the extended moduh spaces 
of Calabi-Yau manifolds (Barannikov-Kontsevich construction, considerably gen- 
eralized in [Bal][Ba2], physicists’ B-models). 

Some of the important issues of this theory require identification of Probenius 
manifolds obtained by different constructions. The famous Mirror conjecture of 
Candelas et al. belongs to this class; it stimulated much of research. 

A general strategy for establishing such an isomorphism consists in showing 
that two Probenius manifolds to be compared are determined by a more restricted 
set of data, and then identifying these data. Por example, if M is endowed with a 
point 0 at which o is semisimple and Eo has a simple spectrum, then a finite number 
of numbers suffices in order to reconstruct the whole Probenius germ (M, 0). This 
is a result of Dubrovin [Du, Lecture 3]. Generally, however, this is not true; in 
particular. A- and B-models fail to satisfy the semisimplicity restriction. 

In this case it may happen that for an appropriate submanifold M C M the 
restriction H := TM\m endowed with the restriction of the structure connection 
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and some additional remnants of Frobenius structure (“initial conditions”) carry 
sufficient information in order to reconstruct M uniquely. A statement of this kind 
will be especially useful if one can ensure that arbitrary initial conditions of a given 
type come from a Frobenius structure (“strong reconstruction theorem”). 

One of the main results of this paper (theorem 4.5) consists in exhibiting such 
a set of initial data (see definition 4.1 (b)). A special case of this result having 
direct applications is the theorem 5.6 which shows that one can construct a unique 
Frobenius manifold from any variation of Hodge filtrations over M and an oppo- 
site filtration assuming that a certain condition which we call -generation holds 
(definition 5.3). 

A prototype of theorem 5.6 is the first reconstruction theorem in [KM, Theorem 
3.1]. The uniqueness statement in 5.6 is essentially that of [KM]. It was already 
used in [Bal, Theorem 6.5]. The existence is the new part. The more general 
theorem 4.5 is applicable to the germs of semisimple Frobenius manifolds (M,0) 
mentioned above as well; in this case M is the marked point, and one recovers 
Dubrovin’s result. 

The initial datum on M can be reformulated as a meromorphic connection on 
a bundle on x M with a logarithmic pole along {oo} x M and a pole of Poincare 
rank 1 along {0} x M. So theorem 4.5 gives a recipe for constructing Frobenius 
manifolds: One has to construct such connections. 

The proof of theorem 4.5 relies on the study of unfoldings of germs of such 
connections in the chapters 2 and 3. The main result there is theorem 2.5. It 
shows that a germ of a meromorphic connection on a bundle on (C, 0) x (M, 0) 
with a pole of Poincare rank 1 along {0} x M has a universal unfolding if again a 
certain generation condition is satisfied. It generalizes the case M = {pt} which 
was treated in [Mai, (4.1)]. 

With theorem 2.5 one can reduce theorem 4.5 to the case when M = M. This 
case was already known. It was formulated by Sabbah [Sabi, Theorem (4.3.6)] 
[Sab2, Theoreme VII 3.6], and independently by Barannikov [Bal] [Ba2] [Ba3] . A 
major part of the initial data is equivalent to Barannikov’s notion of a semi-infinite 
variation of Hodge structures. Theorem 4.5 in the case M = M is also implicit in 
the construction in singularity theory [SK] [SM] . 

Chapter 6 is devoted to a class of variations of Hodge structures to which 
theorem 5.6 applies, the variations of Hodge structures on the primitive parts of 
the middle cohomologies of smooth hypersurfaces in P” whose degrees divide n -f 1 
(theorem 6.1). The corresponding Frobenius manifolds turn up as submanifolds in 
two different classes of Frobenius manifolds. 

One class arises in singularity theory. The base space of a semiuniversal un- 
folding of an isolated hypersurface singularity can be equipped with the structure 
of a Frobenius manifold [SK][SM][Hel]. Suppose that the singularity is a homoge- 
neous polynomial in C[xq, ..., a:n] of a degree which divides n + 1. The submanifold 
of the base space which parametrizes homogeneous deformations carries a variation 
of Hodge structures isomorphic to the one of the projective hypersurfaces in P’^. 
Then a larger submanifold which parametrizes certain semihomogeneous deforma- 
tions is a Frobenius submanifold. It is the one determined by the variation of Hodge 
filtrations and an opposite filtration. This is discussed in chapter 7. 

The other class of Frobenius manifolds arises from the Barannikov-Kontsevich 
construction [BK][Bal][Ba2], There for any Calabi-Yau manifold a formal germ 
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of a space which extends the moduli space of complex structure deformations is 
constructed and is equipped with a semi-infinite variation of Hodge structures. 
Together with the choice of an opposite filtration this induces the structure of a 
Frobenius super manifold on the extended moduli space. In the case of a Calabi- 
Yau hypersurface in it turns out [Bal, Theorem 6.5] that the whole semi-infinite 
variation of Hodge structures is determined by the variation of Hodge structures 
on the moduli space of complex structure deformations. The whole chapter 8 is a 
discussion and reformulation of this result of Barannikov. 

In the case of a homogeneous polynomial of degree n + 1, the results in chapters 
7 and 8 give for suitable opposite filtrations isomorphic Frobenius submanifolds in 
the two classes of Frobenius manifolds. 

We thank Dennis Borisov for some discussions about these Frobenius manifolds 
and Claude Sabbah for remark 2.10. 



Index of notations and definitions. Both basic structures, that of Frobenius 
manifolds and initial data, admit many useful weakenings and variations. For 
reader’s convenience, we compiled an index of the versions used in this paper and 
related notions. 

Frobenius manifolds: def. 4.3. 

Frobenius type structure: def. 4.1 (b). 

-generated germ of a Frobenius manifold of weight w: def 5.4. 
i7^-generated germ of a variation of filtrations of weight w: def. 5.3 (a). 

Higgs field (general): lemma 2.4. 

Higgs field of a Frobenius manifold: def. 4.3. 

(L)-structure: def. 3.1 (c). 

(L£')-structure: remark 3.3 (i). 

{LEP{w))-stTucture: def. 3.1 (b). 

(LP(tt;))-structure: def. 3.1 (d). 

(T)-structure: def. 3.1 (c). 

(TP)-structure: def. 2.1 (b). 

(TPP(u;) )-structure: def. 3.1 (a). 

(TP (^(;))-structure: def. 3.1 (d). 

(trTLPP(ic) )-structure: def. 4.1 (a). 



2. Unfoldings of meromorphic connections 

Theorem 2.5 below generalizes a result of Malgrange [Mai, (4.1)]. We start with 
the same setting as in [Mai]. 



Definition 2.1. (a) Consider a germ (M, 0) of a complex manifold, a germ 
H — ^ (C, 0) X (M, 0) of a holomorphic vector bundle, and a fiat connection V on 
the restriction of H to (C*,0) x (M, 0). Let z be the coordinate on (C,0). The 
connection V has a pole of Poincare rank r G Z>o along {0} x (M, 0) if 



(2.1) V : 0{H) 



£ 



OcxM,0 • ^M,0 + ^CxM,0 



dzl 






Here 0{H) is the (9cxM,o-niodule of germs of holomorphic sections of H. A pole 
of Poincare rank 0 is called a logarithmic pole. 

(b) A (TP)-structure is a tuple ((M, 0), P, V) as in (a) with a pole of Poincare 
rank 1. 
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Remarks 2.2. (i) The results in [Mai] are formulated also for poles of higher 
Poincare rank. We restrict to Poincare rank 1 because that is the case needed in the 
later chapters and because a proof of a generalization of theorem 2.5, if possible, 
would be much more technical. 

(ii) The notations {TE)^ (TEP{w)), etc. in the definitions 2.1 and 3.1 are 
compatible with those in [He2]. Here ’T’ stands for Twistor, ’£?’ for Extension (in 
2 -direction), ’P’ for Pairing, and w is an integer. 

If ((M, 0),P, V) is a (TP)-structure and (p : (M',0) — > (M, 0) a holomorphic 
map of germs of manifolds then one can pull back H and V with id X(^ : (C, 0) x 
(M',0) ^ (C,0) X (M, 0). One easily sees that gives a (TP)-structure 

on (M',0). 

Definition 2.3. Fix a (TP)-structure ((M,0),ijT, V). 

(a) An unfolding of it is a (TP)-structure ((M x C^0),P, V) together with a 
fixed isomorphism 

(2.2) i : ((M,0),H,V) - ((M x C', 0), V)|(mx{o}.o)- 

(b) One unfolding ((M x C^0),if,V,i) induces a second unfolding ((M x 
, 0), iJ', V',i') if there is an isomorphism j from the second unfolding to the 

pullback of the first unfolding by a map 

(2.3) (p : (M X C^',0) -> (M X C^0) 
which is the identity on (M x {0},0), and if 

(2.4) i = j|(Mx{o},o) 

(Then j is uniquely determined by (p and (2.4).) 

(c) An unfolding is universal if it induces any unfolding via a unique map <p. 

By definition, a universal unfolding of a (TP)-structure is unique up to canon- 
ical isomorphism if it exists. For existence we need some conditions which are 
formulated in terms of the data of the following lemma. 

Lemma 2.4. [Sab2][He2, ch. 2] Let ((M, 0), JT, V) be a {TE) -structure. Define 
the germ of a holomorphic vector bundle K := i^|{o}x(M,o) on (M, 0) with Om,o- 
module 0{K) of germs of holomorphic sections. Define maps 

(2.5) C:=[zV] : 0{K) ^ ^ 0{K) 

Cx[a] = [zVxa] for X € Tm,o, a G 0{H) 

and 

(2.6) U := : 0{K) 0{K)-, 

here [ ] means restriction to {0} x (M, 0) and X G Tm o 'Is lifted canonically to 
(C,0)x(M,0). 

The maps Cx, X G Tm, 0 ; ond U are commuting OM,Q~l'inoar endomorphisms 
of 0{K). Therefore the map C is a Higgs field on K. 

Proof. This follows from the flatness of V and the fact that V has a pole of 
Poincare rank 1. 

For a general discussion of Higgs fields see e.g. [Sab2, p. 36]. A symmetric 
Higgs field on the tangent bundle is the same as a commutative and associative 
OM-bilinear multiplication. □ 
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Theorem 2.5. Let ((M, V) he a (TE) -structure with data (K^C^U) as 
in lemma 2.4- Suppose that there exists a vector C G Kq in the fiber Kq of K at 0 
such that 

(IC) (injectivity condition) the map 

(2.7) C.C : ToM Kq, X ^ CxC 

is injective and 

(GC) (generation condition) ^ and its images under iteration of the maps 
U : Kq Kq and Cx • Kq Kq, X € TqM, generate Kq. 

Then a universal unfolding o/ ((M, 0), i7, V) exists. An unfolding 

with data {K, C^U) as in lemma 2.4 is a universal unfolding if and only if the map 

(2.8) C.i(C) : To{M x C') Kq, X Cxi{0 
is an isomorphism. 

The rest of this chapter is devoted to the proof of this theorem. In [Mai, (4.1)] 
the case M = {pf} is considered. In this case the generation condition {GC) is 
satisfied if and only if ti : Kq Kq has for each eigenvalue only one Jordan block. 
For example, liU : Kq ^ Kq is semisimple, it must have simple eigenvalues. But 
in chapter 5 we will use theorem 2.5 in the case U = ^. 

The first part of the proof follows [Mai], using an extension of i7 to a bundle 
on X (M, 0) and using the rigidity properties of logarithmic poles, which are 
formulated in lemma 2.6. 

Lemma 2.6. (a) (e.g. [Sab2, III.1.20]; Let {V (C*,0) x (M,0), V) he the 
germ of a holomorphic vector bundle with flat connection V, and let {L^^^ — » 
(C, 0) X {0},V) be an extension o/ (L', V)|(c*^o)x{o} ^ logarithmic pole at 0. 

Then an extension {L (C, 0) x (M, 0), V) o/(L', V) with a logarithmic pole along 
{0} X (M, 0) exists with (L, V)|(c,o)x{o} = (-^^^^ V). It is unique up to canonical iso- 
morphism and it is isomorphic to the pullback cp* {L^^fV) where p ) : (M, 0) — > {0}. 

(b) (e.g. [He2, 5.1]^ Let {L (C,0) x (M, 0), V) be (the germ of) a holomor- 
phic vector bundle with a flat connection V over (C*,0) x (M, 0) and a logarithmic 
pole along {0} x (M, 0). The bundle T|{o}x(m,o) equipped with a flat connec- 
tion V’'®®, the residual connection, and a -flat endomorphism , the residue 
endomorphism. They are defined by 

(2.9) V5f^[a] [Vx«] for X eTu^Q^a e 0{L), 

(2.10) V^^^[a] := [V^a.a] foraeO(L). 

Lemma 2.7. Let {H (C,0) x (M, 0), V) be a germ of a holomorphic vector 
bundle with a flat connection V over (C* , 0) x (M, 0) . There exists an extension 
to a trivial bundle ^ P^ x (M, 0) with flat connection V over (C* — {!}) x 
(M, 0), with logarithmic poles along {1} x (M, 0) and {oo} x (M, 0), and with trivial 
monodromy around {1} x (M, 0). 

Proof. We follow [Mai, ch. 3]. First, one extends if to a bundle 
C X (M, 0) with fiat connection V over C* x (M, 0). Then one can choose an ex- 
tension of to a bundle ^ P^ x (M, 0) with a logarithmic pole along 

{oo} X (M, 0). This bundle is not necessarily trivial. 
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One chooses an OM,o-basis ai , arkH of germs of flat sections of 
and deflnes for r = (ri, rrkij) € a bundle x (M, 0) as follows: 

on (P^ — {!}) X (M, 0) it coincides with the germ is generated by 

the sections {z — lY^ai. The bundle has a logarithmic pole along {1} x (M, 0). 
For some r the restriction i^^^^|pix{o} is trivial [Mai, (3.2)]. Because being a trivial 
bundle on P^ is an open property, the bundle •= ff(r) fQj> such an r is trivial. 
□ 



Remark 2.8. If one applies lemma 2.7 to a (TE)-structure 

(F->(C,0)x(M,0),V), 

then the extension has two distinguished properties: 

(i) Because of lemma 2.6 (a), any unfolding {H (C, 0) x (M x C^O), V) of 

(iJ, V) has a unique extension pi x (M x 0), V) with all the properties 

in lemma 2.7 whose restriction to P^ x (M x {0},0) coincides with 

(ii) Denote by the residual connection on F?^|{(X)}x(m,o)- Tbe space 

(2.11) := { global hoi. sections v in 

with V^^^(u|{^}x(M,O))=0} 

is a vector space of dimension rkif. A basis of it is an C^(pi,z)x(M,o)"basis of 
for ^ ^ P^- Below we will work with the connection matrix with 
respect to such a basis. For an extension as in (i) the sections in V 

extend uniquely to the sections in F(if^^b). 



Using lemma 2.7 and these observations we can control the unfoldings of (TE)- 
structures as in theorem 2.5. The following lemma is the main step in its proof. 



Lemma 2.9. Let — > pi x (M, 0), V) be a trivial holomorphic vector bundle 

of rank n > 1 with a flat connection over (C* — {1}) x (M, 0), with logarithmic poles 
along {1} x (M, 0) and {oo} x (M, 0) and with a pole of Poincare rank 1 along 
{0} X (M, 0). Define K := i7^^^^|{o}x(M,o)? C and U as in lemma 2.4- Suppose 
that the generation condition (GC) of theorem 2.5 is satisfied for a vector C, G Kq. 
Choose a basis ui, ...,Un ofV{H^^^Y '^i|(o,o) == C* Choose I G N and n functions 
fli fn € C^Mx0,O '^ith /i|(Mx{0},0) “ b. Let (ti, ..., ^ 1 , ..., y^) = {iiU) 

coordinates on (M x 0) . 

Then there exists a unique unfolding » P^ x (M x C^, 0), V) of{H^^^^ , V) 

with the following properties, i§ a trivial vector bundle with a flat connection 

over (C* — {1}) X (M x C^,0), with logarithmic poles along {1} x (M x C^O) and 
{oo} X (M X C^O) and a pole of Poincare rank 1 along {0} x (M x C^O). Its re- 
striction to X (M X {0} ,0) is Letvi^...^Vn G U(77^^b) canonical 

extensions ofvi, ...,Un G Define K := i7^^^^|{o}x(MxCbo)? C and U as in 

lemma 2.4- Then 



( 2 . 12 ) 



^ S f ' 

Cd/dyjl = 

i=i ^y°‘ 



, 1 - 



Proof. Suppose for a moment that , V) were already constructed. The 

connection matrix fi with respect to the basis vi, 



(2.13) 



V(U 1 ,...,U„) = (vi,...,Vn) ■ n, 
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would take the form 

(2.14) = - ^ Cidti + ~Y1 + ( 4 ^ + -V+ ~^W)dz 

Z Z Z Z Z 1. 

2=1 a=l 

with matrices 

(2.15) a, Fc,,U,V,We M(n x n, OMxC^o)■ 

This follows from V’’®®iii|{oo}x{MxC',o) = 0 s-iid from the pole orders of V) 

along {0, 1, oo} x (M x C*, 0). The flatness condition dfl + fl A Q = 0 could be 
written as 



(2.16) 

(2.17) 

(2.18) 

(2.19) 

( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 
(2.29) 



[Ci,Cj]=0 

[Ci,F^]=0, 

[Fa,Fi3] = 0 , 

dCj dCj 
dtj dti ’ 

dCj dFg 

dya dti ’ 

dFg ^ 
dV0 dye, ’ 



[Ci,U]=0, 

[Fc,U]=0, 



dti 



= [V,Ci]-Ci., 



dU 

dya 



= [V,Fe,]-Fa, 



dW 

dti 



[W,Ci], 



f^ = [W,Fe,], 

dya 



W 

dti 



-[W,Ci], 



dV 

dya 



[W,Fe,]. 



The condition (2.12) would mean 



(2.30) 






The proof consists of three parts. In parts (I) and (II) we restrict to the case 
I = a = 1. In part (I) we show inductively uniqueness and existence of matrices 
Ci, Fi^U^V,W with (2.16) - (2.30) and with coefficients in Om,o[[2/i]]- In part (II) 
their convergence will be proved with the Cauchy-Kovalevski theorem. In part (III) 
the general case will be proved by induction in 1. 

In remark 2.10 the system of equations (2.16) - (2.29) will be written in a more 
compact form after some integration. 
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Part (I). Suppose I = a = 1 and yi = y. Define for w € Z>o 



w 



(2.31) 




:= 5]Om,o-/, 

k=0 


(2.32) 


^M^o[y]>w 


:= Om.oM ■ 2/“+\ 


(2.33) 


^ M ,o[[y]]>w 




and 


(2.34) 


M{w) := 


M{nx ti,Om,o ■ y“). 


(2.35) 


M(> w) := 


M{n X n,C>M.ob]>w), 


(2.36) 


M{<w) := 


I\d{n X Tl, OjVfj0[y]<u;)* 



Beginning of the induction for w = 0: The connection matrix of , V) 
with respect to the basis ui, takes the form 

(2.37) = - Y dz 

z ^ \z^ z z — \ ] 

i=l ^ 

with matrices C\^\ 6 M(0). The flatness condition d0^°^ H- A 

Q(o) = 0 is equivalent to the equations (2.16), (2.19), (2.22), (2.24), (2.26), (2.28) 
for the matrices Cf\ instead of Q, U, V, Ik". 

Induction hypothesis for w E Z>o: Unique matrices € 

M(A;) for 0 < A; < to and E M(/c) for 0 < A: < lo — 1 are constructed such that 
the matrices 

w 

(2.38) := G M(< w) 

k=0 

and the analogously defined matrices satisfy (2.16), 

(2.19), (2.22), (2.24), (2.26), (2.28) modulo M(> w), (2.17), (2.20), (2.23), (2.25), 
(2.27), (2.29) modulo M{> w — 1) and (2.30) modulo OM,o[[y]]>w-i- 
Induction step from w to w + 1: It consists of three steps: 

(i) Construction of a matrix F^^^ E M{w) such that the matrix F^-^^ = 

p{<w-i) p{w) matrices 

satisfies (2.17), (2.23) modulo M(> w) and (2.30) modulo OM,o[[y]]>w 

(ii) Construction of matrices E M{w F 1) 

such that the matrices the analogously de- 
fined matrices and the matrix F^-^^ satisfy 

(2.20), (2.25), (2.27), (2.29) modulo M(> w). 

(hi) Proof of (2.16), (2.19), (2.22), (2.24), (2.26), (2.28) modulo M{>w + 1) 
for these matrices. 

(i) The matrices and generate an algebra of commuting matrices 

in M(n x n^OM,o[y]/OM,o[y]>w)> Because of the generation condition (GC), the 
image of the column vector (1,0,..., 0)*’’ under the action of this algebra is the whole 
space M{nx 1, OM,o[y]/OM,o[y]>w)- This shows two things: 
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(a) This algebra contains for any i = a matrix G M{n x 

njOM,o[y]<w) with first column 

(2.39) = Sij. 

(P) Any matrix in M(n x n,OM,o[y]<w) which commutes with the matrices 
and modulo M(> w) is modulo M(> w) a linear combina- 
tion of the matrices with coefficients in OM,o[y]<w’ 

Therefore the matrix G M{<w) which is defined by 



(2.40) ^ OM,o[[v]]>n,) 

i=l y 

is the unique matrix which satisfies (2.17), (2.23) modulo M(> w), (2.30) modulo 
OM,o[[y]]>w and + F^"^^ for some f}"^^ G M(w). 

(ii) This step is obvious. 



(iii) One checks that the derivatives by ^ of the equations (2.16), (2.19), (2.22), 
(2.24), (2.26), (2.28) modulo M(> u; -f- 1) hold. For this one uses (2.17), (2.19), 
(2.20), (2.23) - (2.29) modulo M(> w). For example one calculates modulo M(> w) 



(2.41) 



^^1 rj{<w) 

dti 

.(<») du}^ 



dti 



+ [y(<-), 



= 0 



The other calculations are similar or easier. This finishes the proof of the induction 
step from w to w+1. It shows uniqueness and existence of matrices Ci^Fi^U^V^W G 
M{n X n, Om,o[[2/]]) with (2.16) - (2.30) and with restrictions (Ci, C/, V, kF)|y=o = 
(Cf,f/W,F(o),iy(o)). 

Part (II). We have to show holomorphy of these matrices. We want to ap- 
ply the Cauchy-Kovalevski theorem in the following form ([Fo, (1.31), (1.40), 

(1.41)]; there the setting is real analytic, but proofs and statements hold also 
in the complex analytic setting): Given N G N and matrices Ai,B G M{N x 
AT, C{ti, ...pru^yi^i, ...^xn}) there exists a unique vector 





$ € M{N X l,C{fi,..., 


irm y}) 


with 






(2.42) 




+ 1 


(2.43) 


$(t,0) =0. 





We will construct a system (2.42) - (2.43) with TV = (m -f- 3)n^ such that it will be 
satisfied with the entries of the matrices Ci — Cf^\u — 

as entries of #. The system will be built from the equations (2.20), (2.25), (2.27), 
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(2.29) and the following equations (2.44), (2.45) with which one can express the 
entries of Fi as functions of the entries of #. 

The commutative subalgebra of M(n x n, OM,o[[y]]) which is generated by the 
matrices C\^ is a free OM,o[[y]]-niodule of rank n. Choose monomials 

j = 1 ,... , n, in the matrices which form an (9M,o[b]] -basis of 

this module. Then the matrix {G\{^)ij of the first columns of the matrices G^^^ is 
invertible in M{n x n, Om,o [[?/]])• Equation (2.40) gives 

n 

(2.44) Fi = 

i=i 

with coefficients Qj G Om,o[M] such that 

Replacing the entries of the matrices Ci — Cf‘\u — — V^^\W — by 

indeterminates a;i,...,Xiv? the coefficients of the matrices become elements 
of C{t}[xi, ...,Xjv], and, because of (2.45), the coefficients gj become elements of 
C{ti, ...,tm,y 5 ^i 5 One obtains from (2.20), (2.25), (2.27), (2.29), (2.44), 

(2.45) a system (2.42) - (2.43). The theorem of Cauchy-Kovalevski shows 

Ci,Fi,U,V,W e M{nx n, (9mxC,o)- 

This shows lemma 2.9 in the case 1 = 1. 

Part (III) By induction in I one obtains a slightly weaker version of lemma 
2.9, where (2.12) is replaced by 

hyoc+i=---=yi=o} 

for a = 1,...,L One has a connection matrix O as in (2.14). Condition (2.46) is 
equivalent to (2.30) with the same restriction to y^+i = ... = yi = 0. But now 
(2.21) gives (2.30) and (2.12) for all y. This finishes the proof of lemma 2.9. □ 

Proof of theorem 2.5. Let {H — > (C,0) x (M, 0), V) be a (TE)-structure with 
RT, C^U and C G Kq with all the properties in theorem 2.5. We choose an extension 
to a trivial bundle with connection (iilOO pi x (M, 0), V) with the properties in 
lemma 2.7, and we choose a basis t;i, ..., of the vector space V (JT^^^^) (cf. remark 

2.8) with ui 1(0,0) = C- 

By remark 2.8 (i) an unfolding {H (C,0) x (M x C^O), V,i) of (71, V) ex- 
tends to an unfolding x (M x C^O), V) of V) with the proper- 

ties in lemma 2.7, and the sections ui, ...,Un extend uniquely to sections vi, ...,Vn 
in the space 

Consider the connection matrix O and the matrices Gi, Fa, U, V, W as in (2.13) 
- (2.15) for such an unfolding. Because of (2.19) - (2.21) there exists a unique 
matrix A £ M{n x n, Omx0,o) with .A(O) = 0 and 

n = -dA + i^u +W + -1-W)dz. 
z z z — I 



(2.47) 




MEROMORPHIC CONNECTIONS AND FROBENIUS MANIFOLDS 



123 



The matrices 0), 0), F(t, 0), 0) are determined by ...jt’n)* 

Lemma 2.9 says that for an arbitrary choice of functions fi{t,y) = An{t^y) — 
Aii{t^0) a unique unfolding exists. The first columns of A give a map 

(2.48) = (Aii,...,Ani) : (M x C^0) (C^,0). 

The map in (2.8) is an isomorphism if and only if '0 is an isomorphism. 

Fix an unfolding (if, V) such that xp is an isomorphism. This is possible thanks 
to the injectivity condition (IC). Consider a second unfolding {H' — > (C,0) x (M x 

0 ,0),V') of (F,V) with H' ft', A',xp' defined analogously. If it is 

induced from (ff, V) via a map 

(2.49) ip:{M X C^',0) (M x C^0) 
then (id x<^)*0 = O' and therefore Ao (p = A' and 

(2.50) xp o (p — xp' . 

This shows that the inducing map p> is unique. 

If one does not yet know that (if', V') is induced from {H,V) one can define 
ip by (2.50) and compare the unfoldings (if',V') and (p*{H,V). Since the first 
columns of the matrix A' and the corresponding matrix for (p*{H,V) coincide, 
lemma 2.9 says that the unfoldings are isomorphic. This finishes the proof of 
theorem 2.5. 

Remark 2.10. The system of equations (2.16) - (2.29) can be reduced: first, 
by (2.26) - (2.29), V + W is a constant matrix which we denote in this remark by 
ReSoo- Second, with A as in (2.47) one finds for U the formula 

(2.51) 1/ = U{t, 0)-{W- W{t, 0)) + [Resoo, A - A{t, 0)] ~{A- A{t, 0)). 

This formula and the following reduction were shown to us by C. Sabbah. 

Now one can transform (2.16) - (2.29) to an equivalent system only in terms of 
A, W, ReSoo. We still write it with Ci = ^ , Fa = V = ReSoo — W and U 
given by (2.51). One finds with some calculations: 

The equations (2.17), (2.23), (2.27), and the restrictions to y = 0 of the equa- 
tions (2.16), (2.22), (2.24), (2.26) are sufficient. 

The equations (2.19) - (2.21) are obvious; (2.16) and (2.26) (for all y) follow 
from differentiating them by and some transformations; the equations (2.25) 
and (2.24) (for all y) follow from differentiating (2.51); the equation (2.22) (for all 
y) follows from differentiating it by now (2.18) follows with the generation 
condition (GC) and (2.28) and (2.29) are obvious. 

3. Supplements 

For the applications to Frobenius manifolds in chapter 4 we need (rFJ)-structures 
(definition 2.1) with an additional ingredient, a pairing. It is also useful to consider 
weaker structures, (T)-structures and (L)-structures. After giving their definitions 
we will discuss how the concepts and results of chapter 2 extend. 

Definition 3.1. [He2, ch. 2] (a) Fix g Z. A {TEP{xju))-stTVLctuie is a 
(TF^)-structure {H (C, 0) x (M, 0), V) together with a V-fiat, (—1) ^-symmetric, 
nondegenerate pairing 

(3.1) P : X ^ C for {z, t) G (C* x M, 0) 




124 



CLAUS HERTLING AND YURI MANIN 



on a representative of H such that the pairing extends to a nondegenerate 2 ;- 
sesquilinear pairing 

(3.2) P : 0{H) X 0{H) ^ z"^OcxM,o- 

(b) An {LEP{w))-stnict\iTe is a germ of a bundle H — > (C,0) x (M, 0) with 
a flat connection V on the restriction to (C* , 0) x (M, 0) with a logarithmic pole 
along {0} X (M, 0) and with a pairing P with the same properties as in (a). 

(c) Fix r G Z>o- Consider a germ of a holomorphic vector bundle H 
(C, 0) X (M, 0) with a map 

(3.3) V : 0{H) pOcxM.o • 

such that for some representative of H the restrictions ^ ^ (C*, 0), are 

flat connections. The tuple ((M, 0), iJ, V) is called a (T)-structure if r = 1, and an 
(L)-structure if r = 0. 

(d) A (T)-structure with a pairing P with all properties in (a) is a {TP{w))- 
structure, an (L)-structure with such a pairing is an LP(zi;)-structure. 

Lemma 3.2. Let {H — » (C,0) x (M, 0),V,P) be a (TEP{w))- structure with 
generation condition (GC) (theorem 2.5) and let {H (C,0) x (M x C^,0), V) 
be an unfolding of the underlying (TE) -structure. Then P extends to 0{H) and 
(iJ, V,P) is a {TEP{w)) -structure. 

Proof. It is sufficient to consider an unfolding in one parameter y. For some 
representative of H the pairing P extends to a V-flat pairing on the restriction to 
(C*, 0) X (M X C, 0). We have to show that it takes values on 0{H) in 2 :^OcxMxC,o- 
A priori the values are in Oc*xMxC,0' Denote n := rkP and let {z^ti^ ...^tmiV) be 
coordinates on (C x M x C, 0). Choose an OcxMxC,o-basis ...,Vn of 0{H) with 
connection matrix 

1 m . 

(3.4) n = Cidti + -Fdy + -^Udz 

i=l 

with matrices Ci, F,U G M(n x n, OcxMxC,o), and the matrix 

(3.5) R := {P{vi,Vj)) eM{nx n, Oc-xMxC,o). 

Flatness and z-sesquilinearity of the pairing give 

(3.6) dR{z, t, y) = t, y)R{z, t, y) + R{z,t, y)0.{-z, t, y), 

that means, 

d 1 X 

(3.7) z—R{z,t,y) = -U*^{z,t,y)R{z,t,y)~ -R{z,t,y)U{-z,t,y), 

d X X 

(3.8) —R{z,t,y) = -Cf{z,t,y)R{z,t,y) R{z,t,y)Ci{-z,t,y), 

Oti z z 

(3.9) -^R{z,t,y) = -F*^{z,t,y)R{z,t,y)--R{z,t,y)F{-z,t,y). 

oy z z 

Write P as a power series 

CXD 

(3.10) R{z,t,y) = ^^R^^\z,t) with G M(n x n, Oc*xM,o ’ U^) 

k=0 
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and define 

k 

(3.11) 

j=0 

analogously for Ci,F,U, with G M(n x n,OcxM,o • y^)- Then 

e M{n X n, z'^OcxM,o) because (if, V, P) is a (TPP(ic)) -structure. 

Induction hypothesis for k G Z>o .* 

(3.12) e M{n X n, ^"^OcxMxC,o). 

Induction step from k to kFl: Recall the definition of M(> k) in (2.35). The 
equations (3.7) and (3.8) show that one has modulo M(> k) 

(3.13) = [z-“'/?(^^)(z,t,y)]U=oCP’(0.f,y), 

(0, i, 2/) (^, t, j/)] U=o 

(3.14) = [^-i?(^'')(z,i,y)]|,=oC^"H0,t,y). 

Because of the generation condition (GC) the matrix (0, t, y) is an element of 
the commutative subalgebra of M(n x n, OM,o[y])/.^(> k) which is generated by 
Ci~^\ Therefore modulo M(> k) 

i, y)[.^-“'i^(S'=)(.^, i, y)]U=o 

(3.15) = [z~'^R^^'^\z,t,y)]U=oF^^’^Ho,t,y). 

This together with (3.9) completes the induction step. □ 

Remarks 3.3. (i) A bundle {H — > (C, 0) x (M, 0), V) with a logarithmic pole 
along {0} X (M, 0) is also called an (PP)-structure. 

(ii) A (TP (tc))-structure is essentially equivalent to Barannikov’s notion of a 
semi- infinite variation of Hodge structures [Ba2] [Ba3] . 

(hi) The notion of an unfolding of a (TP)-structure (definition 2.3 (a)) car- 
ries over to structures of type (TEP{w)), (L), {LP{w)), [LE), {LEP(w)), (T), 
(TP{w)). 

(iv) Lemma 2,6 (a) says that any unfolding of an (LP)-structure is trivial. 
The same is true for (L)-structures. Therefore the analogue of lemma 3.2 holds 
for (I/PP(u;))-structures and (LP (tu))-structures trivially. An (I/)-structure comes 
equipped with a residual connection as in lemma 2.6. In fact, an (L)-structure 
is just a germ of a holomorphic family of flat connections, parametrized by (C, 0) 
with the connection for the parameter 2 = 0. 

(v) The analogue of lemma 2.7 for (T)-structures is easy: A (T)-structure {H 

(C,0) X (M, 0),V) can be extended to a trivial bundle x (M, 0),V) 

with a holomorphic family of flat connections on the restrictions ^I^^^^^z}x{M,o) for 
2 e P^ — {0}. To see this, one chooses an Oc,o-basis of sections of 0(P’|(c,o)x{o})?‘ 
one glues P|(c,o)x{o} fo a trivial bundle on P^ — {0}, using this basis; one extends 
the trivial bundle to (P^ - {0}) x (M, 0) and glues it to H with V. 

(vi) A (T)-structure {H — > (C, 0) x (M, 0),V) comes equipped with a Higgs 
field C on K := P|{o}x(M,o) in lemma 2.4. 

(vii) The analogues of theorem 2.5 and lemma 2.9 hold for (T)-structures. The 
proofs are the same, of course without the data encoding the part of the connection 
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in 2 ;-direction. The generation condition reads: 

(GC)’ A vector ( G Kq exists which together with its images under iterations of 
the maps Cx : Kq Kq^ X G TqM, generates Kq. 

(viii) The analogue of lemma 3.2 holds for (T)-structures with the generation 
condition (GC)’. The proof is the same. 

(ix) Lemma 3.4 below holds also for (TP(^t;))-structures and (LP(u;) )-structures, 
of course except (3.18) and (3.19). 

Lemma 3.4. (a) [He2, 2.5] Let {H -> (C,0) x (M,0), V,P) be a {TEP{w))~ 
structure with AT, C^U as in lemma 2.4- Define a pairing g : 0(K) x 0{K) Om,o 
by 

(3.16) g{[a], [6]) z~'^P{a, b) mod zOcxM,o for a,b e 0{H). 

It is OM,o-bilinear, symmetric, nondegenerate, and it satisfies 

(3.17) g{Cxa, b) = g{a, Cxb) for X G Tm,o, a,b € 0{K). 

(3.18) g{Ua,b) = g{a,Ub) for a,b £ 0{K). 

(b) [He2, 5.1] Let {H (C,0) x (M, 0), V,P) be an {LEP{w))- structure with 
K := P|{o}x(M,o)j residual connection and residue endomorphism as 

in lemma 2.6 (b). Define a pairing g as in (a). It is Om,o -bilinear, symmetric, 
nondegenerate, V^^^-flat, and it satisfies 

(3.19) g{V^^^a, b) + g{a, V^^^b) = w • g{a, b) for a,b £ 0{K). 

Proof. All statements follow easily from the V-flatness of P and its other 
properties, See [He2, Lemma 2.14 and Lemma 5.3] for details. □ 

4. Construction theorem for Probenius manifolds 

Associated to a holomorphic Probenius manifold M is a series of meromorphic con- 
nections, parametrized hj w £ Z, the (first) structure connections (lemma 4.4). 
Under certain assumptions theorem 2.5 allows to reconstruct anyone of them from 
its restriction to a submanifold M C M. This restricted connection is considered as 
initial datum. Definition 4.1 and theorem 4.2 formalize its properties in two equiva- 
lent ways. Theorem 4.5 is a construction theorem for Probenius manifolds, starting 
from such an initial datum. Definition 4.1 and theorem 4.2 are also discussed (with 
different notations) in [Sabi, I 1] [Sab2, VI 2]. 

Definition 4.1. [He2, 5.2] (a) Pix w £ Z. A {trTLEP{w))-strvLctme is a 
tuple ((M, 0), H, V, P) with the following properties. (M, 0) is a germ of a complex 
manifold; P — ^ x (M, 0) is a trivial holomorphic vector bundle with a flat con- 

nection on P|c*x(m,o) 5 Q'Hd P is a (—1) ^-symmetric, nondegenerate, V-flat pairing 

(4.1) P : X C for (z,t) G (C*,0) x (M,0). 

The restriction of (P, V, P) to the germ (C, 0) x (M, 0) is a (TPP(u;) )-structure 
and the restriction to the germ (P^, oc) x (M, 0) is an (LPP(— u;))-structure (defi- 
nition 3.1). 

(b) A Probenius type structure is a tuple K,X'^ ,C,U,V, g) with the 

following properties. (M, 0) is a germ of a complex manifold; K — > (M, 0) is a germ 
of a holomorphic vector bundle with flat connection V^; the map C : 0{K) — > 
^Mo ^ Higgs bundle, i.e., a map such that all the endomorphisms 

Cx ' 0{K) — ^ 0{K), X £ Tm,0i commute; the endomorphism U : 0{K) — > 0{K) 
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of K satisfies [C,U] = 0; the endomorphism V : 0{K) — ^ 0{K) of K is V^-flat; and 
g : 0{K) X 0{K) — > Om,o is a symmetric, nondegenerate, V^-fiat pairing. These 
data satisfy 



(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 



(Cy) - V^(Cx) - qx.y] = 0, 

vqw)-[c,v] + c = o, 

g{Cxa,b) = g{a,Cxb), 
g{Ua,b) = g{a,Ub), 
g{Va,b) = -g{a,Vb) 



iorX,YeTM,o, a,beO{K). 



Theorem 4.2. [Sabi, I l][Sab2, VI 2][He2, 5.2] Fixw e Z. There is a one-to- 
one correspondence between {trTLEP{w)) -structures and Frobenius type structures 
on holomorphic vector bundles. It is given by the steps in (a) and (b). They are 
inverse to one another. 

(a) Let [K — >■ ,C,U,V,g) be a Frobenius type structure on K. Let 

7T ; X (M, 0) — > (M, 0) be the projection. Define H := tt*K, and leti/j^ '■ — > 

Kt for z be the canonical projection. Extend V’^,C,U,V,g canonically to H. 
Define 

(4.7) V:=V’’ + -C'+(izY-V+^id)— . 

z z 2 z 

Define a pairing 



(4.8) P : X ^ C /or G (C*,0) x (M,0) 

(a, 6) z'^g{fi)^a,^-zh) . 

Then (if, V,F) is a (trTLEP{w)) -structure. 

(b) Let (JT, V,P) be a (trTLEP{w)) -structure. Define K := F|{o}x(m,o)? ^ 
andU as in lemma 2.4 and g as in lemma 3.4 (a). Let and be the residual 
connection and the residue endomorphism on F|{cxd}x(m,o) as in lemma 2.6 (b). 

Because H is a trivial bundle, there is a canonical projection ip : H ^ K, 
and the bundles K and F|{oo}x(m,0) are canonically isomorphic. Structure on 
H\{oo}x{m, 0 ) can be shifted to K. Let on K be the shift ofV^^^ and let V on 
K be the shift of + ^id. Then {K — > ,C,g,U,V) is a Frobenius type 

structure and (4.7) holds. 



Proof. Part of it follows from the lemmas 2.4, 2.6 (b) and 3.4. For the rest and 
for details see [He2, Theorem 5.7] or [Sab2, VI 2]. □ 



Frobenius type structures and {trTLEP{w))-stT\ict\iies can be restricted to 
any submanifold of the manifold (M, 0) over which they are defined. 

Definition 4.3. (Dubrovin) A Frobenius manifold (M, o,e,F,p) is a complex 
manifold M of dimension > 1 with a commutative and associative multiplication 
o on the holomorphic tangent bundle TM , a unit field e G Tm^ an Euler field 
E G Tm^ and a symmetric nondegenerate (9M,o-bilinear pairing g on TM with the 
following properties. The metric g is multiplication invariant, 

(4.9) g{X oY,Z)= g{Y, X o Z) for X,Y,Z eTm; 
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the Levi-Civita connection of the metric g is flat; together with the Higgs held 
C : Tm 0 ^ with CxY •= —X o F it satisfies the potentiality condition 

(4.10) V^(Cy) - V^yiCx) - qx,Y] =0 for X,y G Tm; 

the unit field e is V^-flat; the Euler field satisfies Lie£;(o) = o and Lie£;(^) = {2—d)-g 
for some d G C. 

Lemma 4.4. (Structure connections of a Frobenius manifold, e.g. [Du, Lecture 
3], [Man2, I 2.5.2], [Sab2, VII 1], [He2, Lemma 5.11]; Let {{M,0),o,e,E,g) be 
the germ of a Frobenius manifold with Higgs field C, Levi-Civita connection and 
d as in definition 4-3. Define the endomorphisms U Eo : Tm,q — > Tu,o o.nd 

(4.11) V := Tm,o Tm.o, X 

Then {TM,V^,C,U,V,g) is a Frobenius type structure on TM. The unit field e 
satisfies V^e = 0 and Ve = |e. 

For any w E Z theorem 4-^ gives a (trTLEP{w))~ structure ((M, 0),iJ = 
7 t*TM, V,P), where tt : x (M, 0) ^ (M, 0) is the projection. These structures 

are called (first) structure connections of the Frobenius manifold. 

One can recover a Frobenius manifold from a structure connection and the 
unit field. More abstractly, one can construct from a (trTLTP(iy) )-structure and 
a global section with sufficiently nice properties a unique Frobenius manifold such 
that the {trTLEP{w))-sti\ictme and the global section are isomorphic to a struc- 
ture connection and the unit field [Sabl][Sab2][Bal][Ba2][Ba3] (cf. remark 4.6 
(i)). Theorem 2.5 allows to start under certain assumptions with a (trTLEP{w))- 
structure and a global section over a smaller base space, to unfold them universally 
and then get a Frobenius manifold. This is formulated in theorem 4.5 in terms of 
Frobenius type structures. 

Theorem 4.5. (Construction theorem for Frobenius manifolds) Let 

be a Frobenius type structure and ( E Kq a vector with the following properties: 

(IC) (injectivity condition) the map C.C • TqM Kq, X ^ CxC is injec- 
tive. 

(GC) (generation condition) ( and its images under iteration of the maps 
Cx • Eq — ^ Kq, X G TqM, and U : Kq Kq generate Kq. 

(EC) (eigenvector condition) VC = f C some d G C. 

Then there exist up to canonical isomorphism unique data ((M, 0), o, e, P, J', i, j) 
with the following properties. ((M, 0), o, e, E,g) is a germ of a Frobenius manifold, 
i : (M, 0) — > (M,0) is an embedding, j : K TM|j(M) ^s an isomorphism above i 
of germs of vector bundles which maps C e|o and which identifies the Frobenius 
type structure on K with the natural Frobenius type structure on TM|^(m) which is 
induced by that on TM. 

Proof. Choose w e Z. Let ((M, 0), iJ, V, P) be the {trTLEP{w))-strnctme 
which corresponds to the Frobenius type structure on PT — > (M, 0) by theorem 4.2. 
Its germ over (C,0) x (M, 0) is a {TEP{w))-stinctme with all the properties in 
theorem 2.5. Consider a universal unfolding of this germ with base space (M, 0) = 
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(M X C^O). It extends uniquely to a {trTLEP{w))-stT\ictme ((M,0),if, V,P) 
which unfolds ((M, 0), iiT, V, P). This follows from the rigidity of logarithmic poles 
(lemma 2.6 (a) and remark 3.3 (hi)) and from lemma 3.2. 

Let ((M, 0), i^, V^, (7,^, V, ^ be the Frobenius type structure which corre- 
sponds to this {trTLEP{w))-stiuctme by theorem 4.2. There is a canonical isomor- 
phism from the Frobenius type structure on K to the restricted one on i^|(Mx{o},o)- 
Let C € Kq be the image of C G Kq. It extends to a unique V^-flat section 
Vi € 0{K). The map 

(4.12) r; : -> 0{K), X ^ -CxVi 

is an isomorphism. It allows to shift the structure on K to structure on TM, Define 

(4.13) V" := v*V^ g" := v*g, e := E := v-^{U{vi)). 

The connection on TM is fiat with = 0 and V^e = 0. Applying (4.2) 

to v\ shows that is torsion free; so it is the Levi-Civita connection of . One 
defines a commutative and associative multiplication o on TM by 

(4.14) v{X oY) = -Cxv{Y) = CxCyVi- 

Then e is the unit field. The potentiality condition follows from (4.2). It rests to 
prove Lie£;(o) = o and Lie^(p) = {2 — d) • g. We refer to [He2, Theorem 5.12] for 
details. The calculations use (4.2), (4.3), (4.6), V^vi = 0 and Vvi = ^vi. They 
show especially 

(4.15) v{V^xE) = {V+^^id)v{X) forXeTM.o. 

One obtains a germ of a Frobenius manifold ((M,0), o, e, P,p^). Each step in its 
construction is essentially unique. □ 

Remarks 4.6. (i) Theorem 4.5 is reduced with theorem 2.5 to the case when 
M = M and when the map (7*C • TqM Kq is an isomorphism. This case 
was formulated by Sabbah [Sabi, Theorem (4.3.6)] [Sab2, Theoreme VII. 3. 6], 
and independently by Barannikov [Bal] [Ba2] [Ba3] . He called a major part of 
the initial data semi-infinite variation of Hodge structures (cf. remark 3.3 (ii)). 
Theorem 4.5 in the case M = M is also implicit in the construction in singularity 
theory [SK][SM]. 

(ii) A Frobenius type structure with M = {0} is simply a vector space K with 
a pairing g and two endomorphisms U and V which satisfy (4.5) and (4.6). Then 
the condition (IC) in theorem (4.5) is empty, (GC) must be satisfied by U alone, 
and (GC) and (EC) together are still more restrictive. For example, this situation 
is satisfied at a point of a Frobenius manifold where the multiplication with the 
Euler field is semisimple with different eigenvalues. This case was first considered 
by Dubrovin [Du, Lecture 3]. 

(iii) The case of a Frobenius type structure with U = ^ can be considered as 
opposite to the case in (ii). It will be discussed in chapter 5. 

(iv) One can define {trTLP{w))-str\ictmes and Frobenius type structures with- 
out operators U and V [He2, 5.2]. Omitting the corresponding parts in theorem 
4.2, one obtains a one-to-one correspondence between them. One can define Frobe- 
nius manifolds without Euler field. The analogues of lemma 4.4 and theorem 4.5 
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hold. This follows with the remarks 3.3. But now the generation condition (GC) 
requires dimM > 0. 

(v) All the structures in chapters 2 to 4 were convergent with respect to param- 
eters ^ (C”^,0) = (M, 0). One can formulate everything in structures 

which are formal in these parameters. 

(vi) A. Kresch [Kr, Theorem 1] proved a strong reconstruction theorem (exis- 
tence and uniqueness) for formal germs of Probenius manifolds without Euler field 
and with some additional properties typical for quantum cohomology. It strength- 
ens the first reconstruction theorem in [KM, Theorem 3.1], which establishes only 
uniqueness. It looks as if his result is the special case of the analogue of theorem 4.5 
without Euler field and with (M, 0) C (M, 0) being the small quantum cohomology 
space. The collection of N{p^d) in [Kr, Theorem 1] gives the Higgs field C on 
TM|m, the conditions on Ai and A give the generation condition (GC)’ and the 
property CxCy = CyCx for X,Y E Tm of the Higgs bundle. The other conditions 
on Probenius type structures (without U and V) seem to be built-in. 



5. if ^-generated variations of filtrations and Probenius manifolds 

In this chapter the special case of the construction theorem 4.5 for Probenius man- 
ifolds is studied when the Probenius type structure satisfies Zi = 0. A Probenius 
type structure with Zi = 0 is equivalent to a variation of filtrations with Griffiths 
transversality and additional structure (lemma 5.1). Typical cases are variations 
of polarized Hodge structures with a condition, which is called if ^-generation con- 
dition, motivated by quantum cohomology. The definitions 5.3 and 5.4 present the 
relevant notions, theorem 4.5 reformulates the construction theorem in the case 
Zf = 0. 

Lemma 5.1. (a) The structures in {a) and {(3) are equivalent. 

{a) A Probenius type structure ((M, 0), AT, V’^, C,Zf , V, g) together with an inte- 
ger w such that U = 0 and V is semisimple with eigenvalues m ^ -h Z. 

{P) A tuple ((M, 0),if, V,F*, 5). Here K — > (M, 0) is a germ of a 

holomorphic vector bundle; V is a flat connection on K; F* is a decreasing filtration 
by germs of holomorphic subbundles C K, p E Z, which satisfies Griffiths 
transversality 

(5.1) V :O{FP)^nl,,0^OiFP-^y, 

U. is an increasing filtration by flat subbundles Up C K such that 

(5.2) H = FP©C/p_i =0i^«ni7,; 

Q 

w G Z, and S is a -flat, -symmetric, nondegenerate pairing on K with 

5(F^, F^+i-P) = 0, 

S{Up, [/„_i-p) = 0. 



(5.3) 

(5.4) 
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(b) One passes from (a) to {(3) by defining 



(5.5) 

(5.6) 

(5.7) 

(5.8) 



V := V'’ + C, 

FP := 0ker(V-(5-f)id:K-^K), 

q>p 

Up := 0ker(V-(g-^)id:K^K), 

q<p 

5(a, b) := {-iyg{a, b) for a e 0{FP H Up), b e 0{K). 



Proof First we prove part (b). The connection and the Higgs field C 
are maps 0{K) — > O^q 0 0{K). They can be extended canonically to maps 
^M,o ^ 0{K) — > ^(-^)- Then the flatness of means (V^)^ = 0, the 

Higgs field C satisfies = 0, and the potentiality condition (4.2) means V’^(C') := 
V^oC' + CoV^ = 0. Therefore = (V^ + C)^ = 0, the connection V is flat. The 
filtrations F* and C/. obviously satisfy (5.2) and 

w 

(5.9) FPnUp = ker(V -{p-~)id:K-^ K). 

The connection V’" maps 0{Fp fi Up) to itself because V is V’^-flat. Because of 
U = 0 the condition (4.3) is [C,V] = C. Equivalent is that Cx, X G Tm^o, maps 
0{F'P f)Up) to 0{F'P~^ n Up-i). Therefore U^ is V-flat and F* satisfies Griffiths 
transversality. 

The condition (4.6) says that for a G 0{Fp Pi Up), b G 0{F^ fl Uq) 



(5.10) S{a, b) = {—l)^g{a, b) = 0 if p + q w. 

Therefore S is (—1) ^-symmetric and satisfies (5.3) and (5.4). It is V-flat because 
for X G 7m , 0 and V’^-flat sections a G 0{Fp H Up), b G 0{K) 



{VxS){a,b) = XS{a,b)-S{V^x(^ + Cxa,b)-S{a,V^xb + Cxb) 

(5.11) = 0-i~l)P+^g{Cxa,b)-{-irg{a,Cxb) = 0. 



This shows part (b). One passes from (/?) to (a) as follows. One defines the 
endomorphism V by (5.9), the pairing g by (5.8), and one decomposes V into V’" 
and C such that V’^ maps 0{F'PnUp) to itself and Cx for X G 7m, o maps (7(F^nFp) 
to 0{F'P~^ n Up-i). One easily checks all conditions of a Frobenius type structure. 
□ 



Remarks 5.2. (i) If one adds in lemma 5.1 (a) {(3) real structure with suitable 
conditions then one obtains a germ of a variation of polarized Hodge structures of 
weight w. 

(ii) A Frobenius type structure is equivalent to a {trT LEP {w))-structme (the- 
orem 4.2), which is composed of a {TEP{w))-stiuctm:e at (C, 0) x (M, 0) and an 
{LEP{w))-str\ictme at (P^,oo) x (M, 0). One can refine lemma 5.1 (a). There 
is a correspondence between (TFP (i(;))-structures with Id = 0 and monodromy 
(— l)^id on the one hand and germs of variations of filtrations with Griffiths 
transversality and a pairing on the other hand [He2, Corollary 7.14]. Under this 
correspondence an (LFP(rf;))-structure corresponds to a trivial, flat variation of 
filtrations. Putting these together, a {trT LE P{w))-stiuctWie corresponds to the 
structure in lemma 5.1 (a) (/?). 

But the variation of filtrations P* which corresponds to a (rPP(t(;))-structure 
{H — > (C,0) X (M, 0),V) does not live on the bundle K = i7|{o}x(M,o)- H lives 
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on a flat bundle on (M, 0) whose flbers are all isomorphic to the space of global 
flat manyvalued sections in i?|(c*,o)x(M,o)- The bundle K is only isomorphic to 
Only in the case of a second filtration and a splitting (5.2) one 
obtains an isomorphism between K and the flat bundle on which F* lives. 

Definition 5.3. (a) A germ of an -generated variation of filtrations of 
weight u; is a tuple ((M, 0), A, V, F*, ii;) with the following properties, w is an 
integer, K — > (M, 0) is a germ of a holomorphic vector bundle with flat connection 
V and variation of filtrations F* which satisfies Griffiths transversality (5.1) and 

(5.12) 0 = F^ C F^-i C ... C F 

(5.13) rkF^“^ = l, rkF^~2^1 + dimM>2. 

Griffiths transversality and flatness of V give a Higgs field C on the graded bundle 
0pF^/FP+^ with commuting endomorphisms 

(5.14) Cx = [Vx] : 0{FP/FP+^) -> 0{F^~^IF^) for X G Tm,o- 

-generation condition: the whole module 0^ 0(F^/F^"*”^) is generated by 

0{F'^~^) and its images under iterations of the maps Cx, X G T/vf,o- 

(b) A pairing and an opposite filtration for an iJ^-generated variation of flltra- 
tions ((M, 0), F, V, F*) of weight w are a pairing S and a filtration U. as in lemma 
5.1 (a) (/3). 

Definition 5.4. An F^-generated germ of a Probenius manifold of weight 
w G N>3 is a germ ((M, 0), o, e, F,^) of a Probenius manifold with the properties 
(I) and (II) below and with 

(5.15) E\t=o = 0. 

Let be the Levi-Civita connection of g. The endomorphism V^F : 7 m, o 7 m, o, 
X i— > V^F, acts on the space of V^-flat vector fields. In particular e G ker(V^F — 
id). 

(I) It acts semisimply with eigenvalues {1, 0, ..., — (tt; — 3)}. 

It turns out that then the multiplication on the algebra TqM respects the 
grading 

w—2 

(5.16) TqM = 0 ker(VS£: - (1 - p) id : TqM TqM) 

p=0 

and that LieE{g) = {A — w) - g. 

(II) F^-generation condition: The algebra TqM is generated by ker(V^F : 
TqM TqM). 

Remarks 5.5. (i) Properties (I) and (5.15) hold for even-dimensional quantum 
cohomology of Calabi-Yau manifolds of complex dimension w — 2. This follows 
from the vanishing of the canonical class and the standard explicit formulas for 
the Euler field in quantum cohomology. Generally, our terminology involving “F^- 
generation” is motivated by quantum cohomology, for which ker V^F = F^. Por a 
more extended discussion of special properties of quantum cohomology Probenius 
manifolds, see [Manl, 1.3 and 1.4, in particular Definition 1.4.1]. 

(ii) The uniqueness statement in theorem 5.6 that a structure as in (7) is 
determined by a structure as in (/?) is essentially a special case of that in [KM, 
Theorem 3.1 and 3.1.1 a) and b)]. A refined version of it (cf. lemma 8.2) was used 
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already in the proof of [Bal, Theorem 6.5]. But the existence statement that any 
structure as in (/?) gives rise to a structure as in (7) is new. 

Theorem 5.6. There is a one-to-one correspondence between the structures in 
{a), iP) and (7). 

(a) A Frobenius type structure ((M, 0), JT, V’’, C^U, V, g) with U = 0 and with a 
fixed vector Q G Kq which satisfies the conditions (IC), (GC) and (EC) in theorem 
4.5. 

{(3) A germ of an -generated variation offiltrations ((M, 0), X, V, F*, w, 5, C/») 
of weight w E with pairing and opposite filtration and with a fixed generator 
C G C Kq. _ 

(7) An -generated germ of a Frobenius manifold ((M, 0), o, e, of weight 
w G N>3. 

One passes from (a) to (p) by lemma 5.1 (b) and from (a) to (7) by theorem 
4 . 5 . One passes from (7) to (a) by defining 

(5.17) M:={teM \E\t = 0}, 

K := TM|(m,o) with the canonical Frobenius type structure, and C •= ejo- The 
eigenvector condition (EC) is VC = 

Proof Let us start with (a). We have to show that for some w G N>s the 
endomorphism V + ^ id is semisimple with eigenvalues in {1,2, — 1} and with 

VC = ^C- 

The eigenvector condition (EC) says VC = f C some d G C. Condition (4.3) 

reads as [C, V] = C. This together with the generation condition (GC) shows that V 
acts semisimply on Kq with eigenvalues in |+Z<o and that ker(V— | id) = C-C- The 
injectivity condition (IC) implies dimker(V — (| — l)id) = dimM > 0. Condition 
(4.6) tells that the eigenvalues of V are in (f +^<o) H — (| -|-Z<o). Therefore d G N. 
Define w := d + 2. 

The conditions (IC) and (GC) show that one passes from (a) to (/3) by lemma 
5.1 (b). It is also clear that one can pass back. 

Theorem 4.5 applied to (a) gives a Frobenius manifold ((M, 0), o, e, F,5), an 
embedding i : (M, 0) — > (M, 0) and an isomorphism j : K TM|^(m) of Frobenius 
type structures. It maps V to the restriction of id on TM\i(^M) (4.15). 

Therefore one obtains an id^-generated germ of a Frobenius manifold of weight w. 
In suitable flat coordinates the Euler field of this Frobenius manifold takes the form 

dim M ^ 

(5.18) ^ 

i=l ^ 

with di G {1, 0, ..., —{w — 3)} and 

(5.19) j|(2 I di = 0) = dimker(V^F) = dimker(V — (^ — 1) id) = dimM. 

Therefore i{M) = {t G M | E\t = 0}. One sees also easily that one passes from (7) 
to (a) as described in the theorem. □ 

A distinguished class of id^-generated variations of filtrations are variations of 
Hodge filtrations associated to certain families of homogeneous polynomials. We 
will discuss them and the corresponding id^-generated Frobenius manifolds in the 
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chapters 6, 7 and 8. The following example shows that it is easy to construct 
abstract ff^-generated variations of filtrations. Therefore one has a lot of freedom 
in constructing iJ^-generated Probenius manifolds. 



Example 5.7. Consider (M, 0) := (C, 0) with coordinate t, the trivial bundle 
H := X (M, 0) — > (M, 0) for some w G N>s with standard basis ui, ..., Vyj-i of 
sections, a pairing S with S{vp^Vq) := (— and filtrations F* and with 

(5.20) 0{F^) := 0 Oc,o ■ 0{Uj,) := 0 Oc,o ■ 

Q>p q<p 

Choose any invertible functions 62, G q, define 



(5.21) bi := 1, bw~i := 0, bk := b^-i-k for k = 



w — 1 
2 



+ 1, ..., w — 2 



and define a connection V on by 



( 5 . 22 ) ^d/dt'^i • — 

Then ((M, 0), F, V, F*, tc?, 5, f/*) is a germ of an F^-generated variation of filtra- 
tions of weight w with pairing and opposite filtration. Moreover, one can see that 
a second tuple (62, of functions yields isomorphic data only if bi and b'- 

coincide up to multiplication by a constant. The big freedom in constructing 
generated Probenius manifolds of dimension to — 1 is in striking difference to the 
semisimple case, where one has only finitely many parameters [Man2, II 3.4.3]. 



6. Hypersurfaces in 



In the case of certain families of smooth hypersurfaces in P^ one obtains variations 
of Hodge structures which are the prototype of -generated variations of filtrations 

(definition 5.3). This is a simple consequence of Griffiths’ description of the Hodge 
filtration on the primitive part of the middle cohomology of a smooth hypersurface 
in P’^ in terms of rational differential forms on P’^ [Gr], 

Pix a degree d G N and denote by for q G ^^>0 the space of homogeneous 

polynomials in C[a;o5 •••? Xn] = C[x] of degree d-q. Consider a polynomial / G 
with isolated singularity at 0. The grading on C[x] induces a grading on the Jacobi 
algebra 

( 6 . 1 ) 



of / with subspaces q G The primitive part of the middle cohomology 

C) of the smooth hypersurface X := /“^(O) C P’^ is denoted by Hp~^{X), 
its Hodge filtration by F^^^^ C Hp~^^{X). The primitive cohomology also comes 
equipped with a polarizing form S. 

Now consider a family of polynomials Ft G t G Mo, with isolated 

singularities at 0, where Mq is a smooth parameter space with coordinates {ta) 
such that for each t G Mq the map 



( 6 . 2 ) 



a : TtMo 



Ji) 

’ dt, 



m~ 

dta. 



is an isomorphism. The bundle F := comes equipped with a 

real subbundle, a flat connection V, the flat pairing S and a variation of Hodge 
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filtrations Together they form a variation of polarized Hodge structures of 

weight n — 1. 

Theorem 6.1. then the tuple {Mq,H,V,S,F* := is 

an 11“^ -generated variation of filtrations of weight n + 3 — 2(n + l)/(i with pairing. 

Proof. The space = C[x]dxo...dxn of algebraic differential forms on 
is graded with subspaces = C[x]^^~^'^'^^^^^^dxo...dxn for q G ^^>n+i- For 

/ € C[x]^^^ with isolated singularity the quotient 

(6.3) 

carries an induced grading with subspaces O . It is a graded module of the graded 
algebra -R/, and it is a free module of rank 1 of Rf. 

Following Griffiths [Gr], one obtains for q G '^>{n+i)id ^ canonical isomorphism 

(6.4) r, : 

in the following way. Let E := be the Euler field on For uj G 

g G Z>(n+i)/di consider the form is{j^)i which one obtains from by 
contraction with the Euler field. It extends to a rational form on 
with a pole of order < q along /~^(0) U X. We denote the restriction of this form 

to P’^ by Z£:(^). It induces a class G iJ’^(P^ — X, C). There is a residue 

map 

(6.5) Res : H^{¥^ - X, C) ^ C), 



dual to a tube map in the homologies. One defines 

(6.6) p,:(fi^+i)W^J?"-i(X,C), 



(jj Res 




(g-l)! 

d 



By [Gr], the image of pq is C and the preimage of is 

(d/ A This gives the isomorphism Vq. 

Now for a family of polynomials Ft G t G Mq, with isolated singularities 

at 0 the infinitesimal variation of Hodge structures can be calculated. For each 
t G Mo it is a set of commuting linear maps 



(6.7) Ca/9t^ = [Va/stJ : F^^,JF^+1 F^~l/F^,^ 

The calculation (cf. [Do, 2.2]) 



( 6 . 8 ) 



- (-9)-^J+r 



shows for [w] € 



(6.9) 



C'g/at„r,([w]) = r,+i 







Now one observes two facts: (i) The subring R^p^ of Rp^ is multiplicatively 

generated by because any monomial in for g G Z>i is a product of 




136 



CLAUS HERTLING AND YURI MANIN 



monomials in 

(ii) If G N then 0^^^ is a free module of rank 1 of the ring ®q^i>o ^Ft^- 
This shows that for a family of polynomials with (6.2) and G N the 
generation condition in definition 5.3 is satisfied. □ 



Via theorem 5.6 the variations of Hodge filtrations in theorem 6.1 together with 
chosen opposite filtrations give rise to Probenius manifolds. All of them can be iden- 
tified with submanifolds of Probenius manifolds which arise in singularity theory, 
see chapter 7. Those with d = n + 1 can be identified with submanifolds of Probe- 
nius (super) manifolds in the Barannikov-Kontsevich construction, see chapter 8. 
The hypersurfaces X = /-i(0) C are Calabi-Yau if and only if d = n + 1. 

Much of the preceding discussion generalizes to the case of quasihomogeneous 
singularities, but not all. Lemma 6.2 gives an example where the iT^-generation 
condition fails to hold. 

A weight system {wq, ...,Wn) with Wi G Q fi (0, |] induces a new grading on 
C[xo, -..,3;^] whose subspaces we also denote by C[x]^^\ A monomial x^q is in 
for q G Q>o if jWj = q. The Jacobi algebra Rf of / G is defined 

as above and inherits a grading with subspaces . 

Lemma 6.2. Consider n = 5 and (u;q, u^s) = |(1, 1, 1, 2, 2, 2) and any weighted 
homogeneous polynomial f G with isolated singularity at 0. The subspace of 

R^P which is generated by the set R^p • R^ has codimension 1 in R ^ . 



Proof. A monomial in is a product of monomials in if and only 

if it contains xq,xi or X 2 - Therefore it is sufficient to show that the space 

( 6 . 10 ) 

has codimension 1 in C[(T3, X4 , Notice ^\^xo=. 

and define ^(x3,X4,xs) := -§f^\{xo=xi=x 2 =o} for i = 0,1,2. The ideal (/o,/i,/2) C 

C[x3, X4, X5] has an isolated zero at 0. The dimension of ^C[x3, X4, x^]/{fo, /i, /2)^ 

is independent of the choice of /o, /i, /2 as long as the ideal (/o, /i, /2) has an iso- 
lated zero at 0. The choice /o = fi =3^4, /2 = x| shows that the dimension 



xi=x2=o} = 0 for z = 3,4,5 



( 2 ) 



1 . 



IS 

□ 



7. Probenius manifolds for hypersurface singularities 

In theorem 7.3 the Probenius manifolds which one obtains from theorem 6.1 com- 
bined with theorem 5.5 will be identified with submanifolds of Probenius manifolds 
in singularity theory. Por each holomorphic function germ / : (C’^'^^,0) (C, 0) 

with an isolated singularity at 0 the base space C of a semiuniversal un- 
folding can be equipped with the structure of a Probenius manifold [SK][SM]. A 
detailed account is given in [Hel]. In [He2, ch. 8] the construction is recasted as 
the construction of a {trTLEP{w))-stv\ictm:e on and subsequent application of 
a special case of theorem 4.5. We restrict now to quasihomogeneous singularities 
and recall some facts from [Hel]. 

Let {wo^...,Wn) be a weight system with W{ e Q H (0, |] and / G 
(notation from the end of chapter 6) a weighted homogeneous polynomial with 
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isolated singularity at 0 and Milnor number fi. ^Prom the grading of the Jacobi 
algebra Rf one obtains the exponents cki, rational numbers with 

(7.1) ai < ... < ai = #(^ \ ai = a) = 

Choose polynomials mi G which represent a basis of the Jacobi algebra 

and such that mi = 1. The function 

(7.2) F{xo,...,Xn,ti,...,tf^) = / + Urrii 

i=l 

is a semiuniversal unfolding of /. It should be seen as a family of functions Ft with 
parameter t = (ti, G C C^. Here is a suitable open neighborhood 

of 0. The manifold comes equipped with the unit field e = the Euler field 
E = + ai — ai)ti^^ and a multiplication o on the holomorphic tangent 

bundle. The multiplication is induced from a canonical isomorphism of TtM^ with 
the direct sum of Jacobi algebras of the singularities of the function Ft for t G M^. 
The tuple (M^,o,e, E) is an F-manifold [Man2, I §5][Hel, I]. 

With the Gaufi-Manin connection one can construct a metric g on such that 
(M^,o,e, is a Probenius manifold [SK][SM]. In general the metric depends 
on a choice. Por the construction we refer to [Hel], Here we merely explain the 
choice and state the result. 

Let be the space of global fiat multivalued sections of the fiat cohomology 
bundle ^)- comes equipped with a real subbundle a 

semisimple monodromy operator h : a monodromy invariant Hodge 

filtration F* and a monodromy invariant pairing [Hel, ch. 10]. Define := 
kev{h - Aid) C and := 

Then n and n F*, 5°°) are polarized 

Hodge structures of weight n and n+ 1. An increasing monodromy invariant filtra- 
tion Urn on is called opposite to F* if 

(7.3) = ^FPnUp, 

P 

(7.4) (F^I n F^ n Fp, n F^ n C/g) = 0 for p + g / n, 

(7.5) S^{H^ DFPnUp.H^nF^nUq) =0for pFqy^n+1. 

Theorem 7.1. [SM][Hel, Theorem 11.1] Any choice of an opposite filtration 
Urn induces an up to a scalar unique metric g on such that (Mp,o,e,F,p) is a 
Frohenius manifold. The opposite filtration is uniquely determined by the metric. 

Consider the submanifold 

(7.6) M := {t £ Mp I ti = 0 if — ai ^ Z} C M^. 

It does not depend on the choice of the coordinates ti\ that means, any choice 
with Eti = {I + ai — ai)ti gives the same submanifold M. It parametrizes the 
semiquasihomogeneous deformations of / by polynomials of integer degree. Unit 
field e and Euler field E are tangent to M. One can show that the multiplication 
o on TMp restricts to a multiplication on TM. If ai = e then a much 

stronger result holds. 
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Theorem 7.2. [Man2, III 8.7.1] Suppose that ai = ^ 1^* 

metric g as in theorem 7.1, the submanifold M with induced multiplication, metric, 
Euler field E and unit field e is a Frobenius manifold. 

Going through the construction in [Hel, 11.1] one can even see that the metric 
on M depends only on C/, and that it determines C/. uniquely. 

Finally we restrict to the case {wo,...,Wn) = ^( !,...,!) for some d G N with 
0=1 = ^ We use the notations in chapter 5. The manifold 

(7.7) Mo := {t G M^ I = 0 if ai - ai ^ 1} C M 

parametrizes the homogeneous polynomials Ft in the unfolding F. The map a in 
(6.2) is an isomorphism. Theorem 6.1 applies to the family of functions Ft, t E Mq. 
As in chapter 6, Xt := Ff^{0) C P” is the hypersurface in P^ defined by Ft. 

Theorem 7.3. (a) There is a canonical isomorphism 

(7.8) ■■ U HTiFt) - U 

teMo teMo 

of flat bundles with pairings and S. For each t G Mq it is a {—1, —1) morphism 
of Hodge structures. 

(b) The Frobenius manifold structures on M from theorem 7.2 and the Frobenius 
manifolds constructed in theorem 5.6 from the variation of filtrations 

{{Mo,0),H,V,S,F%U.) 

in theorem 6.1 with opposite filtration C/« on H = UteMo pairwise 

isomorphic. Two are isomorphic up to multiplication of the metric by a scalar if 
and only if the opposite filtrations C/, H on and on H satisfy 

(7.9) = 

Proof, (a) This is essentially well known. The following explanations may be 
helpful. Consider for some ^ G C* a fiber Ff^{z) C The hypersurface 

Xt C P^ is the part in P^ of the closure of Ff^{z) C in U P”. 

Consider a tubular neighborhood T{Ff^{z)) of Xt in Ff^{z). There are canonical 
isomorphisms 

(7.10) - H^FfHzfiCh -> H^{T{Ft-\z)),C) H;-,^{Ft) 

The first is the extension to fiat sections, the last is a residue map and is the dual 
of a tube map. 

Consider a form uj G ^ ^ '^>{n-hi)ld (notation from chapter 6). 

The restriction of the form ^ to Ff^{z) is equal to because dFt A 

isu) = d ■ Ft ’ CO. The section z f^e bundle U; 2 eC* 

is fiat. 

Now Varchenko’s [Va] description of Steenbrink’s Hodge filtration F* on 
reduces here to the following: The space C is generated by such flat 

sections. 

In P^^+^ — (Ff^{z) U Xt) the set T{Ff~^{z)) can be deformed to a tubular 
neighborhood of Xt in P”^ — At. The bundle H'^{F'f^{z),C)i and the space 

H'^{¥n — Xt) glue to a flat bundle on P^ — {0}. The value in H^{¥^ — Xt) of a flat 
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section as above is just ; compare the proof of theorem 6.1. This reduces 

Varchenko’s to Griffiths’ description and shows (a). 

(b) This follows from part (a), theorem 5.6 and from the following nontrivial 
fact: the Probenius type structure on TM\mq for a Probenius manifold M in the- 
orem 7.2 corresponds by lemma 5.1 to a variation of filtrations and an opposite 
filtration which are up to the shift in (7.9) the variation of Hodge structures and 
an opposite filtration on UteMo 

This fact is a consequence of the construction of Probenius manifolds in [Hel, 
Theorem 11.1]. □ 



8. Barannikov— Kontsevich construction 

The Barannikov-Kontsevich construction was initiated in [BK] and further devel- 
oped in [Bal] [Ba2] . It yields for any Calabi-Yau manifold a family of formal germs 
of Probenius submanifolds. A central part of it is the construction of a semi- infinite 
variation of Hodge structures (defined in [Ba2]). This contains the variation of 
Hodge structures for complex structure deformations of the given Calabi-Yau man- 
ifold. Therefore it is not surprising that in the case of a Calabi-Yau hypersurface in 
certain submanifolds in the Barannikov-Kontsevich construction coincide with 
germs of the Probenius manifolds which one obtains from theorem 6.1 with theorem 
5.6. This will be made precise in theorem 8.1. All the results in this chapter are 
reformulations of results of Barannikov [Bal] [Ba2] . 

Let X be a compact Calabi-Yau manifold of dimension n — 1. Let us fix 
a holomorphic volume form O. Barannikov [Bal][Ba2] constructed a family pf 
formal germs (M, 0) of Probenius supermanifolds of dimension m := dim if* (X, C). 
Por each of them the tangent space TqM at 0 is isomorphic to 

* p 

( 8 - 1 ) H*{X,/\Tx) = Qh'^{X,/\Tx) 

P,Q 



with the canonical multiplication and with the Z 2 -grading {p -f- q) mod 2. If 
ti, ..., are fiat coordinates centered at 0 with ^|o ^ if^"(X, Tx) then 



(8.2) 






- Pi -Qi. d 
2 "dti 



is an Euler field of the Probenius supermanifold [Bal, 5.7]. Euler field and flat 
metric g satisfy UeE{g) = (3 - n)g and g{-^, = 0 for {pi + pj,qi + qj) ^ 

(n — 1, n — 1). 

This family of Probenius supermanifolds is parametrized by the set of opposite 
filtrations 1T<, to a Hodge filtration F-* on H*{X, C). These filtrations are defined 
as follows [Ba2, ch. 4 and 6]. Both respect the splitting 

(8.3) H*{X, C) = C) © C) 



and are indexed by half integers. The Hodge filtration is given by 
(8.4) := 0 HP’«(X) for r- € ^Z. 

p,g;p— g>2r 
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A j0.1tration W<^ is opposite if 

(8.5) = 0 J’-'Tl VK<^+i and 

rejz 

( 8 . 6 ) {F^^nW<r+i,F^'^nW<r+i) = 0 forr + r^^O. 

Here (,) is the Poincare pairing on H*{X^C). Let us denote these Probenius su- 
permanifolds for a moment by MBari^j W<^). 

^Prom now on we suppose that n > 4 and that A is a Calabi-Yau hypersurface 
in P^, that is, X = /“^(O) C P^ where / G C[xq^ ...^Xn] is homogeneous of degree 
n + 1 with an isolated singularity at 0. Then the cohomology H*(A, C) splits into 
two orthogonal pieces, 

(8.7) H*{X, C) = © 77”-i(X). 

As in chapter 5 the second piece Hp^^{X) C H'^~^{X) is the primitive part of the 
middle cohomology; with L as standard Lefschetz operator the first piece is 

n— 1 

(8.8) ffL^(X):=0L'=J7°(X,C). 

fc =0 

If n — 1 is odd then the splittings (8.3) and (8.7) coincide. Then an opposite 
filtration W<* for F-* induces an opposite filtration for F* := Hp~-^{X) 

by 

(8.9) C/p:=Ty<p_^ni7;,7i(X), 

and this gives a 1-1 correspondence between the opposite filtrations Um and the 
opposite filtrations PP<*. If n — 1 is even then JT*(A, C) = C). Then 

formula (8.9) gives a 1-1 correspondence between the opposite filtrations U. and 
those opposite filtrations W<m for F-* which respect the splitting (8.7). 

Let us fix for a moment an opposite filtration C/, for F* on H'!^~l^{X). Theorem 
6.1 and theorem 5.6 yield a germ (M',0) of a holomorphic Probenius manifold of 
dimension ml := dimiJp^'T^(A), which is unique up to multiplication of the metric 
by a scalar. Let E’ be its Euler field, T' G Om',o hs potential, and e' = ^ its unit 
field for suitable coordinates ti, 

The Probenius manifold can be extended in the following trivial way to a 
Probenius (super) manifold of dimension m. Consider C'^~^ with coordinates 
(ri, ..., Tm-m') of degree (n — 1) mod 2. Then the germ (M', 0) x 0) with 

potential 

^ m—m' 

(8.10) F ■.= F' F - y; + 

i=\ 

and Euler field 



( 8 . 11 ) 



m—m 

E — E'+ 

i=l 



3 — n d 



is a Probenius supermanifold for n — 1 odd and a Probenius manifold for n — 1 
even. We call it Mynsi^^ ^•)* contains the germ (M',0) x {0} as a Probenius 
submanifold. Por n — 1 odd this is the Probenius submanifold in [Man2, Theorem 
8.7.1]. The following theorem is essentially contained in [Bal, Theorem 6.5]. 
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Theorem 8.1. Let X CF'^ be a Calabi-Yau hypersurface with n > 4. 

Consider an opposite filtration Um for F* := on H^~^{X) and 

an opposite filtration TT<, for F-* on H*{X^C) which respects the splitting (8.7) 
if n — 1 is even. Then 

(8.12) MsariX, W<.) ^ MvHsiX, U.) 
if and only if (8.9) holds. 

Proof. For n — 1 odd MBar{X^W<m) is a formal germ of a Frobenius super- 
manifold with odd part corresponding to H^^j{X) and even part corresponding to 
n — 1 even ever 3 dhing is even. This follows from the discussion 
at the beginning of this chapter and from the isomorphisms /\^ Tx = and 

H^{X^/\^Tx) = which one obtains by contraction of the holomor- 

phic volume form O on X with holomorphic vector fields. 

The condition n > 4 asserts that H'^~^^^{X) C Hpfl^{X). Therefore a miniver- 
sal family Xt, t G Mo, of complex structure deformations of Xq = X is given by a 
family of homogeneous polynomials ft, t G Mq, as in chapter 6 with condition (6.2) 
and /o = /. 

By construction of MsariX, VF<.) there is a natural inclusion 

{Mo^O) G MBar{X,W<.) 

of formal germs (the formal germ (Mo,0) is called in [Ba2]). By lemma 4.4 
and lemma 5.1 one obtains on TMBar{X, W<«)|(Mo,o) a formal germ of a variation 
of filtrations with pairing and opposite filtration. 

The following fact is crucial: This structure is isomorphic to the restriction 
to the formal germ (Mq, 0) of the variation of filtrations F-*{Xt) on the bundle 
UtGMo H*{Xt,C) and the opposite filtration W<,. 

This fact is at the heart of Barannikov’s construction of semi-infinite variations 
of Hodge structures [Ba2, Theorem 4.2] and Frobenius manifolds. 

Now the case n — 1 odd is easy. The variation of filtrations F-*(Xt) and the 
opposite filtration W<. on UteMo correspond to the formal germ of the 

even Frobenius submanifold. By theorem 5.6 this germ must coincide with the germ 
(M',0) of the Frobenius manifold before theorem 8.1 for filtrations U. and VF<* 
with (8.9). Because of the degrees of the flat coordinates the extension with the 
odd part to a Frobenius supermanifold is rigid and is given by (8.10) and (8.11). 

The case n — 1 even is more difficult because the H^-generation condition does 
not hold for the variation of filtrations on UteMo H*(Xt, C). But a slightly weaker 
condition holds so that lemma 8.2 below applies. It shows that the variation of 
filtrations F-*{Xt) on UteMo H*{Xt, C) and any opposite filtration kF<. determine 
a unique holomorphic germ of a Frobenius manifold, whether IT<. respects the 
splitting (8.7) or not. It remains to see that precisely the filtrations kF<* which 
respect the splitting (8.7) lead to the Frobenius manifolds Mvhs{X^U.). 

One can go into the proof of lemma 8.2 and start there with vector fields 
and an index set I C {l,...,m} such that the isomorphism TqM — > 
H*{X,C) maps 6i into for i G J and into for i i I. Then 

one has to check that in the case of a filtration W<m which respects the splitting 
(8.7) 

(8.13) 



a^j = 0 for di = 0, j G I 
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holds. Going through the induction in the proof of lemma 8.2 one finds that (8.13) 
holds for all i ^ / U {1}, j G I and that a^j is constant for i, j G I. Then the flat 
submanifold {t E M | = 0 for i G 1} is a Probenius submanifold, and the whole 

Probenius manifold is MvHsiUm)- Q 

One can generalize theorem 5.6 by relaxing the If ^-generation condition slightly. 
The next lemma formulates the part of this generalization which is needed in the 
proof of theorem 8.1. It was already used in the proof of [Bal, Theorem 6.5]. 



Lemma 8 . 2 . Consider a germ of a Probenius manifold ((M, 0 ),o,e,I?, 5 f) with 
a weight w G N >3 and all properties in definition 5.4 except the -generation 
condition, which is replaced by the weaker condition (II)’ on the graded algebra 

n— 2 

(8.14) TqM = 0(ToM)p with 

p=0 

(ToM)p := ker(VS£;-(l-p)id:ToM^roM). 

(II)’ (ToM)i generates multiplicatively a subspace of TqM which contains 

0 (ToM)p. 

p<{w—2)/2 

Define Mq := {t e M \ E\t = 0}. 

The germ of a Probenius manifold is uniquely determined by the induced Probe- 
nius type structure (see lemma 4-4) on TM\mq together with e|o G TqM. 

Proof. Choose flat coordinates ti, ...,tm on (M, 0) with vector fields 
such that 

m 

(8.15) E = Y,i-di)USi 

i=l 

with di = —1, = 6,^2 = ... = dmo+i = 0, di > 0 for z > mg + 1. Then 

Mo = {t e M \ ti = 0 foi di ^ 0}. Define matrices Ai = G M{m x m, Om,o) 
for z = 1 , ...,m by 



(8.16) 

Then 

(8.17) 

(8.18) 

(8.19) 



li 


E 

k 




AiAj 


— 


AjAi 


Oil 


= 


^ik-) 


a^j 


_ 





and the potentiality condition is equivalent to 



(8.20) SiAj = SjAi. 

Especially 5iAj =0 for all z. Denote for w G Z>o 

(8.21) 0{M)^ := {/ e OmoAU \di>0]\Ef = -wf}, 

(8.22) M{w) ;= M{m x m,0{M)^), 

(8.23) M{>w) := 0M(fc). 

k>w 
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Then U G 0{M)di for i >2. The condition Lie£;(o) = o together with (8.15) shows 

(8.24) 

It is not hard to see that the Probenius type structure on TM\mq and e|o G TqM 
provide after some choice the matrices A{ mod M(> 0) with di = 0 and the 
coefficients g{6i,Sj) G C of the metric for all i,j. As in lemma 2.9 one has to 
recover all the matrices Aj in order to uniquely determine the Erobenius manifold. 
Again this will be done inductively. 

Induction hypothesis for re G Z: one has determined the matrices Ai mod M(> 
w) for di = 0 and Aj mod M(> w — 1) for dj > 0. 

Induction step from w to w 1: It consists of two steps. 

(i) Determine the matrices Aj mod M{> w) for dj >0. 

(ii) Determine the matrices Ai mod M{> w A 1) for = 0. 

(i) The weakened generation condition (II)’ together with (8.24) shows that one 
obtains from the matrices Ai mod M{> w) with = 0 and from the matrices Aj 
mod M{> w — 1) the matrices Ak mod M(> w) for k with k < Because of 
(8.19) the only unknown coefficients of the matrices Ak mod M(> w) for k > 

are those coefficients with di > Because of (8.24), in the case dk+di = w—2 
they are constant and determined by g{Sk^Si)^ in the case dk + di > w — 2 they 
vanish. 

(ii) Similarly to step (hi) in the proof of lemma 2.9 one uses (8.20) in the form 

(8.25) Sj{Ai mod M{> w A 1)) = Si{Aj mod M(> w Al — dj)) 

for di = 0, dj >0. □ 

Remark 8.3. The proof of theorem 8.1 contains the three statements: forn — 1 
even any Frobenius manifold Msari^j is a holomorphic germ of a Probenius 
manifold; it is uniquely determined up to a scalar of the metric by the variation of 
nitrations F-* and the opposite filtration W<. on UteMo H*{Xt,C); it contains a 
Probenius submanifold with tangent space at 0 isomorphic to C C) = 

TqM precisely if the filtration 1T<, respects the splitting (8.7) 
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Discrete torsion, symmetric products and the Hilbert scheme 

Ralph M. Kaufmann* 



Introduction 

Recently the understanding of the cohomology of the Hilbert scheme of points 
on K3 surfaces has been greatly improved by Lehn and Sorger [18]. Their approach 
uses the connection of the Hilbert scheme to the orbifolds given by the symmetric 
products of these surfaces. We introduced a general theory replacing cohomol- 
ogy algebras or more generally Probenius algebras in a setting of global quotients 
by finite groups [14]. This is our theory of group Probenius algebras, which are 
group graded non-commutative algebras whose non-commutativity is controlled by 
a group action. The action and the grading turn these algebras into modules over 
the Drinfel’d double of the group ring. The appearance of the Drinfel’d double is 
natural from the or bifold point of view (see also [17]) and can be translated into the 
fact that the algebra is a G-graded G-module algebra in the following sense: the G 
action acts by conjugation on the grading while the algebra structirre is compatible 
with the grading with respect to left multiplication (cf. [16, 20]). 

In the special case of the symmetric group, we recently proved existence and 
uniqueness for the structures of symmetric group Probenius algebras based on a 
given Probenius algebra [15], providing explicit formulas for the multiplication in 
the algebra. 

This uniqueness has to be understood up to the action of two groups of sym- 
metries on group Probenius algebras called discrete torsion and super- twisting [16]. 
The set of G-Probenius algebras is acted upon by both of these groups. This action 
only changes some defining structures of a Probenius algebra in a projective manner 
while keeping others fixed. 

Applying this result to the global orbifold cohomology of a symmetric product, 
where there is a canonical choice for the discrete torsion and super- twists, we obtain 
its uniqueness. 

Our latest results on this topic [16] explain the origin of these discrete degrees 
of freedom. In the special case of the Hilbert scheme as a resolution of a symmetric 
product the choice of sign for the metric specifies a discrete torsion cocycle that in 
turn changes the multiplication by a much discussed sign. 

Assembling our results which we review we obtain: 

* Partially supported by NSF grant #0070681. 
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Theorem. T/ie cohomology of the Hilbert scheme of n~points for a K3 

surface, is the §n invariant part of the Sn-Frobenius Algebra associated to the sym- 
metric product of the cohomology of the surface twisted by a discrete torsion. Or 
in other words the unique Sn~Frobenius Algebra structure for the extended global 
orbifold cohomology twisted by the specific discrete torsion which is uniquely de- 
termined by the map of [18]. In general, the sequence of spaces Hilb^'^^ gives rise 
to the twisted second quantization of the underlying surface on the cohomological 
(motivic) level. 

Here the term associated refers to the uniqueness result of [15] stated above. 

This result follows from a series of considerations which we will review. The 
logic is roughly as follows: 

The theoretical background for our considerations was first presented at [13] 
and is given in [14] where we showed that the algebras arising from the “stringy” 
study of objects with a global action by a finite group are so-called G-Probenius 
algebras. These algebras are non-commutative group graded extensions of their 
classical counterpart, Probenius algebras, which arise for instance in the study of 
manifolds as cohomology algebras and in the study of singularities with an isolated 
critical point as a Milnor ring. A G-action by automorphisms is part of the data of 
a G-Probenius algebra and taking invariants under this action yields a commutative 
algebra. 

Given an object, such as a manifold, together with a finite group action and a 
functor, such as cohomology, one would like to augment this functor to take values 
in G-Probenius algebras. The underlying additive structure of the G-Probenius 
algebra is given by evaluating the functor on each fixed point set for each group 
element and forming the direct sum. This yields a collection of Probenius algebras, 
one for each group element. The Probenius algebra for the identity element is the 
Probenius algebra associated to the object itself and is called the identity sector. Por 
the other algebras, called twisted sectors, we only retain their structure as modules 
over the identity sector, together with their pairings - the module structure over 
the identity sector being induced by inclusion maps. Purthermore, there is a G 
action on the identity sector. 

Any “stringy” extension of the original functor will respect these structures, 
and add a group graded multiplication and a group action by automorphisms on the 
whole algebra which is compatible with the group action on the identity sector. 

It is possible to classify all such “stringy” extensions in the special case when all 
the twisted sectors are cyclic modules over the identity sector. Such G-Probenius 
algebras are called special. The classification is in terms of group cohomological 
data as shown in [14] . The cyclicity condition is met in the situation of singularities 
with an isolated critical point at zero as well as for symmetric products which are 
the global quotient of the n-th power by the nth symmetric group Sn- Por the 
nth symmetric product of an object the untwisted sector is the nth tensor power 
of the Probenius algebra of this object, while the twisted sector for a permutation 
is again a tensor power of the Probenius algebra of this object, but to the power 
of the number of cycles in the permutation. It can be checked that these twisted 
sectors are indeed cyclic. 

Imposing the cyclicity condition (i.e. restricting to special Sn Probenius algebra) 
and an additional grading condition it is possible to make the classification concrete. 
The additional grading condition is satisfied in the case of symmetric products. 
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First, we showed in [15], if such a structure exists it is essentially unique. 

This uniqueness is essential in the following sense: as explained in [16] given 
one “stringy” extension of the data considered above, it is possible to produce 
another extension with the use of a group cocycle in Z‘^{G^k*). In the setting of 
super (Z/2Z-graded) algebras, we can also produce yet another extension for each 
element of Hom(G, Z/2Z). These twists of the original extension can be achieved 
via a tensor product with a twisted group ring or a super-graded group ring [16]. 
This yields an action of both groups Z‘^{G^ k*) and Hom(G, Z/2Z). These actions 
are called discrete torsion and super twist, respectively. Thus essentially unique 
means unique up to the action of these two groups. 

Second, in the case of symmetric products, the unique structure exists, as we 
showed in [15]. There is also a canonical choice of an initial algebra structure upon 
which discrete torsion and super-twists act. 

The proof of existence relies on a general formalism which makes use of the 
fact that in a setup such as a manifold with a finite group action, we can also 
regard the fixed point sets of all subgroups generated by several elements of the 
group. These fixed point sets are then the intersection of the fixed point sets for the 
individual generators. The general setting in which this is possible is the setting 
of intersection G-Probenius algebras. In this framework, one can show that the 
multiplication factors through double intersections while the associativity equation 
is to be checked on triple intersections. 

In the case where one is considering the symmetric product of a manifold, the 
canonical non-commutative structure coincides with the one found by [10] and 
its commutative invariants are those of the Chen-Ruan orbifold cohomology as 
calculated in [21]. Notice that our uniqueness result makes no reference to any 
space of maps or to any specific “stringy” extension, but only depends on the 
algebraic structure and is thus common to all “stringy” extensions. 

Another non-commutative “stringy” multiplication based on the additive data 
underlying symmetric products was given in [18] in their consideration of Hilbert 
schemes of K3 surfaces. By our result this has to be related to the one stemming 
from symmetric products by either a twist by discrete torsion or a super-twist. 
Indeed there is a twist by discrete torsion, which produces the algebra of [18]. 
This discrete torsion cocycle is actually trivial on the level of cohomology, but 
naturally induces a sign change for the multiplication and the metric which is given 
in [18] on the level of group invariants. Prom our considerations of the action of 
discrete torsion [16] this cocycle is actually already fixed by the choice of sign for 
the metric, which by geometric reasoning (resolution of A 2 singularities) has to be 
negative definite. 

Lastly, the family of multiplications found in [19] can be identified as the family 
of arising from twisting with discrete torsion cocycles which preserve the grading 
condition. 

The paper is organized as follows: In §1 we present the general functorial setup 
for extending functors to Probenius algebras to those with values in G-Probenius 
algebras. §2 contains the basic definitions of G-Probenius algebras and special G- 
Probenius algebras [14], for which the possible extensions are classifiable in terms of 
group cohomological data. In §3 we introduce intersection Probenius algebras which 
are adapted to the situation in which one can take successive intersections of fixed 
point sets. This structure is needed in order to show the existence of symmetric 
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products and in general it is shown how in such a situation the multiplication can 
be defined via double intersections while the associativity equations are naturally 
given by total symmetry in the triple intersection. §4 reviews our analysis of discrete 
torsion [16]. §5 recalls our results on the structure of Sn-Frobenius algebras [15] 
and contains the existence and uniqueness statements. §6 assembles these results in 
the case of any Sn-Frobenius algebra twisted by a specific discrete torsion uniquely 
determined from the map [18]. This result applied to the situation of the Hilbert 
scheme yields the theorem above. 



Notation 

For the remainder of the paper G is a fixed finite group and is a field of 
characteristic 0. 
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1. Punctorial setup 

1.1. General background. We will consider objects X together with the ac- 
tion of a finite group G. In this situation, one would classically study the invariants 
or the quotient of A by G. In stringy geometry for global quotients, however, it is 
the aim to enlarge this picture to consider the fixed point sets for all group elements, 
together with an induced G action on them. Here G acts on the fixed point sets by 
conjugation of the group elements labelling the fixed point sets. The classical part 
is then represented by X considered as the fixed point set of the identity in G and 
the G action on this fixed point set. 

In particular, classical functors such as cohomology which takes values in Frobe- 
nius algebras should have an augmented counterpart including the information 
about all the fixed point sets. The augmented functors should take values in G- 
Frobenius algebras as defined in [14]. 

Physically this can be seen as the transition from topological field theory (TFT) 
to a finite gauge group TFT (see [9, 8, 14]). 

The functorial setup of extending from functors with values in Frobenius alge- 
bras to those with values G Frobenius algebras in the following: 

Let TIZOB be the category of Frobenius algebras, whose objects are Frobenius 
algebras and morphisms are maps which respect all the structures. 

Definition 1.1. A G~category is a category C where for each object X € Ob{C) 
and each g E G there exists an object X^ and a morphism ig E Hom(X^,X) with 
X^ = X and ie = id and there are isomorphisms E Hom(Y^,X^ ). 

We call a category a G intersection category if it is a G category and for 
each pair (g^h) E G x G and object X E Ob{C) there are isomorphisms if E 
Rom{{XBf, (X'^y) and morphisms € Hom((X9)^, 
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A G -action for a G -category is given by a collection of morphisms (pg{X, h) G 
) which are compatible with the structural morphisms and satisfy 
4>giX,g’hg'-^)4>g-{X,h) = <l>gg-{X,h). 

1.2. Examples. Examples of an intersection G-category with G-action are 
categories of spaces equipped with a G-action whose fixed point sets are in the same 
category. Actually this is the category of pairs (A, F) with X say a smooth space 
with a G-action and Y a subspace of X. Then (X, F)^ := (X, F fl Fix(g^X)) 
with Fix{g),X denoting the fixed points of p G G in X, and ig = {id,Lg) with 
Lg : Y n Fix{g) — > F) being the inclusion. It is enough to consider pairs (X, F) 
where F C X is the set fixed by a subgroup generated by an arbitrary number of 
elements of G: H := {gi, ^ gk) 

We could also consider the action on the X^ to be trivial and set (X^)^ := X^. 
This will yield a G-category. 

Also the category of functions / : ^ C with an isolated singularity at 0 

together with a group action of G on the variables induced by a linear action of 
G on the linear space fixing the function is an example of a G-category. This is 
a category of triples (C’^,/ : C),p G Hom(G, GL(n)) such that / has an 

isolated singularity at zero and /(p(z)) = /(z) for z G with morphisms being 
linear between the linear spaces such that all structures are compatible. The functor 
under consideration is the local ring or Milnor ring. Again we set (X^)^ := X^. 

Here the role of the fixed point set is played by the linear fixed point set and the 
restriction of the function to this fixed point set (cf.[14]). Again we can consider 
pairs of and object and a subobject as above in order to get an intersection G- 
category. 

Our main examples are smaller categories such as a global or bifold. As a G 
category, the objects are the fixed point sets of the various cyclic groups generated 
by the element of G and the morphisms being the inclusion maps. Again we set 
(X^)^ := X^. For a global or bifold, we can also consider all fixed point sets of 
the groups generated by any number of elements of G as objects together with the 
inclusion maps as morphisms. This latter will render a G-intersection category. 

The same is true for isolated singularities. Here the objects are the restriction 
of the function to the various subspaces fixed by the elements of g together with 
inclusion or for the G-intersection category we consider all intersections of these 
subspaces together with the restriction of the function to these subspaces as objects, 
again with the inclusion morphisms. 

1.3. The classification/reconstruction program. Given a functor to Probe- 
nius algebras (like cohomology), we would like to find its stringy counterpart for 
global quotients. 

Now, suppose we have a G-category C and a contravariant functor T from C to 
TVJDB. In this setting there might be several schemes to define a “stingy geometry” 
by augmenting the functor to take values in G-Probenius algebras. But all of 
these schemes have to have the same additive structme provided by the “classical 
or bifold picture” (see 1.3.1) and satisfy the axioms of G-Probenius algebras (see 
§2). Purthermore there are more structures which are already fixed in this situation, 
which is explained below. These data can sometimes be used to classify the possible 
algebra structures and reconstruct it when the classification data is known. In the 
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case of so-called special G-Probenius algebras a classification in terms of group 
cohomology classes is possible. 

There are some intermediate steps which contain partial information that have 
been previously considered, like the additive structure, dimensions etc., as discussed 
in 1.3.1. 

1.3.1. The “classical orbifold picture”. Now, suppose we have a G-category 

C and a contravariant functor T from C to TUDB^ then for each X G 06(C), we 
naturally obtain the following collection of Probenius algebras: : g £ G) 

together with restriction maps Vg = : T{X) i-> 

One possibility is to regard the direct sum of the Probenius algebras Ag := 

T{X9), 

The first obstacle is presented in the presence of a grading, say by N, Z or Q; 
as it is well known that the direct sum of two graded Probenius algebras is only 
well defined if their Euler dimensions (cf. e.g. [16]) agree. This can, however, be 
fixed by using the shifts discussed in 2.6. If the grading was originally in N 
these shifts are usually in |N, but in the complex case still lie in N. 

Purthermore, if we have a G-action on the G category, it will induce the struc- 
ture of a G-module on this direct sum. 

Each of the Probenius algebras Ag comes equipped with its own multiplication, 
so there is a “diagonal” multiplication for the direct sum which is the direct sum 
of these mult iphcat ions. 

Using the shift s'*" it is possible to define a “classical theory” by considering the 
diagonal algebra structure and taking G-invariants. This is the approach used in 
[2], [22] and [1]. The paper [2] shows that this structure describes the G-equivariant 
rather than the G-invariant geometry. 

One can of course forget the algebra structure altogether and retain only the 
additive structure. This was done e.g. in [24] in the setting of V-manifolds (i.e. 
orbifolds). Concentrating only on the dimensions one arrives for instance at the 
notion of “stringy numbers” [3]. 

1.3.2. The “stringy orbifold picture”. The “diagonal” multiplication is 
however not the right object to study from the perspective of “stringy geometry” 
or a TPT with a finite gauge group [14, 4]. The multiplication should rather be 
G-graded, i.e. map Ag ^ Ah Agh- We call such a product “stringy” product. 

Here the natural question is the following: 

Question 1.2. Given the additive structure of a G -Probenius algebra, what are 
the possible “stringy” products? 

A more precise version of this question is the setting of our reconstruction 
program [15, 16]. 

1.3.3. The G-action. One part of the structure of a G-Probenius algebra is 
the G-action. If the G-category is already endowed with a G-action, we can use it 
to reconstruct the G-action on the G-Probenius algebra, which in turn limits the 
choices of “stringy” products to those that are compatible with it. 

1.3.4. Invariants. By definition G-Probenius algebras come with a G action 
whose invariants form a commutative algebra. Due to the nature of the G ac- 
tion this commutative algebra is graded by conjugacy classes, and under certain 
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conditions the metric descends and the resulting algebra is again Probenius. The 
induced multiplication is multiplicative in the conjugacy classes and we call such a 
multiplication commutative “stringy” . 

1.3.5. Examples. Examples of commutative “stringy” products are or bifold 
(quantum) cohomology [4]. For cohomology of global orbifolds it was shown in 
[10] and recently in [11] that there is a group graded version for global orbifold 
cohomology which has the structure of a G Probenius algebra, as we had pre- 
viously postulated [13]. For new developments on quantum deformations of the 
G-Probenius algebras see [11]. 

1.3.6. Special G-Frobenius algebras. The special reconstruction data re- 
flects this situation in the case that the Ag algebras are cyclic Ae modules. This 
is a restriction which leads to an answer in terms of cocycles for a large class of 
examples. This class includes all Jacobian Probenius algebras as well as symmetric 
products and special cases of geometric actions on manifolds (were the cohomology 
of the fixed point sets is generated by restriction from the ambient space) . 

The general idea can be generalized to the non-cyclic case, although computa- 
tions get more involved. 

Definition 1.3. Given a G-category C, we call the tuple {X^) : g E G a 
G-collection. 

The category of G-collections of a G-category is the category whose objects 



are G-collections and whose morphisms are 


collections of morphisms (/^) s.t. the 


diagrams 








X9 li. 


X 




IP 


U 




ya h 


Y 


commute. 







Definition 1.4. A G-Frobenius functor is a functor from the category of G- 
collections of a G-category to G-Frobenius algebras. 

1.4. Reconstruction/classification. The main question of the reconstruc- 
tion/classiflcation program is whether one can extend a functor from a G-category 
C to Probenius algebras to a G-Probenius functor, and if so how many ways are 
there to do this. 

One can view this as the analogue of solving the associativity equations for gen- 
eral Probenius algebras. Some of the solutions correspond to quantum cohomology, 
some to singularities, etc. and maybe others to other “string” -schemes. The struc- 
tures of possible “stringy” products provide a common approach. The systematic 
consideration of all possible products confines the choices of string equivalents of 
classical concepts and allows to identify divers approaches. 

The answer to the main question of reconstruction/classification can be an- 
swered in the special case where all of the twisted sectors are cyclic in terms of 
group cohomological data (see below). This is the content of the Reconstruction 
Theorem of [14] . 

The consequences are sometimes quite striking as in the case of symmetric 
products, where there is only one possible “stringy” orbifold product. 

The restrictions on the possible multiplicative structures are even stricter if one 
is considering data stemming from a G-intersection category. 
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2. G— Frobenius algebras 

We fix a finite group G and denote its unit element by e. We furthermore fix 
a ground field k of characteristic zero for simplicity. With the usual precautions 
the characteristic of the field does not play an important role and furthermore the 
group really only needs to be completely disconnected. 

Definition 2 .1. A G-twisted Frobenius algebra — or G-Frobenius algebra for 
short — over a field k of characteristic 0 is < G, A, o, 1 , 77 , X where 
G finite group 

A finite dim G- graded k -vector space 
A = Qg£cAg 

Ae is called the untwisted sector and 

the Ag for g ^ e are called the twisted sectors. 

0 a multiplication on A which respects the grading: 
o : Ag 0 Ah — > Agh 

1 a fixed element in Ae -the unit 
r] non- degenerate bilinear form 

which respects grading i.e. rj\Ag0Ah ~ 0 unless gh = e. 

(p an action of G on A (which will be by algebra automorphisms), 
if G Hom(G, Aut(A)), s.t. <Pg{Ah) C Aghg-i 
X u character x ^ Hom(G, k*) 

Satisfying the following axioms: 

Notation: We use a subscript on an element of A to signify that it has ho- 
mogeneous group degree -e.g. ag means Og G Ag- and we write Pg := p{g) and 

Xg — x{g)- 

a) Associativity 

{og o Oh) oak = UgO {ah o Ok) 

b) Twisted commutativity 

Ojg O Oh — Tg^Uh) ^ Ug 

c) G Invariant Unit: 

lo Og = Og Ol = Og 

and 

^s(l) = 1 

d) Invariance of the metric: 

rj{ag, Oh o Ok) = rj{ag o ah, ak) 

i) Projective self -invariance of the twisted sectors 

V>g\^g = Xg^id 

ii) G -Invariance of the multiplication 

(Pk{ag o ah) = (Pk{ag) o (pk{ah) 

iii) Projective G -invariance of the metric 

‘Pgi'n) = Xg'^v 

iv) Projective trace axiom 

Vc G Ay^h] und Ic left multiplication by c: 

XhTr{lc(ph\A,) = Xfl-iTr(¥>s-i^cUJ 

2.1. Remark. In the case of trivial characters the notion of G-Frobenius al- 
gebras has appeared also under the name of group-crossed algebras in [23], where 
they appeared from the point of view of homotopy field theory. 
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2.2. G— graded tensor product. Given two G-Probenius algebras 

(G, A, 0,1, V, <P, X) and (G, A!, o', l', r?', ip', x') 

we defined [14] their tensor product as G-Probenius algebras to be the G-Probenius 
algebra 

(G, ® ° ® 1 ® 1', ® v', <P®p',X® x')- 

We will use the short hand notation A^A' for this product. 

For the program outlined in §1 the following data is the starting point in order 
to construct a G-Probenius algebra. 

Definition 2.2. A reconstruction data is collection of Frohenius algebras 

(Ag, TJg, Ig) Q £ G 

together with maps of algebras rg : Ae Ag, isomorphisms 'ijjg : Ag^Ag-i and a 
G-action (p on Ae- 

In general, we would like to find the G-Probenius algebra structures compatible 
with these data. For many purposes such as symmetric products it is however 
enough to restrict to a more specialized situation. 

2.3. Special G— Probenius algebras. We briefiy review special G-Probenius 
algebras. For this class of algebras which include the algebras having their origin 
in singularities with isolated singularities and symmetric products a classification 
of all possible stringy multiplications is possible in terms of group cohomological 
data. For details see [14, 15]. 

Definition 2.3. We call a G-Frobenius algebra special if all Ag are cyclic Ae 
modules via the multiplication Ae® Ag — ^ Ag and there exists a collection of cyclic 
generators Ig of Ag such that p>g{lh) = ^g,h^ghg-'^ pg^h € 

The last condition is automatic, if the Probenius algebra Ae only has k* as 
invertibles, as is the case for cohomology algebras of connected compact manifolds 
and Milnor rings of quasi-homogeneous functions with an isolated critical point at 
zero. 

Fixing the generators Ig we obtain maps rg : Ae Ag by setting r^(ue) = aelg. 
This yields a short exact sequence 

(2.1) o-,ig^Ae^Ag^O 

It is furthermore useful to fix a section ig of r^. 

We denote the concatenation TTg ig org. 

Definition 2.4. A special G reconstruction datum is a collection of Frobenius 
algebras {Ag,rjg, Ig) : g e G together with an action of G by algebra automorphisms 
on Ae and the structure of a cyclic Ae module algebra on each Ag with generator 
Ig such that Ag and A~^ are isomorphic as of Ae modules algebras. 

Definition 2.5. Given a Frobenius algebra Ae and a collection of cyclic Ae~ 
modules Ag : g £ G a graded cocycle is a map j : G x G Ae which satisfies 

l{g, hhigh, k) = x{g, hk)x{h, k) mod Ighk 

Such a cocycle is called section independent if 

{Ig + Ih)^{g^ h) C Igh 
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Two such cocycles are considered to be the same if'j{g,h) = 'j'ig^h) mod Igh 
and isomorphic, if they are related by the usual scaling for group cocycles. 

Given non-degenerate parings rjg on the Ag, a cocycle is said to be compatible 
with the metric, if 

rgiW 

where f is the dual in the sense of vector spaces with non-degenerate metric. 

We will again use the notation ^g^h •= 1 { 9 ih). 

2.4. Special G— Probenius structure in terms of the cocycles. Fixing a 
cyclic generator Ig £ Ag, a special G-Probenius algebra is completely character- 
ized by two cocycles: 7 a section independent graded cocycle compatible with the 
metric and ip G Z^{G,k*[G]) where /c*[G] is the group ring restricted to invertible 
coefficients with G-module structure induced by the adjoint action: 

'A(fi') • = ^9hghg~^ 

h h 

The multiplication and G-action on the generators defines these cocycles. Set 
Igflh, — ^Qjh^gh Tgi^h) — Tg,h^ghg~~^ 

Defining (p{g) := J2hTg,hghg~^ and 'y{g,h) := jg^h we obtain the desired 
cocycles. 

The section independence follows from the fact that 

{Ig + Ih)'yg,h^gh = {Ig + Ih)^g^h = 0 

In general, the multiplication is thus given by 

( 2 . 2 ) O'gbh = igiOjg^ihibhf'^g^hXgh 

for any choice of sections ig. 

The cocycles furthermore satisfy the following two compatibility equations: 

(2.3) Tg.hlghg-'^ ,g — lg,h 
and 

(2.4) Tk,gTk,h'Jkgk-^ ,khk~'^ ~ Tk{^g,h)Tk,gh 

which follow from the twisted commutativity and the fact that (p acts by automor- 
phisms. 

2.4.1. Remark. Notice that if 'jg^h is non-zero i.e. AgAh ^ 0 then (2.3) 
determines ipg^h^ We also would like to remark that if AgAhAk 7 ^ 0 (2.4) follows 
from (2.3) (cf. [14]). 

Definition 2.6. We call a pair of a section independent cocycle and a non- 
abelian cocycle compatible if they satisfy the equations (2.3) and (2.4) • 

Theorem 2.7. (Reconstruction) Given a special G reconstruction datum the 
structures of special G-Frobenius algebras are in 1-1 correspondence compatible 
pairs of a graded, section independent G 2-cocycle with values in Ae that is com- 
patible with the metric and a non-abelian G 2-cocycle with values in K*. Satisfying 
the following conditions: 

i) ^s.s = Xp 
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ii) T]eiy:>g{a), ipg{b)) = Xg b) 

iii) The projective trace axiom Vc G and Ic left multiplication by c: 

(2.5) XhT^ilcV’hUg) = Xg-iTr((pg-i/cUJ 

2.5. Remark. Changing the cyclic generators by elements of A:* leads to iso- 
morphic G-Probenius algebras and to cohomologous cocycles 7, (p in Z‘^{G, Ae) and 
Z^{G,k*[G\). 

2.6. Grading and Shifts. Consider the graded version for Probenius alge- 
bras, where each Probenius Ag algebra comes naturally graded, e.g. by cohomo- 
logical degree or weight in the case of a quasi-homogeneous isolated singularity. 
Usually this grading takes values in Q. In this case the metric is also of a fixed 
degree, e.g. the dimension or the highest weight in the Milnor ring. 

Then each Ag is graded as well. We denote the degree of the pairing rjg by dg 
and also use the shorthand notation d de- 

2.6.1. Remark. It is well known that the direct sum of graded Probenius 
algebras is a graded Probenius algebra only if the degrees match (see e.g. [14]). 

2.6.2. The shifts. Prom the previous Remark it follows that in order to form 

the sum A := need to shift the degrees of the elements of Ag at least 

uniformly, i.e. if an element Og in Ag has degree deg(a^) we assign to it the new 
shifted degree deg^(a^) = deg(a^) -h Sg. 

This observation does not fix the shifts uniquely. Let us denote the shift in 
degree of Ag by Sg and set 



Then 



Sg Sg -p S^-1, Sg Sg 



•= d — dg 

for the grading reasons mentioned above. 

The shift s~ is not fixed, however, there is a standard choice provided there 
exists a canonical choice of linear representation of G. 



Definition 2.8. The standard shift for a G-Frohenius algebra with a choice of 
linear representation p : G GLn{k) is given by 

Sg d dg 

and 



Sg := ^tr(log(^)) - tr(log(5 ^)) := ’')) 



27ri 









where the Xi{g) are the logarithms of the eigenvalues of p{g) using the branch with 
arguments in [0,27t) i.e. cut along the positive real axis. 



In total we obtain: 
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2.6.3. Remark. This grading having its origin in physics specializes to the 
so-called age grading or the orbifold grading of [4] in the respective situations. 

2.7. Super-grading. We can enlarge the framework by considering super- 
algebras rather than algebras. This will introduce the standard signs. 

The action of G as well as the untwisted sector should be even. The axioms 
that change are 

b*^) Twisted super-commutativity 

ag o ah = (Pg{ah) o ag 

iv^) Projective super-trace axiom 

Vc € A[g^h] Q-nd Ic left multiplication by c: 

XhSTr{lc(phUg) = x^-iSTr((^^-iZcUJ 
where STr is the super-trace. 

Here we denoted by a the Z/2Z degree of a. 



3. Intersection G— Frobenius algebras 

We will now concentrate on the situation of functors from G-intersection cat- 
egories to Frobenius algebras. 

Given a G-class in such a category a functor to Frobenius algebras will provide 
the following structure which reflects the possibility to take fixed point sets itera- 
tively. Say we look at the fixed points with respect to elements 5 ^ 1 , . . . ,^n- These 
fixed point sets will be invariant under the group spanned by the elements , . . . , pn 
and they are just the intersection of the respective fixed point sets of the elements 
Qi. The underlying spaces are therefore invariant with respect to permutation of 
the elements and if g appears twice among the gi then one can shorten the list 
by omitting one of the gi. Also if a list gi includes g~^ we may replace it by g. 
Finally, the fixed point set under the action of the group generated by two elements 
g and is a subset of the fixed point set of the group generated by their product 
gh. Translating this into the categorical framework, we obtain: 



Definition 3.1. A G -intersection Frobenius datum of level k is the following: 
For each collection (^'i, . . . ,p'n) “^ith n < k of elements of G, a Frobenius algebra 
the following maps: 

Isomorphisms 

for each cr € Sn called permutations. 

Isomorphisms 



9i 



)9ii---i9n 
)9i ^•••>9n 



:A 



9i,---,9i,---,9i 



A 



'91, 



;9n 



commuting with the permutations. 

Morphisms 

^9i ,-‘-,9i,”',9n . A ^ y A 

' 9l,---,9i,---9n ' ^9l,--’,9i,---,9n ^ ^9i,-;9n 

commuting with the permutations. (Here the symboV is used to denote omission.) 
Isomorphisms 



'9i,...9,...,9,...,9n .A A 

' ^9i,--,9,-,9,---,9n ^ ^gi,...g,...,g,...,gn 

commuting with the permutations. 
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And finally morphisms: 



rpQ\ ^ ^ • iQn . A 



A 



9U---y9i^9i+l^---':9n 



commuting with the permutations. 

If this data exists for all k we call the data simply G -intersection Frobenius 
datum. 



3.1. Notation. We set := ^ ' '^'^91 we set Igi,...,g^ := 

Kei{rg^^,,,^g^). Notice that this definition of Isy,.. ,^g^ is independent of the order of 
the Qi. 

Definition 3.2. An intersection G-Frobenius algebra of level k > 2 is an 
intersection G-Frobenius datum of level k >2 together with a G-Frobenius algebra 
structure on A:=®A,. 

An intersection G-Frobenius algebra of level k >2 is called special, if all of the 
-^ 91 , ■•■ 9 n cyclic Ae module algebras generated by the 

3.2. Remarks. 

1) In order to (re)-construct a suitable multiplication on 0^^ it is often 
convenient to use the double and triple intersections (i.e. level 3). Where 
the double intersection are used for the multiplication and triple intersec- 
tions are used to show associativity. 

2) We can use the double intersections to define G-Probenius algebras based 
on each of the Ag i.e. on ®hez{g) ^ 9 ,h each fixed p-where Z{g) denotes 
the centralizer of g. 

Definition 3.3. A G-action for an intersection G-Frobenius datum of level k 
is given by a collection of morphisms 

^9^^9ly-y9n1^) ^ > • • • jfl'n 5 , . . . , C^n ,5^9“ ^ ) 

which are compatible with the structural homomorphisms and satisfy 

^ 9 (^ 91 , ■■■,9n^ 9 ^9 )^9'i^9ly-,9n^^) ~ ^99' (^9l y - ,9n ^ 

Definition 3.4. We call an intersection G Frobenius datum a special G inter- 
section Frobenius datum datum, if all of the are cyclic Ae module algebras 

via the restriction maps such that the Ae module structures are compatible with the 
restriction morphisms r. Here the generators are given by ^51,..., ^^(1) 
module structure is given by a • b := Tg^^,,,^g^{a)b. 

3.3. Remark. In the case of special intersection G-Probenius algebras, there 
are two ways to look at the multiplication. One way is to use the restrictions Vg and 
sections ig to define the multiplication as discussed in §2.4. A second possibility is 
to use the intersection structure. This can be done in the following way: first push 
forward to double intersections, second use the Probenius algebra structure there to 
multiply, then pull the result back up to the invariants of the product, but allowing 
to multiply with an obstruction class before pulling back. This is discussed below 
in §3.4. 

The precise relation between the two procedures is given by the following Propo- 
sition and 2.2. 
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Proposition 3.5. [15] Given a special G intersection algebra datum (of level 
2), the following decomposition holds for section independent cocycles 7 : 

( 3 . 1 ) rgh (- ig , h ) = 

for some section ig^h of Vg^h, %,h G {Ag,hY , ig,h G ig,h){Ag,h) of degree e. and 
ith '■= Here e = Sg + sh~ Sgh~ + 5 +^ with s+^ := d - dg^h and 

dg^h — deg(p^^/i) and we again used the unshifted degrees. (In particular if the 
s =0 then e = ~~ ^~g,h = ^{d ~ dg — d^ ~ dgh) + dg^h) 

Here f is again the dual for maps between vector spaces with non-degenerate 
bilinear forms. 

That is using the multiplication in Ag^h 

( 3 - 2 ) agobh = f^g%{rg,hMrg,h(fih)%,h) 

3.3.1. Remark. The decomposition into the terms 7 and 7 -^ can be under- 
stood as decomposing the cocycle into a part which comes from the normal bundle 
of C which is captured by 7 -^ and an additional obstruction part. 

Also generalizing the fact that 

( 3 . 3 ) ^glg ~ ^ g '^ gi ^ g ) ~ ^ 

the following lemma holds: 

Lemma 3 . 6 . 

( 3 - 4 ) (Ig + hh^,h Cigh 

3.4. Multiplication. Fix a special intersection G Probenius algebra of level 
at least 2. Prom the section independence of 7 , we see that the multiplication 
Ag ^ Ah Agh can be factored through Ag^h- To be more precise, we have the 
following commutative diagram. 



Ag 0 Ah 




^gh 






T 0 


^g,h ^ -^g,h 




^g,h 



where ^ is the left multiplication with 7 ^^/^. 

Vice-versa we can use this diagram as an Ansatz for any G intersection Probe- 
nius algebra of level at least 2 . 

3.5. Associativity equations. Fix an intersection G Probenius algebra of 
level at least 3 then the associativity equations can be factored through Ag^h,k- 
More precisely, we have the following commutative diagram of restriction maps: 



(3.5) 


^gh 


■^ghk 

/ 

^ -I^gh,k i. 


\ 

I^g,hk 


^ -^hk 




1 


\ 


/ 






^g,h 


^ ^g,h^k 




^h,k 



More technically: Using the associativity equations for the 7 , we set 

(^•^) '^ghk{'yg,h'lfgh,k) •— 'Jg,h,k 
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Associativity dictates that also 
(3-7) rghk{lh,k7g,hk) = lg,h,k 

By analogous arguments as for the decomposition of the 7 ^,/i’s one can obtain: 



lg,h,k — ~ '^g,h,ki^9,h,k) 



for some %,h,k ^ ^g,h,k^ 

Vice-versa having defined suitable 7 ^,/i to show associativity one needs to show 

that 



f^ghk r gh f^gh /- . ^ = rdhk N 

' gh^k\’ gh,k\ g^h\! 9 ik) )]gh^k) ' g,h,k\i9^h,k) 



for some ^g,h,k- This approach is actually now independent of the setup of special G 
intersection Probenius algebras, where such a decomposition is guaranteed, and is 
suitable for all G intersection Probenius data respectively intersection G-categories. 



4. Discrete Torsion 

4.1. The twisted group ring k°^[G], Recall that given an element a G 
Z‘^{G^k*) one defines the twisted group ring k^[G] to be given by the same lin- 
ear structure with multiplication given by the linear extension of 



(4.1) g (S) h a{g^h)gh 

with 1 remaining the unit element. To avoid confusion we will denote elements of 
k^[G] by g and the multiplication with • Thus 

g-h = a{g, h)gh 

Por a the following equations hold: 



(4.2) 


a{g,e) = a{e,g) = 1, a{g,g = a{g ^,g) 


Purthermore 


1 

II 

1 

^7) 


and 




g-h-g~^ = 


a{g,g-^) a{ghg-\gf ^ 


with 




(4.3) 


f r X <^{g,h) 

^ ■ a{ghg-'^,g) 



4.1.1. Remark. If the field k is algebraically closed we can find a represen- 
tative for each class [a] G H‘^{G^ k*) which also satisfies 



a{g,g ^) = 1 
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4.1.2. The G— Frobenius Algebra structure of k°^[G]. Fix a G Z‘^{G,k*). 
Recall from [14, 15] the following structures which turn k°^[G] into a special G- 
Probenius algebra: 



7g,h = a(5, h) r]{g, g-i) = a{g, g 



4.1.3. 


Relations. The 


e{g,h) which are by definition given 






0‘ig^h) ^ 

a{ghg-^,h 


satisfy the 


equations: 




(4.5) 


e(5.e) 


= e(5,5) = l 




e(9iff2,/i) 


= e{gi,g2hg2’^)e{g2,h) 




e{k,gh) 


^ .a(kgk~^.khk~^) 

= e fe,ff e fc,/i L 

a[g,h) 


(4.6) 


4h,g) 


/ _i i, a{[g,h],h) 

= ^{g i9hg ') .r ' ' 

a{[g,h],hgh i) 



This yields for commuting elements: 



^{g,e) = e{g,g) = l e{g,h) = e{h ^,g) = e{h,g) ^ 

(4.7) e{gig2,h) = e{gi,h)e{g2,h) e{h, gig2) = e{h, gi)e{h, g2) 

In the physics literature discrete torsion is sometimes defined to be a function 
€ defined on commuting elements of G taking values in U{1) and satisfying the 
equations (4.7). 

4.1.4. Remark. It is a nice exercise to check that the trace axiom also holds 
(see [14, 16]). 

4.1.5. Remark. The function e can be interpreted as a cocycle in (G, k* [G]) 

where k*[G] are the elements of k[G] with invertible coefficients regarded as a G 
module by conjugation (cf. [14, 15]). This means in particular that on commuting 
elements e only depends on the class of the cocycle a. 

4.2. The action of discrete Torsion. 

Definition 4.1. Given a G-Frobenius algebra A and an element a G Z‘^{G, k), 
we define the a-twist of A to be the G~Frobenius algebra := A0/c“[G]. 

Proposition 4.2. Notice that as vector spaces 

(4.8) A^=Ag^kc^Ag 

Using this identification the G-Frobenius structures given by (4-8) are 
°“Uf = a{g, h)o = e{g, h)ipg 

= a{g,g~^)v Xg = Xg 

y g i- 



(4.9) 
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4.2.1. Supergraded twisted group rings. Fix 

ae Z^{G,k*),a e Hom(G, Z/2Z) 

then there is a twisted super-version of the group ring where now the relations read 

(4.10) gh = a{g,h)gh 
and the twisted commutativity is 

(4.11) 
and thus 

(4.12) <pg{h) = {-iy^^'>‘^‘^'^'>a{g,h)a{gh,g-^)ghg-^ =: g>g,hghg~'^ 
and thus 

(4.13) = 

We would just like to remark that the axiom iv^) of 2.7 shows the difference 
between super twists and discrete torsion. 

Definition 4.3. We denote the a-twisted group ring with superstructure a by 
k^^^[G]. We still denote by k^[G] where 0 is the zero map and we denote 

k^'^[G] just by k^[G] where 0 is the unit of the group H‘^{G^ k*). 

A straightforward calculation shows 

Lemma 4.4. k^^^[G] = k^[G] 0 k^[G]. 

Lemma 4.5. Let (G, A, o, 1, 77, x) be a G-Frobenius algebra or more generally 
super Frobenius algebra with super grading^ E Hom(A, Z/2Z) then A 0 k^[G] 
is isomorphic to the super G-Frobenius algebra {G^ A,o^ super 

grading , where 

rj-g = (- 1 )«"(®’ t 7 , x " = 

«g = Og + <^{ 9 ) 



Definition 4.6. Given a G-Frobenius algebra A a twist for A is a pair of 
functions {X : G x G ^ k* ^ p : G x G k*) 

Such that A together with the new G -action 

<P^i9){a) = ®hH9,h)ip{g){ah) 
and the new multiplication 

a.g o'* bh = n{g, h)ag o bh 

is again a G-Frobenius algebra. 

A twist is called universal if it is defined for all G-Frobenius algebras. 

4.2.2. Remark. We could have started from a pair of functions (A : A x A 
k* ^ p : G X A ^ k*) in order to projectively change the multiplication and G action, 
but it is clear that the universal twists (i.e. defined for any G-Probenius algebra) 
can only take into account the G degree of the elements. 
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4.2.3. Remark. These twists arise from a projectivization of the G-structures 
induced on a module over A as for instance the associated Ramond-space (cf. [14]). 
In physics terms this means that each twisted sector will have a projective vacuum, 
so that fixing their lifts in different ways induces the twist. Mathematically this 
means that the g twisted sector is considered to be a Verma module over Ag based 
on this vacuum. 

Theorem 4.7. Given a (super) G-Frobenius algebra A the universal twists are 
in 1-1 correspondence with elements a E Z"^{G^k*) and the isomorphism classes 
of universal twists are given by H‘^{G,k*). Furthermore the universal super re- 
gradings are in 1-1 correspondence with Hom(G, Z/2Z) and these structures can be 
realized by tensoring with k^[G] for a G Hom(G, Z/2Z). 

Here a super re-grading is a new super grading on A with which A is a super G- 
Probenius algebra and universal means that the operation of re-grading is defined 
for all G-Probenius algebras. 

We call the operation of forming a tensor product with k^[G] : a € Z‘^{G^ k*) 
a twist by discrete torsion. The term discrete refers to the isomorphism classes 
of twisted G-Probenius algebras which correspond to classes in if^(G, fc*). Pur- 
thermore, we call the operation of forming a tensor product with k^[G] : a G 
Hom(G, Z/2Z) super-twist. 

4.3. Remark. If k is algebraically closed, then in each class of H‘^{G,k*) 
there is a representative with a{g^g~^) = 1. Using these representatives it is 
possible to twist a special G-Probenius algebra without changing its underlying 
special reconstruction data. 

5. Symmetric group Probenius algebra 

In this section, we will consider the structure of special G-Probenius algebras 
when the group is a symmetric group Sn- The symmetric groups have two charac- 
teristics, which we will use. Pirst they are generated by self inverse transpositions 
and second there is a natural grading on the elements given by the minimal number 
of transpositions needed to present an element. 

Using the latter condition in order to fix a grading compatibility for special 
Probenius algebras, we showed [15] that the structure of a special Sn-Probenius 
algebra is essentially unique if it exists and can be expressed solely in terms of the 
dual of the restriction maps fr for r a transposition. It thus depends only on the 
maps Tt- and the metrics rfr- Also notice that the Sn action acts transitively on all 
Ar since any two transpositions are conjugate. 

If we specify the reconstruction data of the special Probenius manifold to 
be that stemming from a symmetric product, it can furthermore be shown that the 
unique structure does indeed exist [15]. 

5.1. Notation. We define the degree of cr G to be |cr| := the minimal 
length of cr as a word in transpositions. We define the length of a as I (a) := the 
number of cycles in a cycle decomposition. Notice |cr| = n — l{cr). 

We also set Z((Ji, . . . ,(Jn) = |(cti, . . . ,cTyi)\{l, . . . ,n}| where (cri, . . . ,(7^) is the 
group generated by the S{ and the quotient is by the natural permutation action. 

Definition 5.1. We call two elements cr, cr' G Sn transversal, if \cra'\ = |cr| -f 
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5.2. Normalizability. 

Definition 5.2. We call a non-ahelian cocycle (f normalized cr G Sn? = 
1 ; ~ 1* 

We call a cocycle 7 : x » A normalizable if for all transversal pairs 

r, cr G Sn, |t| = 1 : 7o-,r E Al, being the invertible elements of Ae, and normalized 
if it is normalizable and for all transversal r^a E Sn, |r| = 1 : = 1- 

In the example of symmetric products of an irreducible Frobenius algebra the 
invertibles are precisely A:*. 

5.3. Discrete Torsion for the symmetric group. As is well known (see 

e.g. [12]) A:*) = Z/2Z and Hom(Sn,A;*) = Z/ 2 Z. We denote the non- 

trivial element of iiA^(Sn, A:*) by [#]. There is a representative # of this class which 
actually satisfies #(<7, cr') = ±1 for transversal cr, cr'. We denote the generator for 
the super-twist by E. 

Theorem 5.3. [15] Any non-abelian cocycle after possibly twisting by the 
discrete-torsion # and super-twist E can be normalized. 

Any compatible pair of a normalizable cocycle 7 and a normalized non- 
abelian cocycle ip can be normalized by a rescaling ^ 

And vice-versa given for any normalized Sn cocycle 7 there are only two com- 
patible non-abelian cocycle <p differing by the super-twist E namely: 



(5.1) 

where p is either 0 or 1 . 

5.4. Uniqueness. 

Theorem 5.4. [15] Given a special Sn algebra datum, a choice of normalized 
cocycle 7 : Sn x Sn — ^ A is unique up to a super-twist by E. 

It is determined by jrr = CLnd without the twist it is given by equation 

( 5 . 2 ) . 



5.4.1. Explicit form of the cocycles. 



(5.2) 



k'l k'l 

la, a' = '^<^<^'(T'o',£t' U7r|_^j,n5=iTj) = (fl 'la -r-_i ,t') = (JI 'I't- ,t') 

i€l 



i=l 



i=l 



where /:={*: |(r(n*=i = |crrij=i Tjl ~ 2}. 

5.5. Existence. We would also would like to recall the following existence 
theorem: 



Theorem 5.5. [15] The equations 

— f'aa' (J[ J[ 7ri,Ti) = J[ J[ (7ri,ri) J][ 'f'acr' {'I tj ,Tj) 

iei iei' jei" 

(5.3) = la,a'la,a' 

where 

I = {i G / : TTcr^cr' {'yri,Ti) ~ '^cra' {^Ti,Ti)y 

I ~ ^ -A • '^cr,cr' {'yTi,Ti^ 7 ^ ^orcr' 



(5.4) 
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and 7^^, = well defined and yield a group cocycle compatible with the 

special intersection data. 

^ _ ^j^0l{(Ti,...,crk) ^0Z(cri,...,0-fc) 

derived from any Frobenius algebra {A^rj^ 1). The restriction maps are contractions 
via multiplication. 

For details on reconstruction data we refer to [14, 15]. 

5.5.1. Remark. In order to understand the form a the cocycle above let us 
consider the case of the second symmetric product. Thus we need to consider the 
S2-Frobenius algebra: 

A = Ae 0 Aj- = A ® A ® A 

with the metric 77 0 77 0 77. The restriction map is just the multiplication ja : 
A<S) A ^ A. Now f{lr) = ~ ® where e is the Euler 

class. 

In general, if r = (ij) then r(^ijj contracts the i-th and j-th component. Then 
7^ = fr is a sum over elements which differ from one only in the i-th and j- 
th factor. Considering a product of 7r,r and restricting it to Aaa' amounts to 
performing several contractions using the multiplication. For each individual 7r,r 
there are only two choices: those which get contracted and yield Euler classes - 
this is the set I"- and those that do not get contracted - this is the set I'. 

5.5.2. Remark. For the existence proof in [15] we used the theory of inter- 
section Frobenius algebras as can bee seen from the decomposition of the cocycles. 
This also makes it easier to compare with the results of [18]. 

5.5.3. Remarks. 

1) In the case that A is the trivial one dimensional Frobenius algebra this 
structure coincides with the group ring k[Sn]> 

2) Applying our result to the situation where A is the Frobenius algebra 
associated to a variety or a compact space we recover the results of [10] 
and taking invariants those of [21]. 

Definition 5.6. Given a Frobenius algebra A, the series of Sn -Frobenius al- 
gebras determined by Theorem 5.5 is called the second quantization of A. 

This terminology is based on [7]. 

6. The Twist for the Hilbert scheme 

If one changes the sign in the metric pr this also changes the multiplication. 
These changes are such, that they are uniquely realized as a twist with a discrete 
torsion whose cocycle a is determined by a(r, r) = —1 and normalization. This 
cocycle is actually trivial in cohomology with coefficients in C*, but nevertheless 
changes the multiplication and metric as desired. 
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6.1. The twisted group ring Recall that if^(Sn,C) = Z/2Z, but 

the twists are actually given by a G k). Any normalized cocycle is fixed by 

o:(r, r), r any transposition. Thus we may regard a € Z‘^{Sn, k) which is fixed by 
o(r, r) = —1 for any transposition r. 

Notice that [a] = 0 G C) as is easily seen from the existence and unique- 
ness together with Remark 4.1.1. It is not trivial however in In any 

case, we can consider the twist by this class. 

Proposition 6.1. Given any Sn-Frobenius algebra A, twisting it by the nor- 
malized discrete torsion a G Z^{G,k*) defined by a(r, r) = —1 changes the struc- 
tures via: 



( 6 . 1 ) 



XZ = Xa 

vZ = 



This is how the multiplication and metric get to be changed via a sign while 
the Sn action remains unchanged. 



Proof. Due to 4.2 it suffices to show that this holds for the twisted group ring 
i.e. the following equations hold. 

(6.2) a(a,a') = (-l)i(H+l^l-l^^'D 

(6.3) e(cr, cr') = 1 

The equation (6.3) follows from a(r, r) = — 1 and the general structure of a{a,a') 
of 5.4 in particular from the equation (5.2) by noticing that 

|/| = {i : = |<T JJrjl -2} = h\a\ + \cj'\ - \aa'\) 

j=i j=i 

The correction of x is always trivial and the one for g) is given by e which 
satisfies 



e(a, a') = 



a(cT, cr') 
a(crcr'cr“^, cr) 



= \a'\ and so also |cr'cr| = \cf(t'\ 
Finally for the last equation of (6.1) we read off 

a((j,(j-i) = (-l)i(l^l+l^"'l-l^^"'D = (-i)kl 



□ 



6.2. A family of multiplications. The only freedom of choice for a normal- 
ized cocycle is 7r,r which is determined uniquely from the metrics r}e and 

Given a fixed metric r]r it is possible to change it by homothety to = Xrfr 
and keeping the cocycles normalized using discrete torsion. This is achieved by 
twisting with the normalized discrete torsion cocycle determined by a(r, r) = A. 
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Vice-versa the only twists with discrete torsion cocycles that keep the cocycle 
7 normalized are fixed by their value o;(r, r) = A. The effect on the metric rjr,r is 
a scaling by A. 

Using the same arguments as in 6.1 

Proposition 6.2. Let a € Z^(Sn, A:*) by the normalized cocycle determined by 
a(r, r) = A and A by the Sn-Frobenius algebra associated to the symmetric product 
then the Sn Frobenius algebra is the twisted algebra found in [19] . 

This Proposition explains the existence and the special role of these deformed 
multiplications. In the complex case, the existence of this family also shows the 
triviality of the cocycles [a] G C*). 

6.3. Remark. Notice that the discrete torsion e is trivial. To obtain a non- 
trivial e one could super-twist [14, 15], but this would also change the permutation 
action by tensor ing on the determinant representation, which is not intended for the 
current application as we wish to keep symmetric invariants, not anti-symmetric 
ones. Another way would be to super-twist and to twist with a non-trivial coho- 
mology class, which would restore the action to a symmetric one. These results can 
be compared with [5, 6, 7, 15]. 

6.4. Application to the Hilbert scheme. Comparing our analysis with 
that of [18] finally yields: 

Theorem 6.3. The cohomology of Hilb^'^^, the Hilbert scheme of n-points for a 
K3 surface, is the Sn invariant part of the unique Sn^Frobenius Algebra associated 
to the symmetric product of the cohomology of the surface twisted by the specific 
discrete torsion given above. Or in other words the Sn-Frobenius Algebra structure 
for the extended global orbifold cohomology twisted by specific discrete torsion, which 
is fixed by the map o/[18]. In general, the sequence of spaces Hilb^'^^ gives rise to the 
twisted second quantization of the underlying surface on the cohomological ( motivic ) 
level. 

6.4.1. Remark. The necessity of this type of twist and the particular choice 
are fixed by two remarks. First, the chosen isomorphism of [18] involves the inter- 
section form of the resolution of the double points, which is negative definite. The 
intersection form of the natural symmetric group Frobenius algebra does not reflect 
this property. The way that discrete torsion changes the metric then fixes the co- 
cycle as a normalized cocycle, by regarding the metric of Ar for r a transposition. 
This geometrically corresponds to a simple blow-up along the diagonal. 
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Relations among universal equations 
for Gromov-Witten invariants 



Xiaobo Liu 



It is well known that relations in the tautological ring of moduli spaces of 
pointed stable curves give partial differential equations for Gromov-Witten invari- 
ants of compact symplectic manifolds. These equations do not depend on the tar- 
get symplectic manifolds and therefore are called universal equations for Gromov- 
Witten invariants. In the case that the quantum cohomology of the symplectic 
manifolds are semisimple, it is expected that higher genus Gromov-Witten invari- 
ants are completely determined by such universal equations and genus-0 Gromov- 
Witten invariants. This has been proved for genus- 1 (cf. [DZ]) and genus-2 (cf. 
[L2]) cases. Universal equations also play very important role in the understanding 
of the Virasoro conjecture (cf. [EHX]). The genus-0 Virasoro conjecture for all 
compact symplectic manifolds follows from a universal equation called the genus-0 
topological recursion relation (cf. [LT]). For projective varieties, we expect that 
such universal equations reduce higher genus Virasoro conjecture to an SL{2) sym- 
metry for the generating function of the Gromov-Witten invariants. Again this has 
been proved for genus-1 ([LI]) and genus-2 ([L2]) cases. 

In this paper, we will discuss the relation among known universal equations 
for Gromov-Witten invariants. We hope that the understanding of such relations 
would be helpful to the study of both Gromov-Witten invariants and the topology of 
the moduli spaces of pointed curves. Relations among genus-2 universal equations 
were studied in [L2]. It was proved that the three universal equations in [G2] 
and [BP] implies certain complicated genus- 1 relations (see equations (4) and (6) 
below). Modulo these genus- 1 relations, the three known genus-2 equations can be 
reduced to only two equations. The main result of this paper is that the genus- 1 
relations derived in [L2] follow from a known genus- 1 relation found in [Gl] and the 
genus-0 and genus- 1 topological recursion relations. This completes the discussion 
of relations among genus-2 equations in [L2]. 

Part of the work in this paper was done while the author visited Max-Planck 
Institute for Mathematics at Bonn during the workshop on Probenius Manifolds, 
Quantum Cohomology, and Singularity Theory. The author would like to thank the 
organizers of the workshop for invitation. He would also like to thank E. Getzler 
for conversations related to this work. 
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1. Generating functions for Gromov- Witten invariants 

Let M be a compact symplectic manifolds. For simplicity, we assume 

= 0. The big phase is by definition the product of infinite copies of 
if*(M;C), i.e. 

oo 

P ;= P H*{M;C). 

n=0 

Fix a basis {71, . . . ,7iv} of with 71 = 1 be the identity of the ordinary 

cohomology ring of M. Then we denote the corresponding basis for the n-th copy 
of H*{M;C) in P by {rn (71), . . . , Tn(7iv)}. We call Tnija) a descendant of 7^ with 
descendant level n. We can think of P as an infinite dimensional vector space 
with basis {rnija) \ ^ ^ ^ N, n e ^>0} where Z>o = {n G Z | n > 0}. Let 

I 1 < a < AT, n 6 Z>o) be the corresponding coordinate system on P. For 
convenience, we identify Tnija) with the coordinate vector field on P for n > 0. 
If n < 0, Tn(7a) is understood as the 0 vector field. We also abbreviate To{ja) as 
7o;. Any vector field of the form fa 7 a^ where fa are functions on the big phase 
space, is called a primary vector field. We use r+ and r_ to denote the operator 
which shift the level of descendants, i.e. 

Lt ( ^ ^ fn,aTniC1a) I — ^ fn,ot'^n±l{'Ja) 



where fn,a. are functions on the big phase space. 

We will use the following notational conventions: Lower case Greek letters, e.g. 
a, ( 3 , fjL^ z/, (j,..., etc., will be used to index the cohomology classes. The range of 
these indices is from 1 to N. Lower case English letters, e.g. i, j, k, m, n, ..., 
etc., will be used to index the level of descendants. Their range is the set of all 
non-negative integers, i.e. Z>q. All summations are over the entire ranges of the 
indices unless otherwise indicated. Let 

T]af3 = / 7a U 7/3 

Jv 

be the intersection form on P*(V,C). We will use 77 = (rjap) and 77"^ = to 

lower and raise indices. For example, 

7“ ■•= ’?“^ 7 / 3 - 



Here we are using the summation convention that repeated indices (in this formula, 
l3) should be summed over their entire ranges. 

Let 



( Tm (7c. 1 ) Tu2 (7c2 ) (7a, ) )g 

be the genus-^ descendant Gromov-Witten invariant associated to jai , • • • , 7afc and 
nonnegative integers ni,. . . ,Uk (cf. [W], [RT], [LiT], and [M]). Let Mg^k{M;d) be 
the moduli space of stable maps from genus-g k-pointed curves to M with degree 
d € P2(AT;Z), and the first Chern class of the tautological line bundle over 
M.g^k{M;d) whose geometric fiber over a stable map is the cotangent space of the 
domain curve at i-th marked point. Then the integers t7i, . . . ,7ifc above represent 
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powers of ^1 , . . . , Wfc. The genus-p generating function is defined to be 

= X! C '^"2(7^2) ••• T„^( 7 aJ>g- 

ni,...,nfc 

This function is understood as a formal power series of . 

Introduce a A;-tensor (( )) defined by 

k 

^ Qk 

{{WiW2---Wk))g ■■= /mi, ^ 

mi,o:i,...,mfc,Q:fc 1 k 

for (formal) vector fields Wi = Ylm a fm,a where are (formal) functions on 
the big phase space. We can also view this tensor as the k-th covariant derivative 
of Fg. This tensor is called the k -point (correlation) function. 

For any vector fields Wi and W2 on the big phase space, the quantum product 
of Wi and W2 is defined by (cf. [L2]) 

Wl.W 2 -((WiW 2 7“))o7a. 

Define 

T{W) :=r+(W)-((W7"))o7a 

for any vector field W. The operator T was introduced in [L2] as a convenient 
tool in the study of topological recursion relations. Let Mg^k be the moduli space 
of genus-g stable curves with A:-marked points, and 'ipi the first Chern class of the 
tautological line bundle over fAg,k whose geometric fiber over a stable curve is 
the cotangent space of the curve at the i-th marked point. When we translate 
a relation in the tautological ring of Mg^k to differential equations for generat- 
ing functions of Gromov-Witten invariants, the 'ip classes correspond to the op- 
erator T. The reason for such correspondence lies in the relation between the 
classes e H‘^{Mg^k{M,d); Q) and 'ipi e H‘^{Mg^k\ Q)- There is a canonical 
map St : Mg^k{M,d) — ^ Mg^k which forgets the map to the target manifold M 
and stabilizes the domain curve for each element of A4g^k{M,d). The difference 
— St*{tpi) is represented by a cycle containing elements whose domain curves 
consist of one genus-^ and one genus-0 components, with the i-th marked point 
lying on the genus-0 component (cf. [G2] and [KM]). When we interpret this re- 
lation for Gromov-Witten invariants, corresponds to r+, the i-th marked point 
is associated with a cohomology class, which will be extended to a vector field W 
by linearity, and the node joining the two irreducible components are associated 
with the diagonal class 7“ 0 7a in H*{M x M;C). Consequently, St*{'ipi) must 
correspond to T. 

The operator T also has an algebraic interpretation. Let 

m,OL 

be the string vector field, where 

:=C-W5c,i- 
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By the second derivative of the string equation (see Section 2.4), the operator T 
can be rewritten as 

T(W) = r+(W) r+(>V). 

Therefore T measures the difference between S and the identity of the quantum 
product on the big phase space, which actually does not exist by our definition of 
the quantum product. 

Let V be the trivial fiat connection on the big phase space with respect to which 
T'ni'la) are parallel vector fields for all a and n. Then the covariant derivative of 
the quantum product is given by 

(1) Vw3 im • m) = (Vws Wi) . W2 + Wi • + (( Wi W2 Ws 7" ))o 7a 

and the covariant derivative of the operator T is given by 

(2) Vw2 T(Wi) = T(Vw 2 Wi) - W2 • Wi 

for any vector fields Wi, W2 and W3 (cf. [L2, Equation (8) and Lemma 1.5]). 

2. Universal equations 

We will write universal equations of Gromov- Witten invariants as equations 
among tensors on the big phase space defined by generating functions of Gromov- 
Witten invariants. The set of tensors whose vanishing are equivalent to some uni- 
versal equations form an ideal of contra- variant tensor algebra on the big phase 
space. We call this ideal the ideal of universal relations and denote it by U. This 
ideal is closed under the covariant differentiation defined by V, and therefore is a 
differential ideal. 

If Ti, . . . , T/e are k contra- variant tensors, we use /a[Ti, • • • , Tk] to denote the 
ideal algebraically generated by Ti, . . , , T^, i.e. Io[Ti, • • • , Tk] is the set of tensors of 
the form Yli=i S[^Ti+Ti0S'- where and S” are arbitrary contra- variant tensors 
on the big phase space. We also use /(^[Ti, • • • , Tk] to denote the ideal differentially 
generated by Ti, . . . ,Tfe, i.e. the smallest ideal which contains Ti, . . . ,Tfe and is 
closed under the covariant differentiation. 

In the theory of Gromov- Witten invariants, we often need to prove two com- 
plicated expressions are equal by using certain universal equations. Since universal 
equations of Gromov- Witten invariants are very complicated, it is very cumbersome 
to write out explicitly derivations in each step. For convenience of presentation, 
we introduce the following phrases: If one expression can be derived from another 
one by using certain universal equations Ti = 0, • • • , T/c = 0, but not using their 
covariant derivatives, then we say that these two expressions are equal modulo 
7a [Ti , • • • , Tfc] . If in the derivation, we also need covariant derivatives of the corre- 
sponding universal equations, we say that these two expressions are equal modulo 
7d[Ti, • • • ,Tfc]. 

2.1. genus-0 universal relations. Define 

Po(Wi,W2,W3) := ((T(Wi) W2 W3))o 

where Wi are vector fields on the big phase space. The genus-0 topological recursion 
relation is equivalent to po = 0. Hence po E U, and so does the tensor Cq defined 
by 



Go(Wi, W2, W3, W4) := (Vw3Po)(Wi,W 2, W4) - (Vw2Po)(Wi, W3, W4). 
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Using equation (2), it is straightforward to show that 

Co(Wi, W2, W3, W4) = (( (Wi . W2) W3 W4 ))o - (( Wi (W2 • W3) W4 ))o 

for any vector fields Wi,...,W 4 . Therefore Co = 0 implies that the quantum 
product ” •” on the big phase space is associative. 



2.2. genus- 1 universal relations. The genus- 1 topological recursion relation 
is equivalent to pi = 0 where pi is defined by 

PiiW) = {(T(W) )), - 1 (( ))o . 



Define 



G{Wum, W3, W4) := ^ {3 (( {W,(D . W,(2)} {W,(3) . W^(4)} ))i 

geS 4 

-4«{w,(i).w,(2).n;,(3)}w,(4)», 

- (( {Wfl(l) • Wp(2)} W,(3) Wg(4) 7“ »o ((7« ))i 
+2 (( W,(2) W,(3) 7“ )>o (( {7. • W.(4)} ))i 

+ ^ (( Ws(2) W,( 3 ) 7“ ))o (( 7a W,( 4 ) 7/3 )), 

+ ^ (( W.(l) Wp(2) W,(3) «,(4) 7“ ))o (( 7a 7/3 )), 

W.(l) W,(2) 7“ 7^ ))o (( 7a 7/3 W,(3) W,(4) ))o| 

for any vector fields Wi, . . . , W 4 . Then the genus - 1 equation discovered by Getzler 
[Gl] is equivalent to C = 0. So pi e U and G eU. 



2.3. genus- 2 universal relations. Define 
P2;i(W) :={{T\W)))^-Ai{W), 

P2;2(W, V) := ((T(W)T(V) ))2 - 3 ((T(W. V) ))^ - ^2(W, V), 

P2;3{m , m, m) ~ 2 a {Wi • W 2 • W 3 } h - 2 {( wi m Ws 7 “ )>o (( ^’(7a) h 

+ E (( ))2 - (( ^(>^.(1)) {^.(2) • W.(3)} ))2 

g^S3 

where 

= ^ (( 7a ))i (( { 7 “ • W} )), + ^ (( 7a { 7 “ •W}h 

^ {7a • 7 “} ))l + ^ (( W7a 7 “ 7^^ ))o (( 70 ))i 



^i(W) 
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^2(W,V) = ^((WV7“7''))o((7«))i((7^))i + ^((W7“))i(({7.*V}K 
+l (( V 7 “ )>i {( { 7 . • M ))i - J (( {W . V} 7 “ ))i (( 7 « ))i 

OQ 1 

(( W V 7“ 7„ 7^ ))o (( 7/3 )) 1 + — (( W 7“ 7„ 7 ^ ))o <( 7/3 V )) ^ 

+ ^ (( V 7 “ 7c 7^^ ))o (( 7^ >V )) 1 - ^ (( W V { 7 “ • 7a } )> 1 

+ ^ (( W V 7 “ 7 ^ ))o (( 7„ 7/3 )) j ^ (( 7a { 7 “ • >V} V )) 1 

^ ^ »i 

+ ^((W^^ 7 “ 7 a 7 '^ 7 / 3 ))o> 

Lnd 

B{Wi,W2,W3) 

= J (( Wi W2 Ws r ))o (( 7a )> 1 (( 7/3 » 1 - ^ (( Wl W2 m 7 “ ))o « 7a )}, (( 10 )) i 

+ ik " ik 

+ ^ (( Wl W2 W3 7“ 7^' ))o (( 7a 7/3 ))i - ^ (( Wl W2 W3 7“ ))o « 7a 1^ 10 )>1 

- J E (( ^-(1) Wa(2) 7“ 1^ ))o (( 7a ))i (( 10 W,(3) )), 
aeSs 

+ l E (( {Wa(D *7a} », «7“ W.( 2 ) W.(3) )), 

creSs 

E ((Wad) {W.( 2 ). 7 “}))i(( 7 a W,,( 3 )))i 

ctGSs 

+ ^ E ((Wad) 7a))i((7“{W.(2)*W.(3)})), 

aeS3 

~l E (('>“ ))l ((^“ W<,(1) {W.(2) . W.(3)} )), 

(tESs 

E ((Wad) W.(2) 7“7a70)o((^/3 Wa(3)))i 

(t£Ss 

+ io E ((Wad) 7“7a70)o((7^ W,,( 2 ) W.(3))), 

crG53 

E (( Wa(l) 7a7/3))i ((7“7'^ W<,(2) W^(3) ))q 

aeSs 

+ ^ E (( Wad) W.(2) 7a {7“ • W.(3)} )>, 

ctESq 

E ((Wad) 7“7a{W.(2)«W„(3)}))^. 

(tESs 
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Note that the 3 complicated tensors A\^A 2 ^B are symmetric tensors which depend 
on genus-0 and genus- 1 data. 

The universal equation corresponding to a formula due to Mumford is equiv- 
alent to p 2 ;i =0 (cf. [G2]). Another equation due to Getzler [G2] is equivalent 
to p 2;2 = 0. The equation p 2 ;S = 0 is due to Belorousski and Pandharipande [BP]. 
Therefore p 2 -i G C/ for i = 1, 2, 3. 

2.4. String and dilaton equations. There are also universal equations which 
do not come from relations in the tautological ring of the moduli space of stable 
curves. For example, the string equation, dilaton equation and divisor equation. In 
this paper, we will only need the string and dilaton equations. 

The string equation has the form 

for g > 0. Since V>ytS = — r_(>V), taking covariant derivative on both sides of the 
string equation, we obtain 
k 

((5Wi ... = ••• U-(Wi)} . 

for any vector fields Wi , . . . , Wk • The dilaton vector field is defined by 

V = T{S). 

The dilaton equation has the form 

(P))g = (25-2)J’s + ^x(m.i 

for p > 0. Since Vy\;T> = — W, taking covariant derivative on both sides of the 
dilaton equation, we obtain 

. . . Wfc ))g = {k + 2g-2)iWi---Wk )), . 

3. Relations among lower genus universal equations 

3.1. Relation among genus-2 universal equations. Relations among genus- 
2 universal equations were studied in [L2]. Using the string and dilaton equations, 
it was proved that 

P2;2(5,W)=:p2;l(r_(W)) 

for any vector field W (cf. [L2, Theorem 2.6]). Since r_ is surjective, this shows 
that the universal equation p 2 -i = 0 follows from p 2,2 = 0. On the other hand, it is 
straightforward to show that 

(Vt(Wi)P2;i)(W2) - P2;2(Wi,T(W2)) 

= {3po(W2, Wi, 7“) - poim, W 2 , 7“)} (( r(7a) h - Po{m,T{Wi),r) {{ la ))2 

(3) +A2(Wi,T(W2))-(Vt(woV)(W2) 

for any vector fields Wi and W 2 . Two conclusions can be drawn from this equation: 
First, we obtain a genus- 1 universal relation 

(4) A2(Wi,T(W2)) - (Vt(wu ^ 1 ) (>^ 2 ) - 0 

for any vector fields Wi and W 2 . Secondly, the universal equation P2;2(Wi, T(W 2 )) = 
0 follows from p 2 ;i = 0, the genus-0 topological recursion relation and the genus-1 
equation (4). 
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Note that a special case of the genus-0 topological recursion relation is the 
following 

T(Wi) . W 2 = Po(Wi, W2,7“)7a = 0 

for all vector fields Wi and W2. Taking covariant derivative of this equation with 
respect to W3, we have 

((T(Wi) W2 W3 7“ ))o 7 a = Wi • W2 • W3 

for all vector fields Wi, W2, and W3. Using these two equations, we obtain 

P2;3(Wl, W 2 , nm)) + (Vwx.W2P2;i)(W3) ~ P 2 ; 2 (Wl • W 2 , W 3 ) 

(5 ) = -B(Wi,W 2,T(W3 ))-(Vwx.W.Ai)(W 3)+^2 (Wi.W 2,W3). 

Three conclusions can be drawn from this equation: First, we obtain a genus- 1 
universal equation 

(6) B(Wi,W2,T(W3)) - A2(Wi . W2, W3) + (Vwi.W 2 ^i)(W 3) = 0 
for all vector fields Wi, W2, and W3. Secondly, the universal equation 

P2;3(Wi,W2,T(W3))=0 

follows from p2-i = 0, p2;2 = O5 the genus-0 topological recursion relation, and the 
genus- 1 equation (6). Thirdly, since any vector field W can be written as 

W = <S#W + T(t_(>V)), 

combining equation (5) and equation (3), we obtain the result that the universal 
equation p2;2 = 0 follows from p2;3 = 0 and p2:i =0 together with genus-0 and 
genus- 1 universal equations. This is precisely [L2, Theorem 2.9]. 



3.2. Relation among genus-1 universal equations. In this section, we 
will study the relations between genus- 1 universal equations in section 2.2 and 
equations (4) and (6). The main result is the following 

Theorem 3.1. Equations ( 4 ) and (6) can be derived from known genus- 0 and 
genus- 1 relations described in section 2.1 and 2.2. 

To prove this theorem, we need first use genus-0 and genus- 1 topological re- 
cursion relations and their covariant derivatives to get rid of the T operator in 
equations (4) and (6). The first three covariant derivatives of the genus-0 topolog- 
ical recursion po = 0 gives 

( 7 ) (( r(Wi) W2 W3 W4 ))o = (( (Wi . W2) W3 W4 ))o , 



((T(Wi)W 2 W5))o = (({Wi.W2}>V3W4W5))o 

+ (({Wi*>V3}>V2W4W5))o 
+ ((WlW2>V3{W4.>V5}))o, 



( 8 ) 
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and 

4 

((T(Wi)>V 2 ... W6))o = ^(({Wi.>Vi}W 2 ... Wi ... We)) 

i=2 ° 

+ ((Wi ... W4{W5«W6}))o 
+ (( Wi W2 W3 7 ^ ))o (( 7/3 W4 Ws We ))q 
+ (( Wi W2 W4 ))o (( 7/3 W3 W5 We ))o 

(9) +((WiW3W4 7'^))o((7/3W2W5W6»o. 

It’s obvious that the left hand sides of these equations are symmetric with respect 
to all arguments except Wi . This symmetry property is not apparent for the right 
hand sides of these equations. Therefore when apply these equations to get rid 
of operator T, we may get two seemingly different but actually equal expressions. 
For the convenience of presentation, in this section we will follow the rule that 
when applying these equations, we always take the form which gives the smallest 
number of terms. A typical example is the following: When applying equation (9) 
to ((T'(W) V7a 7 “ 7/3 7^ ))o> we choose Wi = W, W 2 = 7c, W 3 = 7 “, W 4 = 7/3, 
W 5 = 7 ^, We = V. Keeping in mind that we are summing over repeated indices, 
using apparent symmetries, we obtain 

(( T(W)V 7a 7“ 7/3 7^ )>0 

= 3 (( (W • 7a) 7“ 7/3 7^ V ))q + (( W7a 7“ 7/3 (7^ • V) ))q 

(10) + (( W7a 7 “ 7 '' ))o (( 7 m 7/3 7^ V ))g + 2 (( W 7„ 7/3 7^" ))o (( 7 m 7“ 7^ V ))o • 

If we instead choose Wi = W, W 2 = V, W 3 = 7 a, W 4 = 7 °^, W 5 = 7 /?, We = 7 ^, 
we obtain 

(( T(W)V 7a 7“ 7/3 7'' ))o 

= (( (W • V) 7a 7 “ 7/3 7^ ))o + 2 (( (W • 7a) 7 “ IP 7^ V ))q 

+ (( W V 7a 7 “ (7/3 • 7^) ))o + 2 (( w V 7 “ 7^" ))o (( 7 ^ 7a 7/3 7^ ))q 

(11) +((W7a7“7''))o«7MV7/3 7^))o- 

Although the right hand sides of equation (11) and equation (10) look very dif- 
ferent from each other, they are actually equal since the left hand sides of these 
equations are the same. The right hand side of equation (11) has 5 terms. It is 
slightly more complicated than the right hand side of equation (10) which has only 
4 terms. So following the rule stated earlier, we should use equation (10) rather 
than equation (11). 

To eliminate operator T in genus- 1 correlation functions, we need the first 
three covariant derivatives of the genus- 1 topological recursion relation pi = 0, 
which have the following forms: 

(12) ((T(W)V))i = (({W.V}))i + ^((WV7^7m))o> 

((T(W) ViV2))i = (({W.Vi}V2))i + (({W.V2}Vi)>, 

+ (( W Vi V 2 7“ ))o ({ 7 . ))i + ^ (( W Vi V 2 7^ 7m ))o > 



(13) 
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and 

((T(W)ViV 2 V 3 ))i 

3 

i=l 

+ ((wVi ...V, ...V 37 “))^(( 7 aVi))i} 

( 14 ) + {( W Vi V2 V3 7 “ »0 (( 7c ))i + ^ (( w Vi V2 V3 7“ 7 « »o 

for all vector fields. Note that both sides of these equations are symmetric with 
respect to vector fields V^’s. There is no ambiguity on how to apply these formulas. 

Besides the genus-0 and genus- 1 topological recursion relations and their co- 
variant derivatives, we also need universal equations Co = 0 and C = 0 (see Section 
2.1 and 2.2 for the definitions of tensors Co and C). The application of Co = 0 is 
straightforward. Most times we only need a slightly weaker version of this equation, 
i.e. the associativity of the quantum product. However it is less obvious how to 
apply the covariant derivatives of Co = 0. This turns out to be one of the most 
subtle points in the proof of Theorem 3.1. In the proof, we will include tensors 
V^Co in the relations among genus- 1 universal tensors. It is then apparent where 
and how covariant derivatives of Co = 0 are used. 

The tensors for the covariant derivatives of Co are defined by 

Q(Wi, • • ■ , Wi+ 4 ) := ■ ■ ■ ,m+z) 

for j > 1. These tensors lie in U, the ideal of tensors given universal equations. We 
need the first three covariant derivatives of Co in the proof of Theorem 3.1. Using 
equation ( 1 ), we can compute these tensors more explicitly. For example, 

Cl (Wi , • ■ ■ , Ws) = (( (Wi . W2) W3 W4 Ws ))o + (( m m (Ws • W4) Ws »o 

- (( (Wi . W3) W2 W4 Ws ))o - (( Wi W3 (W2 . W4) Ws ))o 

and 



C 2 (Wi,-- - ,We) 

= (( (Wi . W2) W3 • • • We ))o + (( Wi W2 (W3 • W4) Ws We ))q 

- (( (Wi . W3) W2 W4 Ws We ))o - (( Wi W3 (W2 • W4) Ws We ))o 
+ (( Wi W2 Ws 7“ ))o (( 7 a W3 W4 We ))o + (( Wi W2 We 7“ ))o (( 7 « W3 W4 W5 ))q 
--({WiW3W5 7"))o((7aW2W4W6))o-((WiW3W67"))o((7aW2W4Vy5))o 

for any vector fields Wi, . . . , We- The third derivative C3 also has a similar expres- 
sion, but more complicated. So we omit the explicit expression for C3. 

We are now ready to prove Theorem 3.1. 

Proof of Theorem 3.1: First using genus-0 and genus- 1 topological recursion 
relations and their derivatives, we can get rid of operator T in the expression 

^2(Wi,T(>V2)) - (Vt(WO^i) (W2). 

We then check that the resulting expression is equal to certain combinations of 
tensors C and C \ . More precisely, modulo 

Ia[po, Vpo, V^po, V^po, Pi, Vpi, V^pi, Co], 
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we have 

120 {^2 (Wi,t(W 2)) - {Vnm) ^i) (W2)} 

= -^G(>Vi,>V2,7“,7a) + {j0(>V2,7«,>Vi,7“,7/3) 

(15) +yCi(Wi,7/3,7a,7“,VV2) - yC'i(W2,7/3,7“>7ct,Wl)| ((7'^))i 

for any vector fields Wi and W 2 • This shows that equation (4) follows from genus- 
0 and genus- 1 universal equations in Section 2. The proof of equation (15) is 
straightforward, but somehow tedious. 

Equation (6) can be treated in a similar fashion. We first use genus-0 and 
genus- 1 topological recursion relations and their derivatives to get rid of operator 
T in the expression 

5(Wi,W2,T(V)) - A2(Wi • W2,V) + (Vwx.W2^i)(V), 

then check that the resulting expression is equal to certain combinations of tensors 
G, VG, Cl, C2, and C3. More precisely, modulo 

Ia[po, Vpo, V^po, V^po, Pi, Vpi, V^pi, V^pi, Co], 

we have 

720 {B(>Vi,W 2,T(V)) - ^2(>Vi . W2,V) + (Vw,.w,7li)(V)} 

= 24G(V, Wi, W2,7“) ((7a))i + (V^„G)(Wi,W2, V,7“) 

+ i {(VvG)(Wi, W2,7«,7“) - (VwiG)(V, W2,7a,7“) 

-(Vw.G)(V,Wi,7a,7“)} 

-3 ((V7p))i {Gi(Wi,W2,7.,7“,7^)-C'i(Wi,7„,W2,7^7“) 

-Gi(W2,7«,Wi,7^7“)} 

+ (( Wi 7p ))i {27 Gi (W2, 7.., V, 7^ 7“) - 34 Gi(V, 7., W2, 7^ 7“) 

-7Gi(W2,7'’,7cm7“,V)} 

+ (( W 2 7/3 ))i {27Gi(Wi, 7a, V, 7^", 7 “) - 34 Gi(V, 7a, Wi, 7^^, 7 “) 

-7Gi(Wi,7'',7a,7“,V)} 

-8 ((7a 7P ))i (2 Gi(Wi, W2, 7“, 7^ V) - Gi(Wi, V, W2,7“,7'") 

-Gi(W2,V,Wi,7“,7'')} 

-120 ((7a))i ((7p))i |3 Gi(>Vi,W 2,7“,7^V) -Gi(Wi, V,W2,7“,7'") 

-Gi(W2,V,Wi,7“,7'^)} 

- ((7p ))i (19 G2(W2, 7^ Wi, 7a. V, 7“) + 19 G2(Wi, 7^ W2, 7a, V,7“) 

+19 G2(Wi , W 2 , 7a, 7 “, V, 7 '') - 12 G2(V, 7a, 7^ 7 “, Wi , W 2 ) 
-3 G 2 (Wi , V, W 2 , 7^ 7a, 7 “) - 3 G 2 (W 2 , V, Wl, 7 ^. 7a, 7 “) 

-28 G2(Wi , 7a, W 2 , 7^, V, 7 “) - 28 G2(W2, 7a, Wi, 7^ V, 7 “)} 

(16) -G3(Wi,W2,7a,7“,V,7p,7^) 

for any vector fields Wi, W2, and V. This implies that equation (6) follows from 
genus-0 and genus- 1 universal equations in Section 2. The proof of equation (16) 
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is very tedious but nevertheless straightforward. All what is needed is to plug the 
expressions for the relevant tensors into both sides of equation (16) and check that 
they are equal after obvious cancellations. □ 
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Extended Modular Operad 

A. Losev and Yu. Manin 



§0. Introduction and summary 

This paper, together with [Ma2], constitutes a sequel to [LoMa] where some 
new moduli spaces of pointed curves were introduced and studied. We start with 
a review of the main results of [LoMa] and then give a summary of this paper. 

0.1. Painted stable curves. Let 5 be a finite set. A painting of 5 is a 
partition of S into two disjoint subsets: white W and black B. 

Let T be a scheme, S a painted set, g >0. An S -pointed (or labeled) curve of 
genus g over T consists of the data 

{tt: C^T; XU ieS) (0.1) 

where 

(i) 7T is a flat proper morphism whose geometric fibres Ct are reduced and 
connected curves, with at most ordinary double points as singularities, and g = 

WiCuOcJ. 

(ii) Xi^i e S, are sections of tt not containing singular points of geometric fibres. 

(iii) Xi DXj =9 for all i eW, j e S, i j. 

Such a curve (0.1) is called painted stable^ if the normalization of any irreducible 
component C of a geometric fibre carries > 3 pairwise different special points when 
C is of genus 0 and > 1 special points when C is of genus 1. Special points are 
inverse images of singular points and of the structure sections xi. Equivalently, such 
a normalization has only a finite automorphism group fixing the special points. 

We get the usual notion of a (family of) stable painted curves, if S consists of 
only white points. 

The (dual) modular graph of a geometric fibre is defined in the same way as 
in the usual case (for the conventions we use see [Mai], III.2). Tails now can be 
of two types, we may refer to them and their marks as “black” and “white” ones 
as well, and call the graph painted one. More on the geometry of such graphs and 
morphisms between them see in the subsections 1. 1-1.2 below. The isomorphism 
class of a painted modular graph is called the combinatorial type of the respective 
curve. 



0.2. Moduli stacks Lg^s- In sec. 4 of [LoMa], we gave two equivalent de- 
scriptions of the stacks Lg^s where 5 is a painted set. In [Ma2], Lemma 1.2.2, a 
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third description was given based upon a more general definition due to B. Hassett 
[H]. For reader’s convenience, we will reproduce them here. 

(i) Lg^s consists of families of curves of chain stable combinatorial types. 

To define the latter, consider first combinatorial types of classical (semi) stable 
curves with only white points labeled by a finite set W. They are isomorphism 
classes of graphs, whose vertices are labeled by “genera” ^ > 0 and tails are bijec- 
tively labeled by elements of W. Stability means that vertices of genus 0 bound 
> 3 fiags, and vertices of genus 1 bound > 1 fiags. Graphs can have edges with 
only one vertex, that is, simple loops. 

Starting with the geometric realization of such a graph T, we can obtain an 
infinite series of painted graphs, which will be called chain stable. Namely, subdivide 
edges and tails of T by a finite set of new vertices of genus zero (on each edge or 
tail, this set may be empty). If a tail was subdivided, move the respective label 
(from IT) to the newly emerged tail. Distribute the black tails labeled by elements 
of B arbitrarily among the old and the new vertices. The resulting graph is called 
chain stable if it becomes stable after repainting black tails into white ones. The 
new vertices depict chains of P^’s stabilized by black points. Each end of such a 
chain carries either a white tail or a singular special point (or both). 

(ii) The second description oi Lg^s is based upon the inductive construction of 
“adjoining a new black point” . 

Namely, starting with an 5-pointed family (C/T, {xi\i G S)) as in (0.1) we will 
produce another S"-pointed family {C' /T\ {x'^\i £ S')) where T' = C, 5' = 5U{*}, 
* being a new black label. The new curve and sections will be produced in two 
steps. At the first step we make in (0.1) the base change C —> T. We get an 
iS-pointed curve X := C Xs with sections Xi^c- We then add an extra section 
A : C C Xs C which is the relative diagonal, and mark it by *. We have not 
yet produced an ^'-pointed curve over T' = C, because the extra black section will 
intersect singular points of the fibres and white sections as well. 

Now comes the second step of the construction, where we birationally modify 
C Xt C — ^ C as in [Kn], Definition 2.3. Define C' := ProjSym/C as the relative 
projective spectrum of the symmetric algebra of the sheaf JC on X ~ C XtC which 
is defined as the cokernel of the map 

<5 : Ox Ja © OxiY^ S{f) = (/, /). (0.3) 

ieA 

Here is the Ox “ideal of A, and is its dual sheaf considered as a subsheaf of 

meromorphic functions, as in [Kn], Lemma 2.2 and Appendix. 

As a result, we get an 5"-pointed curve, because Knudsen’s treatment of his 
modification is local and can be directly extended to our case. If the initial curve 
was painted stable, the new one will be painted stable as well. 

Moreover, this construction is obviously functorial, in the sense that it produces 
a stack if we started with a stack. 

We are now ready to construct Lg^s- For concreteness, we assume that W = 
{!,..., m} and H = {1, . . . , n} are initial segments of (two copies of) natural num- 
bers. 
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If p > 2, m > 0, we start with Mg-m = adjoin n new black points, 

one in turn. Denote the resulting stack by Lg.rn,n- 

For ^ = 1, we repeat this construction for m > 1. We need one more sequence 
of stacks, corresponding to m = 0 (elliptic curves stabilized only with black points). 
Since we want to restrict ourselves to Deligne-Mumford stacks, we start with 
which is defined by repainting the white point in Mi;i, and adjoin black points to 
get the sequence I/i;o,n, n> 1. 

Finally, for p = 0 we obtain the series of spaces = Lo; 2 ,n, thoroughly studied 
in [LoMa] and moreover Lo;m,n; for all m > 3, n > 0. 

Prom our construction it follows that the genus zero stacks are actually smooth 
manifolds. 

(iii) The third, and technically most useful, description identifies Lg^s with 
certain stacks of weighted pointed stable curves studied in [H] , see also [Ma2] , Def- 
inition 1.2.1. Roughly speaking, in Hassett’s definition we endow each section Xs 
with a weight G Q fl (0, 1]. Weighted stability means that (an appropriate power 
of) cj(7/x(X)s is relatively ample, and moreover, the sum of weights of any 

subfamily of Xg coinciding on a geometric fiber does not exceed 1. Lemma 1.2.1 in 
[Ma2] shows that if S is painted, and if we choose weights so that = 1 for s G W 
and YlteB ^ two definitions of stability coincide. 

0.3. Extended modular operad. The classical modular spaces Mg^rn+i 
come together with the action of Sm+i- Moreover, there is a family of clutching 
morphisms 

^gi,mi+l X ^g2,rn2-¥l ^ gi+g2,rni+m2+l (0-^) 

which on the level of geometric points can be described as gluing one (say, the last) 
labeled point of the first pointed curve to, say, the first labeled point of the second 
curve. Finally, there is a similar family of morphisms 

M g—l^qjl^l > Mg^^—l (0-5) 

gluing together two different labeled points. 

We can axiomatize the evident relations between these structures and get the 
abstract notion of the modular operad in the category of DM-stacks. One can 
also add a linear structure, by passing to the (homology) motives or any of their 
realizations and get the notion of the modular operad in a tensor category, as well 
as the basic example of this notion. This was done by E. Getzler and M. Kapranov 
in [GeK2]. Restricting ourselves to the g = 0 case, we get almost a classical operad, 
with two modifications: first, its m-th component Mg^rn+i is acted upon by S^+i 
rather than by S^; second, it lacks the m = 1-component since with only two 
labeled points is unstable. 

The first modification means that we actually deal with a cyclic operad^ the 
notion which was as well introduced and studied by E. Getzler and M. Kapranov 
([GeKl]). Recall that generally classical linear operads classify A:-algebras of a given 
type, like associative, commutative, Lie, Poisson etc. The component P{m) of an 
operad P (in our case ) is the linear space of polylinear operations of 

m arguments that can be constructed from the basic operations (multiplications, 
commutators etc), modulo identical relations supplied by the axioms (associativity, 
Jacobi etc). The action of 8m upon P{m) corresponds to the permutations of 
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the arguments. If A is an algebra over P, each p € P(m) defines thus a tensor 
p : A, and we know how these tensors transform under all permutations of 

m lower indices. If A is endowed with a scalar product, we can lower the m + 1-th 
index as well identifying p with a map A^~^^ k. It makes sense to require the 
scalar product and the action of S^n+i on such tensors to be a part of the structure 
of algebras of a given type. Cyclic operads then are well-suited for axiomatizing 
such a situation. 



We now pass to the problem of the 1-component. It is missing because a 
projective fine with two labeled (white) points has an infinite automorphism group 
Gm and so is unstable. The trick suggested in [LoMa] consists in stabilizing with 
an arbitrary number of additional black points. This forces us to add degenerations 
which are arbitrary chains of such P^’s. Thus our candidate for the missing Mq ,2 
is lln>i ^o, 2 ,n* The remaining spaces Lg^rn.n constitute a minimal extension of the 
family Mg^rn containing all Lo, 2 ,n and stable with respect to the operadic (clutching) 
morphisms. 



Specifically, we put 






= ] 1 ^. 



m+l,n 



( 0 . 6 ) 



Morphisms (0.4) and (0.5) in which we allow to glue together only white points 
induce the clutching maps 



Tpi,mi X Lg^^ru2 ^91+92, mi+m2 ? 

I^9—l,m+l ^ Lg^rn—1 • (^'^) 

The symmetry group Sy^+i acts upon Lg^m by renumbering white points. 

Moreover, each stack Lg^rn is a union of infinitely many irreducible DM-stacks 
which are indexed by the number of black points; the group acts on the n-th 
component by renumbering black points. These structures induce the respective 
symmetries of the linearized versions. This is the price we paid for acquiring the 
m = 1 component. It has a nice meaning in the language of the respective algebras: 
an algebra now consists of two spaces (A, T); polylinear operations are of the form 
They depend on U e T as parameters which are associated 
with black points. Thus we acquired degrees of freedom allowing us to encompass 
certain deformations. 

The key result of the theory of the (cyclic) homology operad {iJ*(Mo,m+i)} 
consists in establishing a bijection between finite-dimensional operadic algebras 
and formal Probenius manifolds. A more detailed analysis which we relegate to 
a future paper shows that in our present context we get exactly the deformations 
associated with gravitational descendants. 

0.4. Genus zero extended operad. It is convenient to imagine its bigraded 
components Lo,m+i,n sitting at the lattice points (m, n) of the first quadrant. Then 
the lowest horizontal line is the classical genus zero modular operad Mo,m+i whereas 
the leftmost vertical line represents the 1-component of the extended operad. Op- 
eradic multiplication must induce a monoid structure on the 1-component, and in 
our case it is supplied by the appropriate clutching morphisms described above and 
more formally in [Ma2], [LoMa]: 



To,mi+l X Z/0,rri2+l ^ To,mi+m2+l 5 



(0.9) 
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In [LoMa], it was proved that the appropriately defined algebras over the 1- 
component Lq,i bijectively correspond to the pencils of formal flat connections. The 
treatment in [LoMa] stressed also the toric picture of Lo,i; for certain generalizations 
of this picture, cf. [R]. 

Thus at the boundary of the (m, n)-quadrant we have a pretty detailed un- 
derstanding of the geometry of the respective moduli spaces, algebraic structure 
of their homology and cohomology including the operadic formalism, and finally, 
a reduction of the theory of operadic algebras to the study of specific differential 
equations. 

The main goal of [Ma2] and this paper taken together is to extend these results 
from the boundary of the (m, n)-quadrant to the whole quadrant. 

Here we focus mainly on the combinatorial aspects of the picture; those argu- 
ments for which algebraic geometry is indispensable, are treated in [Ma2]. 

0.5. Contents of the paper. In §1 and §2 we define for any painted set 
S purely combinatorially a graded ring Hg and a graded module over this 
ring and study their structure. Using the results of this study and additional 
geometric arguments, we establish in [Ma2] canonical isomorphisms Hg = iif*(Los) 
and H^s = H^{Lqs), together with identification of the action of Hg upon H^s as 
the cap product. 

In §3 we extend the construction of H* and if* to the labeled trees replacing S. 
Algebraic geometric meaning of this extension consists in studying (co) homology 
of moduli spaces of painted stable curves of a given combinatorial type and their 
degenerations. Combinatorially, these rings/modules together with various mor- 
phisms connecting them constitute a version of graded (co)operad. 

In §4 we introduce several versions of algebras over this (co)operad and describe 
them in terms of correlators and top correlators. 

Finally, in §5 we demonstrate the geometric meaning of the differential equa- 
tions satisfied by the generating series for top correlators. There are two basic 
geometric languages, corresponding to what we call in §5 the commutativity and 
the oriented associativity equations. One language leads to the study of pencils of 
flat connections as in [LoMal], another to a version of “Probenius manifolds with 
affine flat structure but without invariant metric”. Both versions are related by 
the induction of flat affine structure from a fiber. This procedure first appeared in 
[Lol],[Lo2j. 

Acknoledgements. The research of A. L. was partially supported by grants 
RFBR 01-01-00548, by INTAS-99-590 and by support of scientific schools grant 
00-15-96557. 



§1. Combinatorial cohomology rings 

1.1. Graphs. We define a graph r as a quadruple {Vr, Fr^dr,jr) where 
resp. Ft-, are finite sets of vertices, resp. flags; dr '■ F^- — > K is the boundary, or 
incidence, map; jr : Fr Fr is an involution of the set of flags. This combinatorial 
definition is related to the more common one via the notion of the geometric real- 
ization of T. The latter is a topological space which is obtained from Fr copies of 
[0, 1] by gluing together points 0 in the copies corresponding to each vertex u G Ur, 
and by gluing together points 1 in each orbit of jV- This motivates the introduction 
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of the following auxiliary sets and their geometric realizations: the set Er of edges 
of T, formally consisting of cardinality two orbits of jV, and the set Tr of tails, 
consisting of those flags, which are jV “invariant. 

We will very often think and speak about graphs directly in terms of their 
geometric realizations. In particular, r will be called a connected (resp, tree, resp. 
forest) if its geometric realization is connected (resp. connected and has no loops, 
resp. is a disjoint union of trees). 

Situations in which one must be more careful and invoke the initial combina- 
torial definition usually occur when one has to consider morphisms of graphs. We 
will define here three types of generating morphisms which we will need. For more 
sophisticated definitions, cf. [BeMa]. 

In fact, [BeMa] considers graphs endowed with additional labeling of their ver- 
tices with integers > 0. Such graphs arise as dual graphs of (semi) stable pointed 
curves: vertices correspond to the irreducible components, labels to the genera of 
their normalizations. This part of the structure can be neglected in most of this pa- 
per which treats only the combinatorics of the genus zero curves whose dual graphs 
are trees with all vertices labeled by zero. 

Moreover, flags are in a bijection with the special points of the normalized 
curve. Hence when S is weighted and/or painted, we must consider graphs whose 
flags are weighted, resp. painted. 

(i) An isomorphism a r consists of two bijections : Fr F^, pv • Va 
Vr. They must be compatible with da, dr, and ja, jr- As a corollary, they induce 
bijections of edges and tails as well. (Notice that maps between flags go in reverse 
direction with respect to the morphisms of graphs. This convention will persist 
below.) 

(ii) Let cr be a graph, and e its edge consisting of two flags ei, 62- A morphism 
c : a ^ T contracting e geometrically simply deletes the interior of e if it is a loop 
with vertex v, or else contracts e so that its ends vi,V2 become a new vertex v 
otherwise. Combinatorially, it is given by a map c^ : Fr Fa which identifies Fr 
with Fa \ {61,62} and is compatible with involutions, and a map cy : Va Vr 
which glues together vertices of ei, 62 and is a bijection elsewhere. Distribution of 
flags between all vertices except for those of 61,62 must be compatible with these 
maps. Flags of r at u (if e is not a loop) are thus Fa{vi) U Fa{v2) \ {ei, 62} > 

(iii) Let <j be a graph and {fi, f 2} its two different tails. A morphism a r 
which glues these two tails together consists of two bijections Fr ^ Fa, Va Vr 
compatible with da, dr, and making of {fi, f 2} one new edge. 

Composition of morphisms is the composition of the relevant maps , cy (in 
reverse order for flags). A composition of contractions of edges and isomorphisms 
will be called simply a contraction. The category of trees and contractions will 
reappear in §3. 

1.1.1. Painted graphs and labeled graphs. A painting of r is a partition 
of its tails into two subsets: white and black. If a painting is not given explicitly, 
we assume that all tails are white. 

Morphisms between painted graphs are subject to the following restrictions: 
isomorphisms and contractions do not change color of tails; it is allowed to glue 
together only white tails. 
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Let 5' be a set, and r a graph. An S -marking (or labeling) of r is a bijection 
S Tr. Equivalently, we call a graph with an 5-marking an 5-graph, and a 
morphism between two 5-graphs identical on 5, an 5-morphism. We identify a 
painting of r with a painting of 5. 

1.1.2. Stable and stably painted trees. Let now r be a tree. We recall 
that it is called stable, iff its every vertex is incident to at least three flags. 

A painted tree is called painted stable, iff 

(i) It is stable. 

(ii) Every end vertex of r carries at least one white tail. (An end vertex is a 
vertex incident to 1 or 0 edges). 

In particular, an one edge 5-tree is the same as an unordered 2-partition 
5 = (Ji Uct 2 showing how the tails are distributed between the two vertices. Painted 
stability means that a\ and fj 2 each contain at least one white point, and \ai\ > 2. 

We will often use the following notation. If Si , S 2 are two subsets of 5 and a 
is a 2-partition of 5, then 5icr52 is a shorthand for the following statement: all 
elements of 5i lie in one part of a whereas all elements of S 2 lie in another one. If 
one of the sets is empty, we may omit it. 

1.2. 2— partitions and trees. Let r be a tree, e its edge. If we delete the 
interior of (the geometric realization of) e, the tree will split into two connected 
components, and the set of its tails will break into two subsets. If r is 5-marked, 
we get thus an unordered 2-partition cTg of 5. If r is painted stable, this partition 
will also be painted stable. 

Let cr = (cri,cT 2 ) and r = {ti,T 2 ) be two non-trivial unordered partitions of 5. 
Denote by 6{a,r) the number of non-empty pairwise distinct sets among ak H ri 
diminished by 2. 

Clearly, 6{a, r) can take only values 0, 1, 2. Moreover, 

(i) 6{a,T) = 0 iff a = r. 

(ii) S{a,r) = I iff the following condition is satisfied. There exists a partition 
of S into three (non-empty pairwise disjoint) subsets pi, i = 1,2,3, such that one 
of the partitions a, r is (pi U p 2 , ps), and another is (pi, P 2 U pa). The partition (pi) 
is determined uniquely up to a permutation of pi and pa . 

To see this, notice that there must be exactly one empty intersection a a H r^,. 
Renumbering the sets if necessary we may assume that <72 0 x 1 =0. Then pi := 
T"!, P 2 •= CTi 0 T 2 and pa := <72 will do. 

Moreover, assume in this situation that <7 and r are painted stable as one-edge 
trees. Denote by <7 * r the two-edge 5-tree whose tails are distributed between its 
three vertices according to the partition (p^), with p 2 in the middle. Then <7 * r is 
stable painted as well. In fact, its end vertices carry at least two tails of which at 
least one is white because this holds for <7 and r; and its middle vertex carries at 
least three flags because p 2 is non-empty. 

(iii) (5(<7, r) = 2 iff there exists an ordered quadruple of pairwise distinct ele- 
ments i,j,k,l € 5 such that jiakl and jkril. Moreover, if S is painted and a, r 
are painted stable, i,j,k,l can be chosen in such a way that the partitions induced 
by <7 and r on this quadruple are also painted stable. 
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In fact, if one disregards stability, it suffices to choose j G <ji fl ri, i € <7i fl T 2 , 
A: G (J 2 n Ti, I G ct 2 n T 2 . This is possible exactly when (5(cr, r) =2. 

If cr and r are painted stable, consider the (2,2) matrix of sets (cja fl r^). A 
contemplation will convince the reader that at least one of the two diagonals of 
this matrix has the following property: each of its elements contains a white label. 
Hence either i and k, or else j and I can be chosen white. In both cases, the induced 
partitions of {i, jf. A:, 1} are painted stable. 

We will call a set E of pairwise distinct (painted) stable 2-partitions {cr} of a 
(painted) stable set S good^ if (5(cr, cr') = 1 for any a ^ a' in E. In particular, empty 
set is good, and any one-element set is good. 

1.2.1. Lemma, (a) For any (painted) stable S-tree r, the set {erg |e G Er} 
is good. 

(b) The map r {erg | e G E'r} establishes a bisection between (painted) stable 
S -trees up to an S -isomorphism, and good families. 

(c) Let E' be a non-empty good family, a G E' , E = E' \ {a}. Let t' , resp. r, 
be the respective S -trees, and e G Er' the edge corresponding to a. Then there is a 
unique S -morphism r' r contracting e and inducing the tautological embedding 
EcE'. 

Proof. If one disregards painting, statements (a) and (b) are proved in the 
Proposition 3.5.2 of Chapter III of [Mai]. To deal with painted trees, it remains 
only to check that if one starts with a non-empty good family and produces the 
respective tree, it will be painted stable, that is, its every end vertex carries a white 
tail. In fact, such a vertex belongs to a unique edge e, and the tails carried by 
it constitute a part of the partition CTg. Since dg is painted stable, the conclusion 
follows. 

We leave (c) as an exercise to the reader. 

1.2.2. Proposition. Let r be a painted stable S-tree, and a a painted stable 
2-partition of S. Then exactly one of the following alternatives takes place. 

(i) There exists an edge e £ Er such that <j = cTg. In this case we will say that 
a breaks r at e. 

(a) There exists a vertex v £ Vr, an S-tree r' and an S -morphism t' t 
contracting an edge e of r' to the vertex v of r such that a = a^. In this case we 
will say that a breaks r at v. 

(Hi) None of the above. In this case there is an edge e £ Er such that 6{cr, cTg) = 
2. We will say that a does not break r. 

Proof. Consider the family of numbers (5(cr, dg), e G Er. If it contains zero, we 
are in the case (i), and then all other numbers are 1, because of Lemma 1.2.1 (a). If 
it consists only of I’s, we can add a to {dg} and get a good family, which produces 
a new tree r' and a contracting morphism r' ^ r with required properties. If it 
contains 2, we are in the case (hi). 

1.2.3. Remark. In the following it will be useful to keep in mind a more 
detailed picture of various possibilities that can arise in the case (ii). 

If we delete a vertex v from the geometric realization of r, it will break into 
a set of > 3 connected components which we will call branches of r at u. Their 
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set is canonically bijective to the set of flags Fr{v) incident to v: we can say that 
the branch starts with the respective flag. In the extreme case, a branch can be a 
single tail. 

Each branch b carries its full subset of tails, or their labels, Sb, so that all Sb 
together form a partition of 5. A 2-partition cr of 5 breaks r at u precisely when 
each of its parts is a union of several SbS. In this way we establish a bijection 
between such 2-partitions <j of 5 and 2-partitions a of Fr{v). We will say that a 
is (painted) stable if the respective a is. Most of a’s wiU be automatically painted 
stable. Unstable a’s are of two types: 

(i) one part of a consists of one white tail; or 

(ii) one part of a consists of only black tails. 

In fact, if a branch starts with an edge, then at an end vertex of this edge there 
are at least two tails, of which at least one is white. 

1.3. Combinatorial cohomology. In the following we flx a painted set S 
with |5| > 3 containing at least two white elements, and a commutative coefficient 
ring k. Consider the family of independent commuting variables {I a} indexed by 
painted stable unordered 2-partitions cr of 5 and put IZs := k[la-]. 

Call an ordered quadruple of pairwise distinct elements G S allowed, 

if both partitions ij\kl and kj\il are painted stable. For a painted stable a put 
j,k,l) = 1 if {i,j,k,l} is allowed and ijakl; —1, if {i,j,k,l} is allowed and 
kjail] and 0 otherwise. 

Deflne 

Rijkl :='^€{a-,i,j,k,l)la€'Rs, (1-1) 

a 

Raa' '^= lala' if there exists an allowed quadruple i,j,k,l with ijakl, kja'il. 

( 1 . 2 ) 

Here a, a' run over 2-partitions. Denote by Is C IZs the ideal generated by all 
elements (1.1) and (1.2) and deflne the combinatorial cohomology ring by 

HI := Us /Is. (1.3) 

The main result of [Ma2], Theorem 3.1.1, establishes a canonical isomorphism 
of Hg with the cohomology and the Chow ring of The proof heavily uses 
calculations of this paper and Keel’s theorem who proved this result in [Ke] for the 
basic case when there are no black points. 

Returning to our combinatorial setup, let now r be a painted stable 5-tree. 

Put 

— n ^ 

eeEr 

and call such a monomial good. It depends only on the 5-isomorphism class of r. 
If r is one- vertex tree, we put m(r) = 1. 

1.3.1. Multiplication table. Below we will calculate lam{T) mod Is- The 
answer will depend on the mutual position of a and r as described in Prop. 1.2.2 
which we will consider in reverse order. 

Case (Hi): a does not break r. Then 

lam{r) = 0 mod J5 



(1.5) 
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because in this case lam{r) is divisible by one of the elements (1.2). 

Case (a): a breaks r at a vertex v. Then 

lcrm{r) = m{a * r) (1.6) 

where cr * r is the painted stable 5-tree corresponding to the set of 2-partitions 

{(7e I e G Er} U {cr}. 

Case (i): a breaks r at an edge e. In this case we will write several formulas 
depending on additional choices. Namely, denote by Vi,V 2 two vertices of e and 
by Cl, 62 the respective flags (“halves of e”). Choose two distinct flags /, J G 
Et{vi) \ {ei} and similarly K^L e Fr{v 2 ) \ {62} with the following property: 

(*) there exist labels A:, I on the branches starting with J, J, K, L respectively, 
forming an allowed quadruple. 

Again, we will call such I, J,K,L an allowed quadruple. It is important to 
notice that allowed /, J, K, L always exist: it suffices to take for J any branch at v\ 
carrying a white tail, for L any branch at V 2 carrying a white tail, and complement 
them by arbitrary I, K. 

Now we state that for each allowed quadruple of flags as above we have: 

l„m{T) = - ^ m(r(a)) - rn{T{P)) mod/s. (1.7) 

a-.IJa.ei (3:e2f3KL 

Here a (resp. P) runs over painted stable 2-partitions of Fr{vi) (resp. Fr{v 2 )) in 
the sense of 1.2.3. If a determines a 2-partition a of 5, we denote by r{a) the 
former cr * r. 

To prove (1.7), we choose i,j,k,l as in (*) and write first of all 

Rijkim{T) = 'Y^e{p-i,j,k,l)lpm{T) els- (1-8) 

P 

where we sum over 2-partitions p of 5. Now, if e(p; i, j, k, 1) = —1, then kjpil, and 
since ijakl, we have Ipla G Is] but 1^ divides m(r), and so lam{r) G Is- Hence in 
the r.h.s. of (1.8) we may sum only over p’s with ijpkl, and a is among this set. 
Therefore, 

l(^m{r) = — lpm{r) mod Is- (1-9) 

p: ijpkl 

In the sum (1.9) we may and will omit p’s that do not break r. Moreover, no p can 
break r at an edge, or at a vertex distinct from vi or V 2 - otherwise the condition 
ijpkl cannot hold. Finally, p’s which break r at vi or V 2 will produce precisely the 
right hand side of (1.7). 

1.3.2. Corollary. The ring IZs is linearly spanned by Is and good monomials 
m{r). The cohomology ring Hg is spanned by the classes ofm{r). 

In fact, the span of Is and m(r) contains 1 and is stable with respect to 
multiplications by all 1^- 

However, the space of linear relations Is H (m(r)) is generally non-trivial. 
Below we will exhibit some elements of this space which we will call the standard 
ones and which will later be shown to span all the relations. 
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1.4. Standard relations between good monomials. As above, we will 
calculate some expressions Rijkim{r), However, formerly we started with a tree r, 
an edge e = Co- and flags I, J and AT, L at two ends of this edge. 

Now we will start with a tree r, a vertex u, an allowed quadruple of flags 
/, J, AT, L incident to this vertex, and an allowed quadruple of labels i, j, I carried 
by the respective branches. Looking at the summands at the right hand side of 
(1.8), we see that if p does not break r, we can omit it, and if p breaks r at an edge 
or at a vertex different from u, then e(p; z, j, /c, 1) = 0. 

Partitions p breaking r at u correspond to 2-partitions a of AV(u). So finally 
we get the standard relation 

I, J^K,L)m{r{a)) ^0 mod Is (1.10) 

a 

where the sign e is ±1 depending on whether IJaKL oi KJalL. 

§2. Combinatorial homology modules 

2.1. Homology space. We keep notations of §1, in particular, fix a painted 
set S and a coefficient ring k. Define a free A;-module Ms := 0rA:p(r) freely 
generated by all 5-isomorphism classes of painted stable 5-trees r. Denote by 
Js C Ms the submodule spanned by the standard relations (1.10) in which m(r) 
are replaced by p(r): 

r(r, v; I, J, K, L) := ^ e(a; I, J, K, L) jJi{r{a)) G Js- (2.1) 

a. 

Finally, define the homology k-space as 

H^s'=Ms/Js ( 2 . 2 ) 

and put [p{r)] := /i(r)mod J5. 

The main content of this section is the definition of an action of Hg on H^s 
which turns the homology module into a free module of rank one over the coho- 
mology ring. To be more precise, we start with defining an action of the ring 
generators upon Ms which imitates the multiplication table (1.5)-(1.7), and 
proceed to show that it is compatible with the defining relations. 

2.2. Multiplication table revisited. We will first formally define the action 
of la- upon generators /i(r) sending them to some elements oi Ms • If cr does not 
break r, we put 

laP^ir) = 0. (2.3) 

If a breaks r at a vertex u, we put 

lap{r) = p{a^r). (2.4) 

Finally, if a breaks r at an edge e, we choose an arbitrary allowed quadruple 
of flags I^J^K^L as in 1.3.1, Case (i), and put in the notations explained above 

= - Y. - Y /^('^(-^)) • 

a:IJaei (3:e2(3KL 



(2.5) 
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2.3. Theorem. Formulas (2.3)-(2.5) induce a well defined action of Hg 
upon H^S‘ 

2.3.1. Corollary, (a) This action makes of H^s a free module of rank 
one over iif|. 

(b) The standard relations (LIO) span all linear relations between the classes 
of good monomials m{r) in Hg. 

Deduction of the Corollary. Since the relations between the classes of 
/x(r) correspond to a part of linear relations between good monomials, we have a 
surjective A^-linear map 



s : H^s Hg ■■ [/i(r)] [m(r)]. 

Here we set [m(r)] := m(r) mod /s. 

On the other hand, denoting by 1 G if* 5 the class of one-vertex 5-tree, thanks 
to Theorem 2.3 we have another linear map 

t : Hg — > if*5 : [m(r)] [m(r)] 1. 

Induction on the number of edges of r using (2.4) shows that [m(r)] 1 = [/^(t)]. 
Therefore s and t are mutually inverse, so that 1 is a free generator of if*s as an 
if|-module. This completes the deduction. 

We now turn to the proof of the theorem which is given in the subsections 2.3.2 
-2.3.6. It consists of a chain of sometimes tedious checks, and the reader may 
prefer to skip it. 

2.3.2. Prescription (2.5) is well defined. The right hand side of (2.5) 
formally depends on the choice of an allowed quadruple J, J, K, L. One can pass 
from one allowed quadruple to another one replacing each time only one flag so 
that all intermediate quadruples will also be allowed (at each vertex, start with 
replacing a flag carrying a white label by another flag also carrying a white label). 

We will now take the difference of the right hand sides of (2.5) written for 
quadruples /, J, K, L and J, K, L. The second sums will cancel. In the first 
sums, the terms corresponding to a’s with Il'Jaei will also cancel. The remaining 
terms are 

- fi{T{a)) mod J5. (2.6) 

a:IJaI'ei cx.:I'JotIe\ 

Clearly, (2.6) is an element of the form (2.1), namely r(r, J, /, e{). 

One can similarly treat a replacement of J by J'. 

2.3.3. Multiplication by la maps Js into itself. As in (2.1), choose a rela- 
tion r(r, v; I, J, K, L) and a 2-partition a. We want to show that lar{r, v; /, J, AT, L) 
belongs to J5. Consider in turn the following subcases. 

(i) a does not break t 

If a does not break r, it does not break any of t(q;), hence lar{r^ v; J, J, AT, L) = 
0 in view of (2.3). 



(a) a breaks t at a vertex different from v 
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In this case we obviously have 

lar{r, v; I, J, L) = r(cr * r, u; I, J, i^, L). 

(Hi) a breaks r at an edge not incident to v 

In this case we calculate laT{a) using one of the formulas (2.5) which involve 
surgery only at the ends of e so that it does not interact with the partitions a in 
(2.1). Hence we get a sum of the elements of the type (2.1) written for various 
r(a). 

The remaining two cases are more difficult. 

(iv) a breaks r at an edge e incident to v 

We will start with some notation. Let vq be the vertex of e distinct from v. 
Denote by eo, resp. ei, the flags of e at uq, resp. v. For each a appearing in (2.1), 
the tree r{a) has an extra edge which we denote f = fa] other edges, in particular, 
e, “are” the edges of r. Clearly, e and fa have in r{a) a common vertex v. 

In order to calculate laia{r{a)) we have to use a formula of the type (2.5) 
written for the edge e of r(a). Notation in (2.5) conflicts with that in (2.1), so we 
will rewrite (2.5) as: 

laH{T{a))=- /x(r(a)(/3)) - M(r(a)( 7 )). (2.7) 

f^’IcxJal^^o 'Y • 6 1 'y R"c>: -L Q. 

Here Ka^ La can be chosen depending on a, thanks to 2.3.2. Recall from 

1.3.1 that these flags must form an allowed quadruple, and 

-fa? Ja ^ L r(o;)('yo) ~ L -f^a? La ^ F r(a)(^)* (^•^) 

Moreover, /?, resp. 7 , run over 2-partitions of -Fr(a)('^o) = -Fr(uo), resp. of FV(q;)(u), 
whereas a runs over partitions of Fr{v). 

With this notation, we have 

/„r(r, t;; J, J, K,L) = J2 I, J, K, L) lMr{a)) = 



^ M^(a)(/3)) + ^ M^(a)(7)) • (2-9) 

O' \j3:IotJ(x^e.Q 'y-.ei^KcxLot J 

Now, in (2.9) a and (3 occur at different vertices of r. Hence ii{T{a){P)) = 
fi{T{f3){a))^ and we can interchange summation on a and (3 if we choose lajJa 
independent of a. This is possible: namely, choose as Ja = Jo an arbitrary flag in 
Ft{vq) \ {ei} whose branch carries a white label, and for la = lo choose any other 
flag in this set. The condition on Jg will make a quadruple /g, Jo? -f^a? La allowed 
if La carries a white label as well. We will care about it later. 

Meanwhile we can rewrite the first half of (2.9): 



E E e(a; J, J, K, L) M(r(/3)(a)) = - ^ I, J, K, L) € Js- 

(3:IoJo(3eo a /3:IoJo(3eo 

( 2 . 10 ) 
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Hence it remains to show that, after an appropriate choice of Kq,, 

(?) f,{r{a){j)) e Js- (2.11) 

Q; jiei'jKocLc 

Choice of K^^Lq,. For we will always choose the flag of the new edge fa 
incident to v. This choice assures that I 05 Jo^Ka, La will form an allowed quadruple. 

The choice of Ka will additionally depend on the mutual position of e and of 
flags J, J, K, L. Notice that in our calculation this set of data is fixed: it determines 
the left hand side of (2.9). 

There are five logical possibilities: one or none of the flags J, J, K, L coincides 
with e^;, the flag of e incident to v. By symmetry, it sufiices to consider three 
options: none is e^, I = e^, or J = Cy. We need only look at those a for which 
IJaKL or KJalL. 

Here is the list of choices. 

If none of /, J, K, L is we put Ka = I for alcy and Ka = K for aKcy. 

If / = e-y, we put Ka = J for aJcy and Ka = L for aLcy. 

Finally, if J = e^, we again put Ka = I for alcy and Ka = K for aKcy. 

Now the left hand side of (2.11) is well defined, and we will start rewriting it 
as a sum of elements of Js. 

First of all, each term fj,{r{a){j)) can be uniquely rewritten as /x(r( 7 ')(a')) 
creating two new edges of r(a)( 7 ) in reverse order. 

More formally, let r{'y') be the result of contracting the edge / = /« in T{a){j). 
It can be obtained from r by inserting a new edge g breaking the set of branches 
at the vertex v into two parts. This edge has a common vertex with e. Denote by 
w = Wjf another vertex of g. The tree r{j'){a') is obtained from r( 7 ') by inserting 
an edge breaking the branches at w into two parts. 

Second, we will show that the sign e{a\ /, J, K, L) in (2.11) can be rewritten as 
e(a'; I' ^J' ^K’ ^ V) where the flags I' ^J'^K\ L' at w will depend on 7 ' but not on 
a' and form an allowed quadruple. 

Then (2.11) can be rewritten as 

^ ^e(a'; I', J', K', L’) M(r(7')(a'))- (2-12) 

7 ' ex' 

It will remain only to convince ourselves that a' runs over all 2-partitions of 

i'OJ'yf). 

We wiU dogmatically describe the choices involved. We checked that everything 
fits together by drawing twelve diagrams exhausting all possible mutual positions 
of /, J, K, L, e, f^g in the trees r(a)(y) = r( 7 ')(o;'). 

The diagrams show that 7 ' breaks /, J, K^ L in such a way that either all four 
flags get in the same part, or one of them is taken apart. In the first case we simply 
choose /' = /, J' = jf, K' — JT, L' = L. In the second case we replace the flag that 
is taken apart by the appropriate flag belonging to the edge g. One easily sees that 
the resulting quadruples are allowed. 

(v) a breaks t at v 
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Again, we will consider several cases depending on how a breaks /, J, AT, L. 
There are four basic options: alJKL, laJKL^ JalKL^ IJaKL. All other possi- 
bilities either can be obtained from one of these by exchanging J and L, I and AT, 
or else refer to those a for which laT{r^ v; /, J, AT, L) = 0. The latter happens when 
IKaJL, because then a cannot break any r(a) with either IJaKL or IJaKL. 

Assume first that one of the options alJKL, laJKL, JalKL holds. Denote 
by w the vertex of cr * r incident to three or more of the fiags I, J^K^L. 

As in (2.12), we can rewrite the nonvanishing terms of lar{r,v; I, J^ K, L) as 
follows: 

€(a; J, J, A, L) lali{r{a)) = e(a'; J', J', K', A') ii{{a * r){a')). (2.13) 

Here a' is a 2-partition of Fa^r{w), and I',J',K',L' are defined by the following 
prescription. If I, J.^K,L are all contained in the same part of a, /' = /, J' = 
J^K' = K^L' = L. If one of the flags is taken apart, it must be replaced by the flag 
of e incident to w. 

A straightforward check then shows that the summation over all a produces 
the same result as the summation over all a', so that finally 

Z^r(r, u; /, J, K, L) = r{a * r, w- J', K' , V). (2.14) 

It remains to consider the case IJaKL. In this case, among the summands of 
r(r, v \ /, J, AT, L) exactly one has the property t(q;o) = a ^r. To multiply it by 
we use the formula (2.5), in which we have to replace r by t(q;o) and rename the 
summation variables, say, to /1, 7. However, we will use our current /, J, AT, L in the 
same sense as in (2.5), so that finally we get 

l„fj.{T{ao)) = - ^ fi{{a * t){P)) - ^ iJ.{{a * . (2.15) 

(3:IJ(3ei ^:e 2 jKL 

On the other hand, the nonvanishing terms lalji{T{a)) with a ^ ao can be rep- 
resented as fj,{{a * t){6)) where S breaks cr * r at one of the vertices of e. A 
contemplation shows that these terms exactly cancel (2.15). 

2.3.4. Multiplications by pairwise commute mod J 5 . We want to prove 

that 

= Zcr2(^TiM(T)) mod Js- (2.16) 

There is a long list of subcases that have to be treated separately: a\, resp. <J2, can 
break r at a vertex ui, resp. U2, an edge ei, resp. 62, or not to break r. For each 
of the possible breaking combinations, if the surgery loci are not incident, say, vi 
is not a vertex of 62, the reasoning is straightforward, but it becomes more tedious 
otherwise. 

In the section A. 3 of the Appendix to [LoMa], we displayed the relevant cal- 
culations for the case when the painted set S has exactly two white labels. In this 
case edges of r have to form a linear chain, with two white labels attached at the 
respective end vertices. 

The total number of white labels influences everything in our definitions: the 
total supply of painted stable trees, the formulas for multiplication, and the list 
of the generators of Is and J5. Therefore generally we cannot simply refer to the 
Appendix in [LoMa]. However, a check of pairwise commutativity of /o-’s does allow 
such a reduction. 
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Let US illustrate this in the case numbered {ii){ii') in A. 3, [LoMa]: (Ji, resp. 
(J 2 , breaks r at the edges ei, resp. 62 , having a common vertex. Let us replace r by 
the linear tree tq with edges ei, 62 - Besides halves of these edges, we endow tq with 
tails which are branches of r incident to the respective tliree vertices. At the two 
end vertices of tq, choose two branches of r which carry white labels and declare 
the respective tails of tq white. Declare other tails black. Replace the 2-partitions 
(Ji, ( 72 , by the induced partitions of tails of tq. 

Now, the calculations in A. 3 referring to tq are compatible with the respective 
calculations for r, because the formula (2.5) is “local”. They allow less freedom 
with respect to the choice of /, J, AT, L, but this is inessential, because from 2.3.2 
and 2.3.3 it follows that any choice will do. 

Finally, with the choices made in [LoMa], we get (2.16) as an exact equality. 

We have now proved that IZs acts upon R remains to check that I 5 
annihilates if* 5 . 

2.3.5. Elements Rijki annihilate The case when all labels are white 

was treated in [Mai], Chapter III, 4.8.4. With very minor additional precautions, 
the treatment can be repeated for general painted S. 

The reason is that, although we have a short supply of painted stable 2- 
partitions ex’s if not all labels are white, nevertheless for an allowed quadruple 
i, j, k^l C S, the relation Rijki involves with non-zero coefficients exactly those cr’s 
which are simply stable. Painted stable trees also are simply stable. Finally, the 
multiplication formulas (2.5) written for allowed quadruples J, J, K, L constitute a 
part of the multiplication formulas in the unpainted case. 

In [Mai], III.4.8.4, we show that Rijkihj-ir)] = 0, again for different reasons in 
different combinatorial situations. When no choices are involved in a calculation, 
it is valid in the painted case as well. If a choice of J, J, AT, L is involved, one can 
check that for an allowed z, j, A;,Z, the choices made in [Mai] are allowed as well. 

2.3.6. Elements Raicj2 annihilate These elements are laja2 such that 
a I and (72 do not break each other. If one of them, say, C7i , does not break r either, 
then because of commutativity laja 2 l^i'^) = 0- 

If both of them break r, they have to break r at one and the same vertex v. It 
is then easy to check that Io-i^<t 2 M('^) = 0 * 

§3. Cohomology and homology as functors on trees 

3.1. Groups and Let r be a stably painted tree. We extend 

the painting of tails of r to the painting of all flags declaring all halves of the edges 
white. Finally, we put 

H*{t) := := 0veVrR^Fr{v) • (3*1) 

For one-vertex trees, we recover the rings/modules (1.3), (2.2) with which we 
worked in the earlier sections. The tensor products (over k) of families of objects 
labeled by finite sets, as in (3.1), are defined generally in symmetric monoidal cat- 
egories and allow one to make explicit the functorial properties with respect to the 
maps of the index sets. In particular, AT*(r), resp. AT*(r), has a natural structure 
of A:-algebra, resp. H* (r)-module, with compositions defined componentwise. 

The main result of this section is: 
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3.2, Theorem. For any contraction morphism / : r' t of stably painted 
trees, one can define a ring homomorphism 

r : (3.2) 

and a compatible homomorphism of modules 

U : H,{t') H,{t) (3.3) 

which makes H* and functors on the category of trees and contractions. 

Functors are well determined by their actions on isomorphisms (obvi- 

ous) and on the morphisms contracting a unique edge of an one-edge tree. These 
restrictions are explicitly described below. 

Proof. Let 5 be a painted stable set identified with an one-vertex tree with 
fiags 5, cr an one-edge painted stable ^-tree identified with a 2-partition 5 = 
5i U52. We denote by e the edge of <j, and by V\,V 2 its vertices carrying flags 81 , 82 , 
and by 61,62 the respective halves of e. Denote by fe the contraction morphism. 
We want first of all to define a ring homomorphism /* : if| — » ^SiU{ei} ^^52U{e2}‘ 

We start with describing its (depending on some auxiliary choices) lift </)* : 
1Zs — > '7^5iu{ei} ^S'2U{e2}- ^^t 4>l{lp) = 0 if p does not break a. If p breaks a 

at vi , it defines a painted stable 2-partition pi of 8 \ and the respective new edge 
/ of p * a. Let 8 [ denote the set of flags of this tree at the common vertex of 
6 and /, and 8 'f the flags at the other vertex of /. Denote by pi the one edge 
(5i U {6i})-tree with tails 8 { U {ci}, 8 'f. Similarly, if p breaks a at V 2 define an 
one-edge (^2 U {62})-tree p2. Put 

^*e{lp) Ipi ® 1, resp. ® ■ (3-4) 

It remains to define (pl in the case when p = cr, or equivalently, when p breaks 
a at 6. In this case we choose an allowed quadruple of flags i,j,k,l such that 
i,je 8 i,k,le 82 , and define, similarly to (1.7), (2.5), 

(t>*eil<r) = - ^ ® 1 - ^ ® ^ '^Slu{ei } ® '^S2u{=2 } ' (3.5) 

aiijaei (3:ijPei 

Notice right away that another choice of i,j, k, I will not change the result modulo 
^Siu{ei} ^'^S 2 U{C 2 } +^5'iu{ei} ^^52u{e2>* saiTie reasouiug as in 2.3.2 shows this: 
we consider a replacement of one flag, say, i', and then the respective difference as 
in (2.6) can be identified with r{a,vi;i' ,j,i,ei) 0 1. 

3.2.1. Lemma, (a) There is a well defined ring homomorphism 

ft : H*s - ® H*s^u{e,v ^ • ( 3 - 6 ) 

(a) fl is surjective. More precisely, letri, resp. T 2 , be a painted stable (5iU{6i})- 
tree, resp. {82 U {e2})-^ree. Denote by t\ • T2 the 8 -tree obtained by gluing e\ to 
62. Then 

fti[m{n • T2)]) = [m(Ti)] ® [m(T2)]. (3.7) 

Proof of Lemma 3.2.1. We must show that (^* maps the generators (1.1) 
and (1.2) of Is into +'^ku{e,} ® Iku{e,y 
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Start with a generator Rijki which we will now endow with a superscript S. 
Our reasoning depends on the mutual position of i, j, k, I and a. 

Case ijkla. If, say, G 52, we have 

Case jaikl. If i,kj G S 2 , we have 
reiRfjkl) = 

Case iajkl. If j,k, I G 52, we have 
KiRfjki) = 

Case ikajl. In this case 

Case ijakl. In this case one summand of Rfjki is la- Applying </>* to it with the 
same choice of i, j. A:, I we get the expression (3.5). Applying 0* to all other terms of 
Rfjj^i and using (3.4), we get the same terms as in (3.5), with reverse signs. Hence 
finally 

K{rU) = ^- 

Up to obvious symmetries, we have exhausted all possible alternatives. It 
remains to show that 






1®R. 



,52U{e2} 

'ie2kl 






C0cTi)CGtT2) ^ ^SiU{ei} ^^52U{e2> +7^5iU{ei} ^ -^S2U{e2> 

if (5(cJi, (J 2 ) = 2. We leave this as an exercise to the reader. 

We have thus established that 0* induces a ring homomorphism /*. Repre- 
senting m(ri • T 2 ) as the product of generators corresponding to the edges, and 
applying (3.4), we get (3.7). This shows the surjectivity of /* and completes the 
proof of the lemma. 

We now continue the proof of the Theorem 3.2 and turn to iJ*. Motivated by 
(3.7) (and, of course, by algebraic geometry), we define (in the notations of Lemma 
3.2.1 (ii)): 

fe* : ® -ff.S 2 U{e 2 > ^ R*s, [m(ti)] 0 [^("^ 2 )] [/^(ri • T 2 )]. (3.8) 

Compatibility of this prescription with the defining relations of Js (cf. (2.1)) is 
straightforward. 

Since [/i(r)] = [m{r)] 1 (cf. the proof of 2.3.1), combining (3.7) and (3.8) we 
obtain 

/e.(/e (["l(n • T 2 )]) (1 0 1)) = [m(n • T 2 )] 1. 

This is the key special case of the compatibility of /* and /e* ( “projection formula” 
of algebraic geometry). The general case (obtained by replacing 10 1 with any 
element of ^ H^) follows from it formally, because 1 is a free generator of 
over the respective if*. 

We can now define (3.2) and (3.3) by decomposing / into a product of edge 
contractions and a final isomorphism and using (3,7), (3.8). Edge contractions 
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commute in an intuitively evident sense, so that checking that the result is inde- 
pendent of the decomposition involves only a careful bookkeeping. We leave this 
as an exercise to the reader. 



§4. £-algebras 

In this section we will define several versions of the notion of “algebra over 
extended modular operad of genus zero”. The basic definition we start with is 
modeled upon the functorial treatment introduced in [KoMa], sec. 6. It involves 
unoriented painted stable trees and (combinatorial) cohomology algebras, and it 
produces a version of cyclic algebras in the sense of Getzler and Kapranov. Tensor 
product of algebras appears in the most straightforward way in this construction. 

Other versions involve oriented trees and/or homology algebras. The generic 
name we use for all these versions is C-algebras. 

Finally, we will explain how the classical operads appear in this context. 

4.1. Prom trees to tensors: unoriented case. Let A = {T;P, (,)} be 
a triple consisting of two projective finite rank Z 2 -graded /c-modules T, F and 
a (super) symmetric scalar product ( , ) on F. We assume that ( , ) induces an 
isomorphism F ^ where F^ is the graded dual to F. We denote by A G F 0 F 
the respective Casimir element. 

Let r be a painted stable tree. Denote by Wr, resp. the set of its white, 
resp. black fiags (recall that halves of edges are all white.) If u is a vertex of r, 
Wr(v), resp. Br{v), denotes the set of white, resp. black, flags incident to this 
vertex. Put 



A{t) := T®®’- (g) ® , (-^l) 

Thus, we attach the “white space” F at each white flag, the “black space” T at 
each black flag, and take the tensor product of all spaces. 

Let now / : r — ^ cr be a contraction. It identifies F^ with a subset F® of 
non-contr acted fiags. The complement consist of the halves of contracted edges 
E^. We can define a natural map 

Ia ■ At) (4.2) 

which tautologically identifies spaces attached to the fiags which are paired by / 
and then tensor multiplies the result by G (F 0 F)®-^^ . 

4.1.1. Proposition. In this way t ^ A{t) becomes a contravariant functor 
on the category of stably painted trees and contractions. 

This is straightforward. Prom now on we will use A both as a notation for the 
triple {T; F, (, )} and for the functor described above. 

4.2. Definition. The structure of a cyclic C-algebra upon A = {T; F, (, )} 
is a morphism of functors compatible with gluing 

I : A^H\ (4.3) 

In other words, it consists of a family of maps indexed by stably painted trees 

I{t) : T®-®’- ® F®’^’- -> H*{t) (4.4) 
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such that for any contraction morphism f : r a we have 

I{t) ofX = To I{a) : ® F®^'' ^ H*{t) (4.5) 

and moreover 

/(ri.T2) = I(ri)(8)/(r2): A{ti) 0 A{t 2) H^n) 0 H* {T2) = H%n • T2) . (4.6) 

Restricting this definition to the case of pure white painted trees, we get the 
structure on F which was called an operadic tree level Cohomological Field Theory 
in [KoMa], Def. 6.10. This is the same as an algebra over the cyclic operad 
{iJ*(Mo,n+i 5 ^)}- The case of trees with exactly two white fiags (and orientation, 
cf. below) produces a structure which is essentially a representation of a certain 
algebra jET^^T on F studied in [LoMa], sec. 3. 3-3. 6. Thus, the notion of an £-algebra 
combines both these structures. 

4.2.1. Tensor product of cyclic £— algebras. Let A = {Ti; Fi, ( , )i}, Ii, 
resp. B = {T 2 ; F 2 , ( , ) 2 }, h-, be two cyclic iC-algebras. Put 

A0B:= {T 10 T 2 ; Fi0F2,(,)i0(,)2}, 

lAmi'T) -= Mo (Ii 0 l 2 )(r) : 

where M : H* (r) 0 H* (r) H* (r) is the ring multiplication. Compatibility with 

(4.5), (4.6) is straightforward. 

4.2.2. Economy class descriptions of cyclic algebras. Let us consider 
only maps (4.4) indexed by one-vertex trees, with a painted set of flags S = W U B: 

Is : 0 -> H*s. (4.7) 

The axiom (4.7) puts certain restrictions upon this family of maps. Namely, for 
any painted stable partition S = Si U ^ 2 , Si = Wi U Fj, the following diagram 
must be commutative: 

T®b ^ p0W ^ 

So(®A)| |/* 

T®®* (g) ® r®®2 ® p®W2U{e2} ^SiU{ei} ® -^S2U{e2} 

'(4-8) 

Here /* is the map defined by (3.6), (3.7), and S is an obvious reshuffling of factors. 

Moreover, any painted isomorphism S S' produces isomorphisms of the 
respective corners of the diagram (4.8), and we require the resulting cubic diagram 
to be commutative. 

One easily sees that, conversely, given Is satisfying (4.8) and compatible with 
isomorphisms, we can uniquely reconstruct the structure of cyclic £-algebra on 
A={T-,F,{,)}. 

We can further restrict ourselves to the subcategory of painted sets Sn,m in 
which W (resp. B) consists of an initial segment of the natural numbers {1, . . . , n} 
(resp. an initial segment of another copy of the natural numbers {1, • . • ,m}. Iso- 
morphisms will reduce to the actions of two copies of symmetric groups Sn x Sm- 
The axioms we get in this way are extensions of ones that are stated in [KoMa], 
Definition 6.1. 
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4.3. From trees to tensors: oriented case. An orientation of a painted 
stable root tree r is uniquely determined by a choice of its root: an arbitrary white 
flag r. In the geometric realization, we then orient r away from its vertex, and each 
other white flag in the direction of r. Put WV = U W~ where IF+ consists 
of flags oriented towards their vertices (“in”), and W~ of flags oriented in reverse 
direction (“out”.) Notice that all black flags are oriented “in”. 

An oriented contraction of oriented trees is the same as a usual contraction 
which sends root to root. 

To produce tensors associated with oriented trees we start with a pair of mod- 
ules Ao = {T, F} as in 4.1, but do not assume a scalar product given. We then 
denote by A G F 0 the image of the identity morphism. 

For an oriented tree r we put 

A,(t) := ® ® . 

Let now / : r a he an oriented contraction. As in 4.1, we can deflne a 
natural map 

/j4o : A)(o-) A( t) (4.9) 

which tautologically identifles spaces attached to the flags which are paired by / 
and then tensor multiplies the result by € (F 0 , 

4.3.1. Proposition. In this way r Aq{t) becomes a contravariant func- 
tor on the category of oriented stably painted trees and contractions. 

4.4. Definition. The structure of an C-algebra upon Aq = {T, F} is a 
morphism of functors compatible with gluing 

I : Ao->H*. (4.10) 



4.5. £— algebras in terms of combinatorial homology and correlators. 

We will now introduce one more version of £-algebras involving homology and 
unoriented trees. It is this version which is most convenient for the passage to the 
differential equations. 

For a change, we will start with an economy class description. We fix Aq = 
{T, F} as in 4.3. 

4.5.1. Data. Consider one- vertex oriented stable painted trees. Such a tree 
is the same as a flnite set of its flags represented in the form S = {W U {0}) U F, 
\W U B\ >2, where 0 is the root, W U {0} (resp. B) is the subset of white (resp. 
black) flags. For each such S we assume given an even homomorphism of /^-modules 
(correlator) 

Cs : H,s ® ® F . (4.11) 

This should be compared to (4.7): to pass from (4.7) to (4.11), we make a par- 
tial dualization: cohomology becomes homology and moves to the left hand side, 
whereas the factor F^ corresponding to the root becomes F and moves to the right 
hand side. 

Once again, we can restrict ourselves by the sets A = {0, 1, . . . , n}, F = 
{!,... ,m} taken from two disjoint copies of the set of nonnegative integers. 
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Since H^s is spanned by [/x(r)] where r runs over unoriented stable painted 
5-trees, to give (4.11) is the same as to give a family of maps 

Cs{[h{t)]) : T®® ® ^ F . (4.12) 

Notice again that the orientation is encoded by 5 which is given together with the 
choice of (a label of the) root. 

The intuitive meaning of (4.12) is this: given a rooted tree r, we consider it as 
the flowchart of a computation. Concretely, an input assigns an element fa of F 
(resp. tb of T) to each white non-root tail a (resp. to each black tail 6). Then the 
output is an element 

C's([At('r)])(<S>6 4 ®a fa) G F. (4.13) 

We associate this output with the root of r. 

4.5.2. Axioms. (A) Operadic relations. If we graft two (or more) oriented 
trees by gluing root(s) to white tail(s), the resulting tree must be the flowchart for 
the composition of the respective functions. 

Notice that since black tails are never glued, elements of T may be considered as 
“parameters” , whereas the actual arguments (and values) of the correlators belong 
to F. 

(B) Symmetry relations. They say that the product Sw x of the permutation 
groups of W and B acting upon (4.11) in an evident way leaves these maps invariant. 
Notice that the action on H^s is also involved in this requirement. 

(C) Linear relations. They assure us that all linear relations between [/i(r)] in 
H^s imply the respective relations between correlators. We can restrict ourselves 
by the basic relations (2.1), or their cohomological version (1.10). Namely, starting 
with an 5-tree r, its vertex u, and an allowed quadruple of flags I, J, A, L at this 
vertex, as in 1.4, we must have 

^ e(a; 7, J, K, L) Cs([M(T(a))]) = 0 (4.14) 

a 

where we sum over all 2-partitions of the set of flags at u, and e = 1,-1, or 0, 
depending on whether IJaKL^ KJalL or none of it. 

4.6. Top correlators. Let r be an one vertex tree whose tails are labeled 
by {W U {0}) U B. For W = {1, . . . , n + 1}, J5 = {!,... ,m}, we will write 
c(ti, . . . , trri 5 /i) • • • 5 fn+i) i^ place of (4.13) and call these elements the top corre- 
lators. They are symmetric in T- and F-arguments separately. We will formally 
extend them to poly linear functions symmetric in all variables. All the operadic 
relations follow by iteration from this symmetry and from the following ones: 

c(tx, . fn, c[t'i, . . f\, f'p+i)) = 

c{h, fl, /2, . • ■ , fn, t'l, . . f\, f'p+i) (4.15) 

Now fixing all the arguments except for /n+i, consider c(ti, . . . , /i, . . . , /n+i) as 

a function of /n+i, that is, an element of EndF (even or odd, depending on the 
sum of parities of the fixed arguments), and denote it by 

...,/„) G EndF. 

Again, we will allow arbitrary permutations of arguments in this expression, 
followed by the standard sign change, and call the resulting expressions top matrix 
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correlators. Then the grafting relations (4.15) turn into the simple factorization 
relations in End F: 



(tl, . . . , trri') fit f2^ • • ' 1 fmt i, . . . ^t q, f / — 

(tl, , . . , tmt /l, /2, . . . , /n)(t'l, . . . , t'q, f\, . . . , f'p). 



(4.16) 



We can now formulate the first result describing £-algebras in terms of their 
top matrix correlators. In order to make connection with results of [LoMa], we 
introduce the following notation. Choose bases of F, T and let their union, which 
is a basis of T 0 F, be {A^}, for some index set J. Fix a structure of the (oriented, 
homological) £-algebra upon (T, F) and consider its top matrix correlators for the 
elements of the chosen basis. 



4.6.1. Theorem, (i) Top matrix correlators 

(Aai . . . Aa^) e EndF, n > 2, 

are (super) symmetric in their arguments. Furthermore, for any allowed quadruple 

E n 

cr-.ijcrkl mEcri mE(T 2 

- E («™))( n ( n = 0 • (4.17) 

a: kjail m£ai m£a2 

Here a runs over ordered 2-partitions o/ {!,..., n}. We choose additionally an 
arbitrary ordering of both parts (Ji,a 2 determining the ordering of A ’s in the angular 
brackets, and compensate this choice by the ±.l-f actor e{a,{ak)). 

(ii) Conversely, any family of elements (Ao^ . . .Aa^) G EndF defined for all 
n > 2 and (ai, . . . ,an) G and satisfying the symmetry conditions and (4.17), is 
the family of top matrix correlators of a unique structure of C-algebra on {T,F). 



Proof, (i) Both symmetry properties follow from the definitions, whereas 
(4.17) follows from (4.14), written for one-vertex trees r and transformed with the 
help of (4.16). 

(ii) If we know all top matrix correlators, we can recursively determine maps 
(4.13) for all stable trees r with e > 1 edges. In fact, choose an end edge of r and 
cut it, thus representing r as the result of grafting an one-vertex tree p to a tree 
a with e — 1 edges. Choose the flag a of cr that gets grafted as special input and, 
using partial dualization, rewrite (4.13) as a map 0 p<s>w EndF, that is, 
a matrix correlator related to the tree a. Prom the grafting axiom (A) above it 
follows that (4.13) is uniquely calculated from the latter matrix correlator and the 
top matrix correlator for p, via a generalization of the factorization relations (4.16). 

This shows that the /^-structure on (T, F) with given top matrix correlators is 
unique, if it exists at all. In order to prove existence, we must check that all linear 
relations (4.14) follow from their special cases (4.17). The argument is essentially 
the same as in the proof on p. 462 of [LoMa]; the difference is that in [LoMa] 
the relevant products of top correlators were linear ordered, whereas here they are 
controlled by a tree, so a more careful bookkeeping is required. We leave this as an 
exercise. 
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§5. Differential geometry and £— algebras 

5.1. Notation. Consider a structure of £-algebra upon (T, F) determined by 
its top matrix correlators (Aa^ . . • Aq^) as in Theorem 4.6.1 (i). Denote by (x®) 
the linear coordinate system on T 0 F dual to (Ao). Put 

I, „ - rpO,\ 

E ^^(Aa,...A„„)€fc[W]®EndF. (5.1) 

n=l (ai,...,an) 

5.1.1. Theorem, a) We have 

dBAdB = 0. (5.2) 

b) Conversely, letB G A;[[a;]]0EndF be any even formal series without constant 
term satisfying the equation (5.2). Define its symmetrized coefficients A(ai, . . . , a„), 
ai G I, by the following conditions: first, 

TT rpai 

^—^2 

Th 1 ^(Xj. ^ ) 

second, the parity of A(ai, . . . , On) coincides with that of ^ and third, 

A(a 5 (i), . . . , as(n)) = e{s, (a^)) A(ai, . . . , a^) 
for any permutation s of {1, ... ,n}. 

Then there exists a unique structure of C-algebra upon (T, F) with top corre- 
lators 

(Afli • • • Aa^) = A(di , . . . , Un)* 

Theorem 4.6.1 shows that this is a particular case of the Proposition 3.6.1 of 
[LoMa]. Moreover, the discussion in 3.2 of [LoMa] establishes a bijection between 
the even formal solutions to the equation (5.2) and pencils of formal flat connections 
Vo + Av4 on the trivial vector bundle with flber F on the formal completion of T0 F 
at zero. 

In the remaining part of this section we will establish certain properties of 
solutions to (5.2) and related structures. As in 3. 1-3.2 of [LoMa], we will work in a 
more general setting, allowing not necessarily formal manifolds as our base spaces. 

5.2. Commutativity equations. Generally, let M be a (super) manifold in 

one of the standard categories (C°°, analytic, formal ...). Denote by F a local 
system of flnite-dimensional vector (super) spaces on M. This is essentially the 
same as a locally free sheaf S endowed with a flat connection Vo : tS — ^ ^Om 

from (<S, Vo) one gets F := KerVo, and from F one gets S := Om 0 F (tensor 
product over constants), Vo(t ^ s) = dt 0Om ^ local sections t G Omi s E F. 

Here d is the de Rham differential, which extends in the standard way to O^, 
whereas Vo extends to the whole tensor algebra of S. 

In particular, we have the induced flat connection denoted by the same letter 
Vo upon Ends = Om 0 EndF. 

An even section B of Om 0 EndF is called a solution to the commutativity 
equations for (M, F) if 
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VoB A VoB = 0. (5.3) 

Our sign conventions are determined by postulating that d and Vo are odd. 
We traditionally denote by A the multiplication in 0^ and in the tensor products 
of with other sheaves of algebras, although in the supergeometry this is slightly 
misleading: multiplication in is supercommutative, not super alternate. 

If we choose local coordinates (t^) in M and a basis of flat (belonging to F) 
local sections of 5, B becomes a matrix function t ^ B{t), and Vo^ becomes a 
matrix of 1-forms dB on M: {VoB)l = dBl so that (5.2) is a particular case of 
(5.3). 

Putting dB = where t = (t^), so that 

dB 

bi{t) e Om 0 EndF 

we can easily check that (5.3) can be written in the form of commutativity equations 

Vi,j, [bi{t),bj{t)]=0 (5.4) 

where the brackets denote the supercommutator. Thus bi span over Om a sheaf of 
(super) abelian Lie subalgebras of (9 m ^ End F. This sheaf is intrinsically associated 
with B; we will denote it DB. 

5.2.1. Definition, (i) A solution B to the commutativity equations as 
above is called maximal one, if DB is a maximal suhsheaf of (super) abelian Lie 
subalgebras of Om ® End F in the following sense: any local section c(t) G Om 0 
EndF (super) commuting with DB belongs to DB. 

(a) A maximal solution is called strictly maximal if DB is locally freely gener- 
ated by bi{t). 

Notice that if T is the formal completions of a linear space at zero, maximality 
of DB is equivalent to the maximality at zero. 

5.2.2. Pullback. Any morphism (p : M' M and any solution B to 
the commutativity equations for (M,F) produces the pullback solution <p*{B) for 
{M' ,(p*{F)).. Of course, if M and M' are formal completions of linear spaces at 
zero, ip is generally given by formal series with vanishing constant terms. If is a 
closed embedding, we call p*{B) the restriction of B, and conversely, we call B a 
continuation of p"^{B) (both with respect to p). 

In particular, the automorphism group of (M,F) acts upon the space of solu- 
tions. In the formal case, this is the group of formal invertible coordinate changes. 
Hence the hnear structure of M plays no role, and we can simply speak about 
formal manifolds. 

5.2.3. Proposition. Let B be a solution to the commutativity equations 
over a manifold M , and B' its continuation to M' with respect to a closed embedding 
L : M ^ M' . Denote by M' the formal completion of M' along M, and by B' the 
solution induced by B' on it. 

(i) If B is maximal, everywhere locally over M there exists a formal projection 
p : M' M, p o L = idM, such that B' = p*{B). 




206 



A. LOSEV AND YU. MANIN 



(a) If B is strictly maximal, these local formal projections are unique and hence 
glue together to a global formal projection M' — ^ M with the same property. 

Proof. Working in a local chart, choose local coordinates 

on M' such that M in M' is given by the equations 0 = 0. Choosing also a 
basis of sections of F, consider B and B' as matrix functions. Denote by 
(super) symmetric monomials in 6 where [k) are poly degrees. We have 

dB A dB = 0, dB' A dB' = 0, B'{t, 0) = B{t). (5.5) 

Let I A: I be the total degree (sum of coordinates) of the poly degree (k). To prove the 
statement (i), we have to find a family of local functions (A^^^(t)), i = 1, . . . ,m, 
\k\ > 1, on M, such that putting 

(5.6) 

\k\<N 

we have 

B'j^{t,e) = B'{t,e)mod9^^+\ (5.7) 

where is the ideal generated by with |/c| > iV + 1. In fact, if we find 

such a family, the local formal projection we look for is given by (f*{t'^) = 

• Uniqueness of this family means uniqueness of the formal 

projection. 

Obviously, Fg(t, 6) = B{t) is the only possible choice. In order to find B[{t, 0) = 
B{t + satisfying (5.7) notice that 

n m n 

B(t + Xj{t)6^bi{t) mod0-^ 

j=l i=l j=l 

whereas 

B'{t,9) = B{t) + E ^ mod9^\ 

i=i 

dB' I 

Hence A* (t) exist iff all belong to DB that is, (super) commute with bi{t). 

But this follows from dB' A dB' = 0 evaluated at ^ A Moreover, Aj(t) are 
unique, if DB is freely generated by (bift)). 

This reasoning can be generalized to provide an inductive step from iV to + 1. 
Namely, assume that we already found F^(t,0) of the form (5.6) satisfying 
(5.7), N >1. We need a vector Xjv+i = (AT;^_|_j), j = 1, . . . ,n, whose coordinates 
are forms of degree AT + 1 in 0 with coefficients depending on t such that 

B'^+,{t,9) := B{t+ E V)(f)^W +X;v+i) = 

\k\<N 

^B',,{t,9) + '£xUMt+ E V) (f)6i('')) mod6i^^+2 

3 |A:|<iV 
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= mod0^^+2 

3 

satisfies (5.7) with N replaced by iV + 1. Let 

B'{t,e)=B'j^{t,e)+YN+-, mod6»^^+2 

where Yat+i is a form of degree iV + 1 in ^ with coefficients depending on t. In order 
to establish the existence of Xn-\-i it suffices to check as above that the coefficients 
of Yv+i commute with bj(t). In fact, since dB' A dB' = 0, we have 

d{B'j^ + yjv+i) A d[B'j^ + Yn+i) = 0 mod6>^^+i 

and since moreover dB'j^ A dB^pj = 0 and iV > 1, it follows that 



dYiv+i A dB'j^ + dB'pj A dYN+i = 0 mod6>^^+^ 



Hence the coefficients of all derivatives Yv+i belong to DB. 



formula it follows that the same holds for the coefficients of Yat+i- 
the case of strict maximality follows for this inductive step as well. 



Prom Euler’s 
Uniqueness in 



5.2.4. Primitive vectors. We keep the notation described above. Consider 
fibers of F as (super) manifolds endowed with a linear structure. We can cover M 
by open submanifolds such that over any chart U we have a canonical trivialization 
F\u = Fq X [/, where Fq is a fiber, or else the space of sections of F over U. 

An even section h G P(M, F) is called primitive (for the solution B)ii the map 
of (super) manifolds U Fq : t ^ B{t)h is a, local isomorphism everywhere on 
M. An evident necessary condition for the existence of a primitive vector is the 
coincidence of (super) dimensions of M and fibers of F. 

5.3. Oriented associativity equations. Consider now a (super) manifold 
M endowed with an affine fiat structure. 

By definition, such a structure is given by the subsheaf C Tm of fiat vector 
fields which form a local system of linear spaces and abelian Lie superalgebras (with 
respect to the supercommutator of vector fields) such that Tm = Om C) Let 
Vo : Tm — ^ 0Om '^m be the associated connection. 

Consider a vector field A on M. Its covariant differential Vo A belongs to 

®Om 7m ■ We have the standard isomorphism 



j : Qm ^Om 7m Endoj^{TM). 



Put B := j(VoA). We are now in a position to write the commutativity equations 
for (M, T^) and B. 

A concrete way of fixing a flat structure consists in giving an atlas with affine 
linear transition functions between local coordinates of its charts. Such local co- 
ordinates (t^) are then called flat, and t£^ is locally generated by the dual vectors 
di = djdf' . When we write the held B = B{t) as a matrix, we always use {di) as a 
basis of local sections. 
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5.3.1. Definition, (i) A solution to the oriented associativity equations is 
an even vector field A on M with the following property. Write A = Yhc A^dc in a 
local flat coordinate system and put Aab^ := dadbA^. Then the composition law 

daOdb = Y,Aab''dc (5.8) 

c 

extends to the associative (super) commutative Om - bilinear multiplication on Tm> 

(a) An even flat vector field do (contained among di) is called a flat identity 
(for A), if Aao^ = or in other words, if eo X = X for each vector field X. 

5.3.2. Proposition. Let A be a solution to the oriented associativity equa- 
tions with flat identity e. Define B := j{XoA) as above and put h = e. 

Then B is a solution to the commutativity equations with primitive vector h. 

The map t B{t)e establishes a local embedding of M into a fiber of F such 
that the tautological flat affine structure on F induces the initial affine structure on 
M. 



Proof. In the notations of 5.3.1, we have 

VoA = Y,dt’’dbA^ ®dc = 

b,c 

b,c 

where \F\ denotes the parity of t®. The last line allows us to compute j{VoA) as a 
matrix B: j{dt^ 0 dc) considered as endomorphism of maps da to S^dc so that 

Bb^ = (_i)(l^bl+i)(l*bl+ltc|)^^^c^ (5 9) 

Then a direct calculation shows that the equation dB A dB = 0 becomes 
Va,6,C,/, 

e e 

These are precisely the associativity equations: cf. e. g. [Mai], pp. 19-20. Since 
this formulation gives a coordinate free description of the operation o, it does not 
depend on the choice of local flat coordinates and agrees on intersections. Super- 
commutativity of o follows from the fact that is a superabelian Lie algebra so 
that Aab^ is symmetric with respect to its subscripts. 

Let now t = (t^ . ,t'^) be a flat local coordinate system such that e = do. 
We have ^o(-^o) “ hence Aq = F where are constants. Therefore 

B{t)e = Y,{-lf°\t^ + a'^)dc. (5.10) 

C 

This proves the last statement of the Proposition. 

The converse statement also holds, at least locally. The point is that for a given 
B, if the equation B = j{VoA)) can be solved for A at all, then we can get other 
solutions by adding to A any flat vector fleld, so there may be an obstruction for 
flnding a global solution. 
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5.3.3. Proposition. Let B he a solution to the commutativity equations 
for (M^F), and let h be a primitive vector for B. Working locally, induce a flat 
affine structure on M from a fibre Fq with the help of the map t ^ B{t)h. 

Then in any local flat coordinate system (F) we can define a vector field A^dc 

such that 

dbA^ = (-1)(I^'I+i)(I*'I+I^‘^DB6^ 

(cf. (5.9)). 

This field is a solution to the oriented associativity equations with flat identity 
e which is the pullback of h ( considered as a tangent vector to a fiber of F) with 
respect to the map 1 1 — » 

Proof. If we prove the existence of functions A^, the rest will follow from the 
proof of the previous Proposition. The equations for A^ are equivalent to 

dA‘^ = 

b 

and their integrability is equivalent to the closedness of all forms 

b 



We will show that the latter in appropriate coordinates is expressed by the equations 
dB A d{Bh) = 0 which follow from dB A dB = 0 because h is flat. 



In fact, choose a basis of flat vector vector flelds of Fq containing h and the 
dual coordinate system (F) such that h = do. Identifying M (or its local chart) 
with a subdomain of F via t B{t)h we can consider (F) as flat coordinates on 
M, and in these coordinates the map t ^ B{t)h is given by the formula (5.10). 
Hence 

d{B{t)h) = ^dt^®db 



and 



dB A d{B(h)) 



E 



Y^idBy A dt^ 
- b 



This completes the proof. 



0 dc = ^(~ 1 )'^ 0 dc 

c 



5.4. Formal solutions to the commutativity equations corresponding 
to £— algebras. Let us now return to the situation described in the Theorem 
5.1.1. The formal series B is a solution to the commutativity equations for the 
formal manifold M which is the completion of T 0 F at zero, and trivial local 
system with the flbre F. Denote by T (resp. F) formal completions of T (resp. F) 
at zero. They are embedded as closed formal submanifolds in M. 

We can restrict B to T. Assume that this restriction Bt is maximal. Then 
in view of the Proposition 5.2.3, B is a pullback of Bt with respect to a formal 
projection (p : M ^ T, 

We can also restrict B to T. Clearly, T is endowed with a formal flat structure 
coming from F. The restriction Bp oi B to F produces a solution to the oriented 
associativity equations with base T. If the latter admits a primitive vector h, we 
will say that h is weakly primitive for B. 
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5.4.1. Proposition. Fix two linear superspaces T and F and the following 
additional data: 

(i) A maximal solution Si to the commutativity equations with the base T and 
fiber F. 

(ii) A solution B 2 to the commutativity equations with the base T and fiber F 
which comes from a solution to the oriented associativity equations on T with flat 
structure induced by F, admitting a flat identity e. 

In this case there exists a pair (B, h), where B is a solution to the commutativity 
equations on the formal completion 0 / T 0 F at zero, with the fiber F, and h is a 
weakly primitive vector corresponding to e, such that B\ = Bt, B 2 = Bp- This pair 
is unique. 

Proof. Let {t) denote some coordinates on T and {9) flat coordinates on T. 
The explicit pullback formula 

B{t,e) = B2{9 + Bi{t)h) 

produces a solution with necessary properties. It is unique because of maximality 
of Bi. 



5.5. Compatibility of two tensor products. Given two structures Ii 
of (oriented) £-algebras upon (Ti,Fi), i = 1,2, we can form the tensor product 
structure I = I\ ^ I 2 upon {T,F) = (Ti 0 T 2 ,Fi 0 F 2 ) imitating the definition 
4.2.1 in the nonoriented (cyclic) case. This operation induces the tensor product 
*coMM on the formal solutions to the commutativity equations (COMM). 

There is also an oriented version ^ass of the tensor product of the formal 
solutions to the associativity equations ASS (for the cyclic case, see [Mai], p. 100). 

Considering only solutions to ASS with flat identities, and the associated solu- 
tions to COMM, we may conjecture that the two operations are compatible. This 
question was raised in [LoPo] where it was checked that the answer is positive in 
several first orders. 

Proposition 5.4.1 suggests a strategy for proving this conjecture at least for the 
case when the solutions to COMM are maximal. However, the most natural and 
general approach is furnished by the equivalence theorem 5.1.1 and the language 
of £-algebras where the tensor product is simply induced by the product in the 
cohomology of moduli spaces, resp. coproduct in their homology. We hope to spell 
out the details elsewhere. 
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Operads, deformation theory 
and F-manifolds 

S.A. Merkulov 



§0. Introduction 

0.1. Little disks operad and Hertling-Manin’s F- manifolds. Probenius 
manifolds created by Dubrovin in 1991 from rich theoretical physics material have 
been found since in many different fragments of mathematics — quantum coho- 
mology and mirror symmetry, complex geometry, symplectic geometry, singularity 
theory, integrable systems — raising hopes for unifying them into one picture. It 
also became clear that the notion of Probenius manifold is not broad enough to cover 
all objects of the associated working categories; say, on the F-side of the mirror 
symmetry it applies only to extended moduli spaces of Calabi- Yau manifolds, the 
latter forming a rather small subcategory of the category of complex manifolds. 
In 1998 Hertling and Manin [HeMa] introduced a weaker notion of F-manifold 
which is, by definition, a pair (M, 112) consisting of a smooth supermanifold M and 
a smooth C^M-hnear associative graded commutative multiplication on the tangent 
sheaf, fj,2 • 7 m , satisfying the integrability condition, 

[M2,M2] = 0, 

where [^l2,H2] '■ Tm is given explicitly by 

\ii2,ti2]{X,Y,Z,W) := [^l2{X,Y),,Ji2{Z,W)]-^i2{\^l2{X,Y),Z],W) 

-{-l)(\^\+\y\)\^\t22{Z, [ti2{X, Y), W^]) 

-^,2iX, [F, tX2{Z, TF)]) - f^2{Z, W)],Y) 

+{-i)™f^2{x, m2(f, [y, W])) + MX, M[y, ^], W)) 

+(-i)i^ii^iM2([^,y],/x2(y,w^)) 

+^^i)\w\m+\z\)^^(^[x, w],My, z)). 

A non-trivial part of the above definition is an implicit assertion that [/X2,/i2] is a 
tensor, i.e. OM-pofylinear in all four inputs. It is here where the assumption that 
fji2 is both graded commutative an associative plays a key role. 

Any Probenius manifold is an F-manifold. Any F-manifold with semi-simple 
product 112 can be made into a Probenius manifold [HeMa]. Hertling in his book 
[He] explained in detail how F-manifolds turn up in the singularity theory. 

In this paper we show that (cohomology /strong homotopy, see below) F- 
manifolds arise natmally in every mathematical structure which admits an action of 
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the chain operad of the little disks operad (or its more compact version, ^oo-operad 
[GetJo]). In particular, we prove 

Theorem A. Let A be either a complex or symplectic structure on a com- 
pact manifold. Then the smooth part, M^eg, of the extended moduli space M of 
deformations of A is canonically an F -manifold. 



0.2. Cohomology F-manifolds. It is often not a pleasure to work with 
objects like Mreg C M in Theorem A; moreover, their existence is not guaranteed 
for many reasonable deformation problems. 

The germ, (M, * ), of, in general, singular moduli space M (if it exists at all) at 
the distinguished point * always admits a smooth dg resolution, (Al,*,9) [Me2]. 
The latter consists of a germ of a smooth graded pointed manifold, (A4, * ), and a 
germ of a smooth degree 1 vector field, 9, satisfying two conditions, 

[9,5] =0, and 91 C 



where I is the ideal of the distinguished point. The relation between (M, * ) (which 
may not exist as an analytic space) and (Af, *, 9) (which always exists for any de- 
formation problem!) is given by the well known formula of “nonlinear cohomology” , 



Zer^ 

“ Img ’ 

representing M as the quotient of the zero set of the vector field 9 by the integrable 
distribution 

Im 9 := {A e : X - [9, T] for some Y ^Tm}. 
which, as it is easy to check, is tangent to Zeros(9). 

With any dg manifold (At, 9) one can associate two cohomology sheaves: the 
cohomology structure sheaf. 



H{Om) := 



Ker 9 : Om Om 
Im9 : Om Om 



and the cohomology tangent sheaf, 

^ Ker Lieg : Tm 'Tm 

^ \mLie^:TM-^TM ’ 

which is a sheaf of (in fnct, a sheaf of Lie 17(0^4 )-algebras). 

We define a cohomology F -manifold to be a dg manifold (At, 9) together with 
a graded commutative associative iL(OA 4 )-polylinear product p 2 • TCTm x HTm 
HTm^ such that the integrability condition, [/i 2 ,M 2 ] = 0, holds. This notion also 
makes sense in the category of formal dg manifolds. 



Theorem B. If the operad Qoo acts on a dg vector space (V, d), then the formal 
graded manifold associated with the cohomology vector space H{V,d) is canonically 
a cohomology F -manifold. 



Let us emphasize again that the notion of (cohomology) F-manifold is diffeo- 
morphism invariant. Though the input in Theorem B belongs to the category of 
vector spaces which one can geometrically interpret as pointed affine (=flat) man- 
ifolds, the output lies in the category of general smooth graded manifolds with 
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morphisms being arbitrary (not necessary, linear) smooth maps^. Thus the output 
of Theorem B belongs to the realm of differential geometry. 

Recent proofs of Deligne’s conjecture [Ko2, KoSol, McSm, Ta, Vo] together 
with Theorem B imply^ 

Corollary C. (i) Let A be an associative k- algebra. The formal manifold as- 
sociated with the Hochschild cohomology H* {A, A) is naturally a cohomology F - 
manifold. 

(ii) Let X be a compact topological space. The formal manifold associated with 
its singular cohomology H*{X^k) is naturally a cohomology F -manifold. 

0.3. Foo-manifolds. Instead of passing to cohomology sheaves as above, one 
can adopt the notion of F-manifold to the category of dg manifolds by constructing 
its strong homotopy version. We do it in this paper with the help of the ^oo-operad 
(cf. Theorem B). 

Let (jM, S, *) be a formal dg manifold and let 

be a structure of Coo-algebra on the tangent sheaf. We call it geometric if /ii = Lieg 
and /i »>2 are morphisms of -modules, i.e. are tensors. If all pn except p 2 vanish, 
this structure reduces to the structure of graded commutative associative product 
as in Sect. 0.1. Note that T'MiLieo) is a complex of (sheaves of) 

-modules. Its cohomology is denoted by Tm)- 

Choosing a torsion- free affine connection V on M, one can construct an exten- 
sion of the Hertling-Manin’s “bracket” [/X 2 ,M 2 ] to geometric Coo-structures, 

[p», {Xi , . . . . . . , F.) := [p,{Xi , . . . ,X.),/x.(Fi, . . . ,F.)j + correction terms, 

producing thereby a collection of tensors^, 'Tm-> satisfying 

the following two conditions, 

• = 0 , 

• the cohomology class, 

[[p^^p^]] G ^Om '^m)i 

produced by does not depend on the choice of the connection 

V and hence gives a well-defined invariant of the geometric Coo-structure. 
Moreover, this invariant depends only on the homotopy class of that struc- 
ture. 

The correction terms to [[pm^Pm]] can, in principle, be read off from the struc- 
tural equations of the ^oo-operad, as explained in Sect. 4. However, all the ba- 
sic properties of the bracket such as its existence, -linearity, Lieg- 

closedness etc., can be proved without doing this sort of explicit calculations. 



^There is no way to remember the original flat structure of the input unless the combination 
(Goo action, V, d) is formal as a Loo-algebra, and one makes a particular choice of a homotopy 
class of formality maps. 

^Here and everywhere in this paper k stands for a field of characteristic 0. Every vector space 
is implicitly assumed to be over k. 

^The assumption that /x# is a Coo-structure is important. The construction does not work 
for geometric .4oo -structures. 
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Definition D. An Fqq - manifold is a dg manifoldy *), together with a 

homotopy class of geometric Coo structures, Xm}? satisfying the 

integrability condition, 

= 0 . 



Clearly, any Fqo - manifold gives naturally rise to a cohomology F-manifold. In 
fact, the cohomology F-manifolds discussed above in Sect. 0.2 are precisely of this 
type: 

Theorem E. All statements of Theorem B and Corollary C remain true if one 
replaces 

cohomology F -manifold — Foo-manifold. 

0.4. Content. In §1 and §2 we remind basic notions and notations of the 
(homotopy) theory of operads and discuss in detail some particular examples. The 
main result in §3 is an explicit graphical description. Proposition 3.6.1, of the co- 
bar construction for the operad of non-commutative Gerstenhaber algebras and a 
surprisingly nice geometric interpretation. Theorem 3.9.2, of the derived category 
of algebras over that operad. In §4 we outline an operadic guide to the extended 
deformation theory (as a more informative alternative to the classical idea of defor- 
mation functor) and, in that context, prove all the claims made in the Introduction. 



§1. Operads and their algebras 

1.1. Operads. By an operad in this paper we always understand what is 
usually called a nonunital or pseudo-operad [Marl], that is, a pair of collections. 



0= {0(n)}„>, , K 



}n,ri'>l 

l<i<n 



where each 0{n) is a Z-graded vector space equipped with a linear action of the 
permutation group Sn (the collection {^(^)}^>i will sometimes be called an S- 

module), and each is a linear equivariant map, 

; 0{n) 0 0{n') 0{n + n' - 1), 



such that, for any / € 0{n), f G (9(n') and /" G 0(n"), one has 



(/o”’”' [fo- 

and 



\n<i<3<n, 



p n,n’ +n” — \ ( pl n' ,n" pfr\ f r ^n,n* p/\ n+n* — l,n" 

f °i [f °j f ) = [f°i f ) 



/", V 1 < i < n, 1 < j < n'. 



Equivariance of o"’" above means that for any cr G S„ and a' G one has 
{erf) °r' {er'f) = {<na'){fo-’-' /') 

where (cTicr') G Sn+n'-i is given by inserting the permutation cr' into the ith place 
of cr. 

An ideal in an operad (9 is a collection I of S^-invariant subspaces {T{n) C 
0{n)}ri>i such that / /' G X(n + n' — 1) whenever / G J(n) or /' G X(n'); 

in particular, X is a suboperad of O. It is clear that the quotient §-module 
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{0{n)IX{n)}n>i has a naturally induced structure of an operad called a quotient 
operad. 

An operad O with 0{1) =0 is called simply connected. 



1.2. Free operads and trees. A morphism of operads, f : O O' ^ is, by 

definition, a morphism of the associated S-modules, {/(n) : 0{n) — > ^^(^)}n >25 
which commutes in the obvious way with all the operations . Operads form a 
category. 

The forgetful functor 

Category of operads — > Category of S— modules 

has a left adjoint functor. Free, which associates to an arbitrary collection, E = 
{E{n)}n>i, of graded vector Sn-spaces the free operad., Free{8). It is best described 
in terms of trees as follows (see [GiKa, Get Jo, KoSol] for more details). 

An [n]-tree T is, by definition, the data {Vt^Nt^4>t) consisting of 

• a stratified finite set Vt = VfUVf whose elements are called vertices; ele- 
ments of the subset Vf (resp. Vf) are called internal (resp. tail) vertices; 

• a bijection 0 : ^ {1, 2, . . . , n} =: [n]; 

• a map Nt :Vt^Vt satisfying the conditions: (i) Nt has only one fixed 
point rootx which lies in Vf and is called the root vertex, (ii) N^{v) = 
rootTj y V £ Vt and k 1, (iii) for all r € the cardinality, of 
the set N^^{v) is greater than or equal to 1, while for all r G Vj one has 
#u = 0. 

The number is often called the valency of the vertex v; the pairs (r, Nt{v)) 
are called edges. 

Given an S-module E = {E{n)}n>i^ we can associate to an [n]-tree T the vector 
space 

£{T) := 0 

vevf 

Its elements are interpreted as [n] -trees whose internal vertices are decorated with 
elements of E. The permutation group Sn then acts on this space via relabelling 
the tail vertices (i.e changing (pT t,o a o a E Sn)- 

Now, as an S-module the free operad Free{E) is defined as 
Free{E){n) = 0 nn 

[[n]— trees T] 

where the summation goes over all isomorphism classes of [n]-trees. The compo- 
sition, say / /', is given by gluing the root vertex of the decorated [n']-tree 

/' G Free{E){n') with the i-labelled tail vertex of the decorated [n]-tree /. The 
new numeration, cp :Vf ^ [n -f n' — 1] , of tails is clear. 

Any free operad is naturally graded, Free{E) = FreeP{E), where 

Free‘S (E) is the S-submodule of Free{E) spanned by all possible isomorphism 
classes of £^-decorated trees with precisely p internal vertices. 
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1.3. Example. Let F be a Z-graded vector space. The associated S-module, 
Ey = {Ev{n) := Hom{V®^,V)}, 

has a natural structure of operad with compositions, / /', given by inserting 

the output of /' G Homiy®^ , V) into the i-th input of / G HomiV^'^, V). 

An algebra over an operad O is, by definition, a Z-graded vector space V 
together with a morphism of operads O Ey. 



1.4. Example. Let A be an B-module given by 




kmio] 

0 



if n = 2 
otherwise. 



where here and below the symbol A:[Sn][p] stands for the graded vector space whose 
only non- vanishing homogeneous component lies in degree —p and equals the regular 
representation k[Sn] of the permutation group If we identify the natural basis, 
id and (12), of A:[§ 2 ] with planar [2]-corollas, 

12 2 1 

• • • • 

\ / \ / 

• and • , 

then the associated free operad {Free(.4)(n), } can be represented as a linear 

span of all possible (isomorphism classes of) binary planar [n]-trees, e.g. 



1 4 

• • 

\/ 2 

• • 

3 \/ 

• • 

\/ 



G Free (^) (4), 



with the compositions given simply by gluing the root vertex of a planar 

[n']-tree to the ith tail vertex of an [n]-tree (the new numeration of tails is clear). 
Indeed an isomorphism class of an {id, (12) {-decorated abstract (=space) binary 
tree of Subsect. 1.2 has a natural representative which lies in a fixed plane in the 
space and which is consistent with the interpretation of the labelling set {id, (12)} 
as the set of planar [2] -corollas; more importantly, the resulting correspondence 

{ isomorphism classes of 1 J isomorphism classes of 1 

{id, (12)}— decorated abstract binary trees J \ planar binary numbered trees J 

is one-to-one. 

Algebras over Free{A) are not that interesting objects — they are just graded 
vector spaces V together with a fixed element of Hom(F®^, F) which can be arbi- 
trary. 



'^More generally, for a Z-graded vector space V = the symbol V\p] stands for the 

Z-graded vector space with V\pY := 
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Let be the ideal in Free{A) generated by 3! vectors of the form 

h ^2 ^2 h 

• • • • 

\ / h \ / 

• • • • 

\ / \ / 

The quotient operad Free{A)/Xj^ is denoted by Ass for the obvious reason — its 
algebras are nothing but the usual graded associative algebras. As an S-module, 
^ss(n) ~ /c[Sn]. 

1.5. Example. Consider an S-module, 

Comm{n) := ln[0] 

where In stands for the trivial representation of the permutation group Sn- This 
S-module can be made into an operad Comm by defining the compositions 
to be the identity maps. It is not hard to check that Comm- algebras are graded 
commutative associative algebras in the usual sense. 

For later reference it will be convenient to represent the operad Comm as a 
quotient of a free operad. For this purpose we first consider an S-module C, 

If we identify a basis vector of 1^(0] with the unique (up to an isomorphism) space 
corolla (i.e. the one embedded in R^) 

12 2 1 




then the associated free operad {Free{C){n)} can be represented as a linear span of 
all possible isomorphism classes of binary space [n]-trees; for example, Free(C)(3) 
is a 3-dimensional vector space spanned by the following space [3] -trees 



12 3 1 2 3 




The composition in Free{C) is given by gluing the root vertex of one space tree to 
a tail vertex of another one. The new numeration of tail vertices is clear. 

Let Ic be the ideal in Free{C) generated by 2 vectors of the form 



1 2 2 3 1 3 3 2 




The quotient operad Free{C)/Xc is clearly isomorphic to Comm. 
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1.6. Example. Let C be an S-module given by 

^ ^ ^0 otherwise. 

If we identify, as in Example 1.4, a basis vector of the one dimensional vector space 
l 2 [l] with the unique (up to isomorphism) space [2]-corolla 

1 2 

• • 



then the associated free operad {Free{C){n)} can be represented as a linear span 
of all possible (isomorphism classes of) binary space [n] -trees with the composition 
given by gluing the root vertex of one space tree to a tail vertex of another one. 

Let Xc be the ideal in Free{C) generated by the following Ss-invariant vector, 

12 3 1 2 3 




Algebras over the associated quotient operad, Cie := Free{C) /Xc^ are graded 
vector spaces V equipped with a degree —1 element u G Hom{o‘^V,V) satisfying 
the Jacobi condition, 

1/ {u{vi,V2),V3) + (_l)h3l(|t^ll + b2l)^ {iy{v3,Vi),V2) + + {u{v2,V3),Vi) = 0. 

Setting 

[ui •V2] := 

we recover the notion of (odd) Lie algebra [Ma]. It is, of course, the same thing 
as the usual graded Lie algebra structure on the shifted graded vector space V[l] 
but for our purposes it is more suitable not to make this shift; thus in the present 
paper by a graded Lie algebra we always understand an algebra over the operad 
CiCj i.e. a pair (F, [ • ]) with [ • ] : O^F — » F having degree —1 and satisfying 
(odd) Jacobi identity, 

1.7. Example. Let AC be an S-module given by AC{n) := A{n) 0 C{n). Its 
only non- vanishing component AC(2) is a 3-dimensional vector space spanned by 
two planar corollas in degree 0 and one space corolla in degree —1, 



1 2 2 1 1 2 2 1 




The associated free operad Free(AC) can be represented as a linear span of all 
possible isomorphism classes of binary [n] -trees in the 3- space with the condition 

that all “planar” corollas are perpendicular to a fixed line in E^. The composition 
in Free{AC) is given again by gluing the root vertex of one such partially planar/ 
partially space tree to a tail vertex of another one. 




OPERADS, DEFORMATION THEORY AND F-MANIFOLDS 



221 



Let Tj^c be the ideal in Free{AC) generated by the following 3! vectors, 



ll 12 ll 

• • • • 



^3 





^3 



\/ 



Algebras over the quotient operad, 

gerst := Free{C)l < IaJcJac >, 

are called (non-commutative) Gerstenhaber algebras. These are triples, (V,o, [•]), 
consisting of a graded vector space F, a degree 0 associative product, o : F 0 F — > 
F and a degree —1 Lie bracket, [ • ] : 0^F ^ F which satisfy the following 
compatibility condition, 

[a • (6 o c)] = [a • 6] o c + (— o [a • c], 

for all homogeneous a, 6, c G F. 

1.8. Example. A Gerstenhaber algebra (F, o, [•]) is called graded commuta- 
tive if such is the product o. Let us denote by Q the operad which governs graded 
commutative Gerstenhaber algebras. 

1.9. Remark. There is a canonical map of operads, 

g — > gerst, 

corresponding to the obvious functor 

J A category of 1 J A category of 1 

0— algebras J \ ^erst— algebras J 

which simply forgets graded commutativity of the associated product. 

Both operads g and gerst are composed from a pair of simpler operads, 
{Comm,Cie) and, respectively, {Ass,Cie). The difference, however, is that the 
composition of {Comm, Cie) into g satisfies the distributive law [Mar2], while the 
composition of (.4ss, Cie) into gerst does not. Indeed, “opening” the expression 

1 2 3 4 

• • • • 



[(ai o 02) • {as o 04)] 




in two possible ways, 

[(tti o 02) • {as o 04)] 

= ai o [tt2 • {as O a4)] + (-I)l"2|(|a3l + |a4| + l) ^ Q 

= ai o [u2 • as] o U4 + (—1)1^31(1021+1)^^ o as o [02 • a4)] 

+(-l)'“=l(l“=*l+l“4l+i) (^[ai • as] o a4 o 02 + o [oj • 04] o oa) , 
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[{ai O tt2) • (as O a^)] 

= [(«1 o «2) • as] O tt4 + (-l)l® 3 l(|ail + |a2|+l)^g O o ^2) • a4] 

= ai o [a2 • as] o a4 + (— l)l“ 2 |(|a 3 |+i) ^ o a2 o a4 

_l_(__l)k 3 |(|ai|+la 2 |+i) o ai o [tt2 • a4] + (— o [ai • a4] o a2^ 

and then decomposing the associated relation in Q erst (A) into irreducibles, one gets 

1 23 4 2 13 4 

• •• • • •• • 

V V \ 

1 2 3 4 1 2 4 3 





The resulting relations in G erst (A) are non-trivial unless the product o is graded 
commutative. 



1.10. Example. Let AC be an S-module given by AC{n) := ^(n)[— 1] 0 
Comm{n). Its only non- vanishing component AC (2) is a 3-dimensional vector space 
spanned by two planar corollas of degree 1 and one space corolla of degree 0, 



12 2 1 12 

• • • • • • 

\ / \ / , 

• , • and 




As in example 1.7, the associated free operad Free{AC) can be represented as a 
linear span of all possible isomorphism classes of binary [n] -trees in the 3-space 
with the condition that all planar corollas are perpendicular to a fixed line in 
M^. The composition in Free{AC) is given by gluing the root vertex of one such 
partially planar/ partially space tree to a tail vertex of another one. 

Let be the ideal in Free(AC) generated by the following 3+3==3! vectors, 



and 




h 



^2 ^3 

• • 

\/ 



^2 ^3 H ^2 




• • 

h \ / 

• • 




Algebras over the quotient operad, 

7i := Free{AC)/ < /c, >, 
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are triples, (F, o,«), consisting of a graded vector space V, a degree 0 associative 
graded commutative product, o : V O V —^V and a degree 1 associative product 
• : V 0V ^ V which satisfy the following compatibility conditions, 

a • (b o c) = (a • b) o c + o (a • c), 

(a o 6) • c = a o (6 • c) + (— • c) o 6, 
for all homogeneous a^b^cE V. 



§2. Strongly homotopy algebras 



2.1. Dg operads. A differential graded (shortly, dg) operad is an operad. 



O = {0(n)} 



n>l ’ 



r n,n S 

l°i } 



n,n'>l 

l<i<n 



in the sense of §1 together with a degree 1 equivariant linear map d : 0{n) 0{n), 

Vn, satisfying the conditions. 



d{fo^' /') 



= 0 , 

= {df) o”’”' f + (-1)1^1/ df, V/ G 0{n), f e 0{n'). 



The associated cohomology S-module H{0) := {H*{0{n))}n>i has an induced 
operad structure. 

A morphism, / : {0,d) — ^ {0',d'), of dg operads is, by definition, a morphism 
of operads f : O O' which commutes in the obvious sense with the differentials. 
A morphism, / : (0,d) {0',d') is called a quasi-isomorphism if the induced 

morphism of the cohomology operads, [/] : H{0) H{0'), is an isomorphism. 

If (F, d) is a dg vector space, then (£^i/,dind) is naturally a dg operad where 
dind ’ Hom{^*V^ V) -4 Hom{^*V^ F) is the differential which is naturally induced 
by d and which we denote from now on by the same symbol d. 

An algebra over a dg operad ((9, d) is a dg vector space (F, d) together with a 
morphism of dg operads ((9, d) ^ {Sy^d). 

It was shown in [Marl] that for any simply connected dg operad {O, d) there 
exists a unique (up to an isomorphism) triple Oqo := {Free{8),d^ f) where 

(i) Free{8) is the free operad generated by an S-module 8 = {8{n)}n>2] 

(ii) d is the differential in Free{8) which is decomposable in the sense that 
df e Free-‘^{8){n) for any f e 8{n), n > 2. 

(iii) / : {Free{8),d) — > (0,d) is a quasi-isomorphism of dg operads. 

This operad Oqo is called the minimal resolution^ of the operad O. Such minimal 
resolutions play a very important role in the homotopy theory of operadic algebras 
which we discuss below after considering a few examples. 



2.2. Remark. It is clear that to define a particular dg operad, (O, d), is the 
same thing as to define its algebras, i.e. the image of the map {O^ d) — > 8y for some 
“variable” graded vector space F. Moreover, for this purely descriptive purpose it 
is enough to assume that dim F < oo. We always make such an assumption when 



^An operad Ocx> 



:= (Free{8),d) satisfying relations (i) and (ii) is often called minimal 
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applying this method to concrete examples; in particular, there is never a problem 
with replacing V by its dual, V* = Hom(V, k). 



2.3. Example: operad Aoo* Let A be an S-module given by, 




0 

k[S„][n - 2] 



if n = 1 
if n > 2. 



If we identify the natural basis of /c[Sn][n — 2] with planar [n]-corollas. 



'll 12 in 

• • • • • • 



then the associated free operad ^oo := ({Free(^)(n), }) can be represented 

as a hnear span of all possible (isomorphism classes of) planar [n]-trees with the 
compositions given simply by gluing the root vertex of a planar [n']-tree to 
the ith. tail vertex of an [n]-tree. 

One can make ^oo into a dg operad with the differential d given on generators 
by 



d 



1 2 n 

• • • • • • 



l+p=n+l s=0 
l,p>2 



S+1 S+l 

• • • • • 




The associated cohomology operad, H{Aoo, d), is in fact isomorphic to Ass [GiKa]. 
Hence, the natural morphism of dg operads. 



/ : {Aoo,d) — {Ass,0), 

defined to be identity on [2] -corollas and zero on [n > 3] -corollas, is a quasi- 
isomorphism. Thus (Aoo^d) is the minimal resolution of Ass. 

An algebra over the dg operad Acx> is called a strongly homotopy associative 
algebra or, shortly, an Acx>- algebra. This is a dg vector space (F, d) equipped with 
degree 2 — n multilinear operations pn • —> F , n > 2, such that for any AT > 1 

and any fi, . . . , G V, 

E • ■ • > Pl{Vs+l, ■■■, Vs+l), Vs+l+1, ...,vn)=0, 

l+p=N + l 
i.P>l 

where p\ = d and r = I + s{l + 1) p{\vi \ -f . . . + If all Pn except n = 2 

vanish, the above equation translates into the associative condition for the product 
vi o V 2 '= P 2 {vu'a 2 )- Strongly homotopy associative algebras have been invented 
by Stasheff [St] in his study of spaces homotopy equivalent to loop spaces. 



2.4. Example: operad Cqq. The dg operad Aoo has a commutative ana- 
log, Coo 7 which provides us with the minimal resolution of the operad Comm from 
Example 1.5. Using remark 2.2 one can describe Coo as follows: a Coo- algebra is, 
by definition, an ^oo-algebra (F, {/in}n>i) such that every multilinear operation 
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/in : V is a Harrison cochain, that is, vanishes on every shuffle product 

which is given on generators by the formula 

(ui (g> . . . ® Ui)x(Wi+i ® ® ^ 

cr£Sh{i,n) 

Here (—1)^ is the standard Koszul sign and 5h(i, n) stands for a subset of Sn consist- 
ing of all permutations satisfying (T~^(1) < . . . < cr"'^(i + l) < . . . < a~^{n). 

In particular, p 2 must be graded commutative, /i 2 ('^i,'?^ 2 ) = (— l)l^^l*^^'/i 2(^25 

2.5. Example: operad £oo- Let £ be an S-module given by, 

F/ \ / 0 if n = 1 

■ \ ln[2n — 3] if n > 2. 

If we identify a basis vector of the one dimensional vector space ln[2n — 3] with the 
(unique, up to an isomorphism) space [n] -corolla, 

1 2 n 

• • • • • 



then the associated free operad Coo •= {{Free{C){n),o'^''^ }) can be represented 
as a linear span of all possible (isomorphism classes of) space [n] -trees with the 
compositions given by gluing the root vertex of a planar [n']-tree to the ith 
tail vertex of an [n]-tree. The point is that Coo can be naturally made into a dg 
operad with the differential d given on the generators by 



1 2 



n 



h 




JlUl 2 = (l,...,n) 
#Ji>2,#J2>2 



The associated cohomology operad, H{Coo-> d), is isomorphic to Cie [GiKa]. Hence, 
the natural morphism of dg operads. 



/ : {Cooffl) — > {Cie,0), 

defined to be identity on [2]-corollas and zero on [n > 3]-corollas, is a quasi- 
isomorphism. Thus (£oo, d) is the minimal resolution of the operad of Lie algebras. 

An algebra over the dg operad Coo is called a strongly homotopy Lie algebra 
or, shortly, a Coo~(Cgehra. This is a dg vector space (V,d) equipped with degree 
3 — 2n multilinear operations » F, n > 2, such that for any N >1 and 

any ui,...,Uiv G F, 

JlUJ 2 = (l,...,n) 

#Jl>l,#l2>0 




226 



S.A. MERKULOV 



where /ii := <i, (—1)^ is the standard Koszul sign associated with a permutation of 
the elements ui, . . . , Ujv, and 

uj := Uii 0 . . . for I = (h, . . . , iz) C (1, . . . , n). 

2.6. Example: operad Q^q, Using remark 2.2 one can describe the minimal 
resolution, Qoo-> of the operad, 5, of graded commutative Gerstenhaber algebras as 
follows [GetJo]®. 

Let U be a finite dimensional graded vector space and 

oo 

Lie(y*[-2]) = 0Lie'=(y*[-2]) 

fc=l 

the free graded Lie algebra generated by the shifted dual vector space, i.e. 

Lie^(y*[-2]) ;= V*[-2], Lie*'(y*[-2]) := \v*[-2] • Lie'=“^(V"*[-2])j . 

The Lie bracket on Lie(U*[— 2]) extends in the usual way to the completed (with 
respect to the natural filtration, Lie-^(U*[— 2])) graded commutative associative 
algebra 

oo 

0*Lie(y*[-2]) = II o''Lie(l^*[-2]), 

k=0 

making the latter into a graded commutative Gerstenhaber algebra. 

2.6.1. Proposition [Get Jo] (see also [Ta, TaTs]). A Goo-algehra structure 
on a finite- dimensional vector space V is, by definition, a differential, of the free 
g -algebra Q\\e{V^ [-2]). 

There is a one-to-one correspondence between arbitrary derivations, D, of 
0 Lie(U*[— 2]) and arbitrary collections of linear maps, 

: V^n-2] Lie'=^(V*[-2]) © • • • O Lie'=’*(y*[-2]). 

Upon dualization the latter go into linear homogeneous maps, 

Y^ki Y®kn 

products ^ ‘ ‘ shuffle products 

of degree Z — n — k\ — ~ kn- The condition = 0 translates into a well- 

defined set of quadratic equations for mki,...,kn which say, in particular, that mi is 
a differential on V and that the product, vi • V 2 := {—lY^m 2 {vi,V 2 ), together with 
the Lie bracket, [vi • V 2 ] := — (— U 2 ), satisfy the Poisson identity up to 
a homotopy given by m 2 ,i. Hence the associated cohomology space H{V,fii) is a 
graded commutative Gerstenhaber algebra with respect to the binary operations 
induced by m 2 and mi,i. 

2.7. A tower of approximations to the Soo operad. Let U be a (finite- 
dimensional, see Remark 2.2) vector space and 6* (LieU*[—2]) the associated free 
0-algebra. It is easy to see that the multiplicative ideal, I :=< Lie-^F*[— 2] >, gen- 
erated by the commutant of LieV'*[— 2], as well as its multiplicative power n > 2, 
are also Lie ideals of 6* (LieU*[— 2]). Hence the quotient, O* (LieU*[— 2]) /I’^, 

^Actually, in [Get Jo] this operad was called Fulton-MacPherson opeva,d. We, however, follow 
in this paper the terminology and notations used in [TaTs] 
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n > 1, has a canonical 5-algebra structure (note, however, that in the case n = 1 
the induced Lie brackets vanish). 



2.7.1. Definition of operad A algebra structinre on a 

finite-dimensional vector space F is a differential of the quotient 5-algebra 
0*(LieF*[-2])/J^, n> 1. 

The following statements are obvious. 

2.7.2. Lemma. = C^. 

2.7.3. Lemma. For any n>2, there is a commutative diagram^ 

Mn) 5 ^ Q 

yoo 



with all arrows being canonical cofibrations ^ of operads. 

We shall give below in this paper a fairly explicit description of the next two 

(2) (3) 

fioors, and 5oo^ of the tower, 

r — n(l) > C/(2) ^ (j(3) ^ ^ n{n) ^ 

>^oo — i/oo ^OO ^OO ' ’ ’ ^OO • • • 5 

of cofibrant approximations to the operad 5oo = colim5<^^ Interestingly enough, 
the operad 5oo^ is closely related (through the cobar construction) to the operad 
Qerst and governs ProbeniuScx) manifolds introduced in [Me2], while the operad 
5^^ governs strong homotopy generalizations of Hertling-Manin’s F-manifolds. 



2.8. Homotopy theory. The categories of operads and of their algebras 
belong to a class of so called closed model categories [Qu] which have a particularly 
nice homotopy theory. Here is a brief outline of all the relevant notions and facts 
we use in the paper (see, e.g., [DS, GeMa] for more details and proofs). 

2.8.1. Definition. A closed model category is, by definition, a category Cat 
with three distinguished classes of morphisms — (i) weak equivalences^ €, (ii) fi- 
brations^ S, and (iii) cofibrations^ — which are closed under composition and 
contain all identity maps. The following axioms must be satisfied: 

CMCl: Finite limits and colimits exist in Cat. 

CMC2: If / and g are morphisms in Cat such that their composition fg is defined, 
then if any two of the three maps /,^f, fg are weak equivalences then so is the third 
morphism. 

CMOS: Given any commutative diagram of the form. 








9 f 


, i' 


P' 



with pi and p'i' being the identity maps. If g is in 6, 5^ or then so is /. 
^The notion of cofibration is explained in Sect. 2.8. 
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CMC4: Given any commutative solid arrow diagram of the form, 

A 

h 

f ..••• 9 

A ^ 

A dotted arrow h commuting with all other maps exists in either of the following 
two situations: (i) / E 5° fl € and ^ E or (ii) / E and g D^. 

CMOS Any morphism can be factored in two ways: (i) F = pi with i E and 
p E n (S, and (ii) / = pi i E fl € and p E 

2.8.2. Definitions, (i) If a pair of morphisms, f : A A' and g \ B B\ 
satisfies the condition CMC4, then we say that / has the left lifting property (LLP) 
with respect to g or that g has the right lifting property (RLP) with respect to /. 

(ii) The morphisms in 3^ fl (S are called acyclic fibrations. The morphisms in 
n € are called acyclic cofibrations. 

(iii) The axiom CMCl implies, in particular, that every closed model category 
Cat has both an initial object 0 and a terminal object *. An object A of Cat is 
called fibrant (resp., cofibrant) if A ^ * is a fibration (resp., 0 — > A is a cofibration). 

2.8.3. Facts [Get Jo, Hi], (i) The category of dg operads is a closed model 
category with 

• weak equivalences (S ={ the morphisms, / : {0,d) — > ((9',d'), of dg oper- 
ads which induce isomorphism, [/] : H{0) — > H{0'), in cohomology}; 

• fibrations 5={surjective morphisms of dg operads}; 

• cofibrations ^?°={the morphisms which have LLP with respect to all 
acyclic fibrations }. 

(ii) Given a dg operad O, the associated category of (9-algebras is a closed 
model category with the classes of morphism €, 5 and defined in close analogy 
to (i). 

(iii) Every object in the closed model categories (i) and (ii) is obviously fibrant. 

2.8.4. Homotopy and derived categories of a closed model category. 

Prom now on Cat stands for a closed model category. Moreover, we assume for 
simplicity that every object in Cat is fibrant (as in the two examples above). 

Two morphisms, f^g : A B^ are called (right) homotopic if there exists a 
path object, for B (that is an object B^ together with a diagram 

B Jy ^ B X B, i 6 (£, 

{id, id) 

which factors the diagonal map B — ^ B x B) such that the product map (/, g) : 
A ^ BxB lifts to a map H : A — > B^ . Such a map H is called a (right) homotopy 
from / to g. This, in fact, defines an equivalence relation in Bomcati^jB) for 
any objects A, B. However, the associated homotopy classes of maps, 

do not necessarily compose, 7 t(A, B) x 7 t(B,(7) 7t(A, C), unless the objects in- 

volved are cofibrant. 
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By CMC5(i), the map 0 — > A can be factored, 0 — ^ QA ^ A, with QA being 
cofibrant and pa a weak equivalence. Such an object QA is called a cofibrant resolu- 
tion of A. Usually, cofibrant resolutions are constructed by the method of “adding 
a new variable and killing a cycle”. A nice illustration of the method at work is, 
for example, Markl’s [Marl] original construction of the minimal resolution Ooo 
of a simply connected dg operad (!); MarkPs minimal resolutions give an important 
class of cofibrant objects in the category of dg operads. 

Another remarkable fact is that not only every object, but also every mor- 
phism, / : A — > jB, has a “cofibrant resolution” Qf making the following diagram 
commutative. 



QA-^QB 



PA 



PB 



B 



Moreover, the homotopy class of such maps [Qf] is defined uniquely by the homo- 
topy class [/]. 

The homotopy category^ Ho(Cat), is the category with the same objects as Cat 
and with morphisms given by 



HoniHo(Cat)(A^) — 7t{QA,QB). 

Clearly, there is a canonical functor a : Cat — > Ho(Cat), which is the identity on 
objects and sends morphisms / to [Qf]. 

The derived category, D(Cat), is the category obtained from Cat by localization 
with respect to weak equivalences; put another way, this is a category together with 
a functor F : Cat — ^ D(Cat) satisfying two conditions, 

• F{f) is an isomorphism for each weak equivalence /; 

• every functor G : Cat -a- Cat' sending weak equivalences into isomorphisms 
factors uniquely through (D(Cat),F), 

G : Cat ^ T>{Cat) Cat', 
for some functor G'. 

Note that the definition of D (Cat) involves only one class, €, of the three classes 
which define the closed model structure in Cat. Nevertheless, one of the central 
results in Quillen’s [Qu] theory of closed model categories asserts the equivalence, 

Ho{Cat) ~ D(Cat), 



of the two categories associated to Cat. 



2.8.5. Transfer Theorem. Let V be a cofibrant dg operad and f \ V —^V a 
quasi-isomorphism of dg vector spaces. For any V -algebra structure on V (resp. V' ), 
there exists a V -algebra structure on V' (resp. V ) so that V and V' are equivalent 
as V-alqebras fi.e. there exists a V -algebra V" and a pair of quasi-isomorphisms of 
V-algebras, V ^ V" ^ V'). 

This is a well known fact. We show the proof only for completeness (cf. 
[BeMo]). 
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Proof. The dg operads Sy and Ey , if viewed only as dg S-modules, have two 
natural maps, 

Ev Eyy, Eyi Eyy>, 

to the dg S-module Eyy> := Define a dg S-module, Ej = 

{5/(n)}„>i, by setting 

^/(«) := e £v(n) X £v'(n) | fv = n'/®"} , 

or, alternatively, by the pullback diagram of dg S-modules, 



Sf-^ev 

12 f* 

Ey/ — Eyy/ . 

It is easy to check that Ef inherits from the Ey and Ey/ not only the S-module 
structure, but also the compositions . Thus Ef is a dg operad with maps 
ii and ^2 above being morphisms of dg operads. Moreover, ii and ^2 are weak 
equivalences (recall that we are working over a field of characteristic zero). Hence, 
as objects in D(Oper), the dg operads Ey, Ef and Ey/ are isomorphic. Since the 
derived category of dg operads is equivalent to the homotopy category, we get 
isomorphisms of sets, 

7r{V,Ey)c^7r{V,Ef)c^7r{V,Ey,), 

If, say, y is a P-algebra, the homotopy equivalence class of the structure map 
(j): V Ey gives rise to an element [pf] m tt{V ,Ef). As P is cofibrant, the 
latter has a representative, 0/ E Homoper(P, where pf : QEf — » Ef is some 

cofibrant resolution oi Ef. By construction, the composition i\opf o (j)f : V ^ Ey 
is homotopy equivalent to the original structure map (j) :V ^ Ey. Finally, another 
composition, iiodf o(l)f : V Eyi makes V into a V algebra which, in the derived 
category of P-algebras, is obviously isomorphic to cj). Analogously one proves the 
dual statement. 

□ 

2.8.6. Sh algebras. An algebra over a cofibrant operad is called a strongly 
homotopy (or, shortly, sh) algebra. By the Theorem above, sh algebraic structures 
can be transferred by quasi- isomorphisms of complexes. 



2.9. Markl’s theory of sh maps. The beauty of sh algebras, the transfer 
property 2.8.5, is spoiled by the fact that to compare such structures on quasi- 
isomorphic dg spaces V and V' (we refer to 2.8.5 again) one has to resort to a 
chain of strict P-algebra morphisms, V <r- V" ^ V', involving a third party which 
is often hard to construct explicitly. One may try to overcome this deficiency by 
appropriately extending the notion of map between sh algebras. 

Markl made in [Mar3, Mar 4] an interesting suggestion which, in the setting of 
the proof of the Transfer Theorem, can be illustrated as follows. First one observes 
that the operad Ef is in fact a two coloured operad with one colour associated to 
V and another one to V'. Next one constructs a two coloured cofibrant resolution, 
QEf, and then defines the set of sh maps between the P-algebras V and V' as the 
set of all algebras over the dg operad QEf. In this way Markl was able to prove 
stronger versions of the Transfer Theorem [Mar 3]. The problem, however, with this 
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approach is that it is not yet clear whether or not such sh maps can be composed 
making the pair (sh algebras, sh maps) into a genuine category. At present, this 
is known to be true only for a class of sh algebras associated with Koszul operads. 
In particular, it is true for Aoo-, Coo~ and £oo-algebras reproducing thereby the 
well established theory of sh maps of these three classes of sh algebras. For later 
reference we review below a few basic facts (see, e.g., [Kol, Pr]). 



2.10. Sh maps of Aoo- and Coo-algebras. An Aoo-structure on a vec- 
tor space V can be suitably represented as a codifferential, pL : (T*F[1],A) — > 
(T*F[1],A), of the free tensor coalgebra cogenerated by V[l]. A sh map, f : 
(F,)U«) (F,/i.), of Aoo-algebras is, by definition, a morphism of the associated 

differential coalgebras, / : (T*F[1], A, /i) (T*F[1], A,/x). Such a map is equiva- 
lent to a set of linear maps {/n : — > V, n > 1} of degree 1 — n which satisfy 

the equations. 



/fc2-fciKi + l, . . . , 

l<fci <k2<---<ki=n 

/n— fci_i ('yfci_x4-l) • • • 5 ^n)) 

k+l=n+l j=0 



The pair {Ob = Aoo-algebras, Mor = sh maps) forms a category called the 
category of Aoo- dig ebras. 

A sh map / = {fn} ' (F", M») (F,/x.) is called a quasi-isomorphism if the 

associated map of dg vector spaces, fi : (V, pi) {V, pi), induces an isomorphism 
in cohomology. 

Two sh maps, f,g : {T*V[1], A, p) T*V[1], A, p), are said to be homotopic 
if there is a homogeneous map, h:T*V[l] T*V[l], of degree -1 such that 

= if ^ h + h0 g)A, f — g = poh + poh. 

Remarkably enough, homotopy induces an equivalence relation in the set of sh 
maps {V,p.) -> (V,p.) [Pr]. Moreover, a sh map / = {fn} : (F,/i.) {V,p.) is 

a quasi-isomorphism if and only if it is a homotopy equivalence. Thus the derived 
category of Aoo~algebras is simply the quotient of the category Xoo-algebras by the 
above homotopy relation! 

For Coo-algebras one has a similar list of definitions and results. 

2.11. Sh maps of Coo -algebras. A Coo -algebra structure, f = {z/n : — > 

V-, Wn\ = ^ — 2n}, on a vector space V can be compactly described as a codif- 
ferential, F ; (0*F[2], A) — ^ (0*V[2],A), of the free cocommutative tensor coal- 
gebra cogenerated by F[2j. A sh map, f : {V,iy.) ^ (V,0.), of Coo-algebras is, 
by definition, a morphism of the associated differential cocommutative coalgebras, 
/ : (0*F[2], A, z/) — ^ (©•F[2j, A, ^'). Such a map is equivalent to a set of linear 
maps [fn : — > V, n> 1} of degree 2 — 2n which satisfy the equations similar 

to the ones in Subsect. 2.10. The notions of quasi-isomorphism and homotopy are 
similar as well. 

The pair {Ob = Coo-algebras, Mor = sh maps) forms a category called the 
category of Coo -dig ebras. 
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Dualizing the above formulae for a finite-dimensional vector space V one arrives 
at a beautiful geometric formulation of £oo-algebras and their sh maps [Kol] : 

• a £oo-algebra structmre on V can be identified with a smooth degree 1 
vector field z/ on the pointed flat graded manifold (F[2], 0) which satisfies 
the conditions [i7, u] =0 and P\o = 0. Exphcitly, the identification, 

^ F}, 



is given by the formula, 

cx> 

-E E 

n=l 



(-ir. 






fin,, a 






where {t“, a = 1, . . . , dim y} is the basis of V* [—2] associated to a basis, 
{e^}, of V (so that |t“| = — |eo.| + 2), 

n 

r = {2n- 3)(|eci| + . . . + |eQ,„|) + ^ l^aklil^aA + • • • + |e«fc_il), 

k=2 



and € k are given by 



Mn(^/3i 5 • • • 5 ~ ^ V 

a 

• A sh map of / : — > (F, z>»), of £oo~algebras is a smooth map of 

pointed graded manifolds, / : (F*[— 2],0) (F*[— 2],0) such that /♦(f') 

is well defined and coincides with u. Put another way, a sh map of £oo- 
algebras is just a morphism of the associated pointed dg manifolds. 



A £oo-algebra (P, {^^«}n>i) with z/i = 0 is called minimal (equivalently, the 
homological vector field u has zero at the distinguished point of order >2). 



2.11.1. Facts [Kol]. (i) Every Coo-algebra is quasi-isomorphic to a minimal 

one. 

(ii) There is a one-to-one correspondence between quasi-isomorphisms of Coo - 
algebras and dijfeomorphisms of the associated dg manifolds. 



2.11.2. Fact [Me2]. The canonical functor 

( The category 1 J The derived category 1 

[ of £oo -algebras J [ of £oo -algebras J ’ 

when restricted to minimal Coo-algebras, becomes simply a forgetful functor, 

(M, * , flat structure , i7) — ^ (M, * , i7), 

which forgets the flat (=affine) structure on (M, *) = (F*[2],0). 

Thus a homotopy class of minimal £oo-algebras is nothing but a pointed formal 
dg manifold, (M, * , i/), with no preferred choice of local coordinates. Moreover, the 
derived (=homotopy) category of Loo-algebras is equivalent to the purely geometric 
category of formal dg manifolds. 
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§3. Cobar construction for Qerst 

3.1. Cobar construction. For an S-module O = {0{n)}n>i we set 0{m} 
to be an S-module given by the tensor product, 

0{m}{n) := 0{n) 0^ - 1)], 

where is the sign representation of the permutation group Sn- If O is a dg 
operad, then 0{m} is naturally a dg operad as well: a structure of 0{m}-algebra 
on a dg vector space V is the same as a structure of O-algebra on the shifted dg 
vector space F[m]. 

Let O = {0(n),o^’^ ,d} be a simply connected dg operad and let 0*[—l] 
stand for the S-module {(9(n)*[— 1]}. It was shown in [GiKa] that the free op- 
erad associated to the S-module Free{0*[—1]{—1}) can be naturally made into a 
differential operad, V{0) = (Free(C!)*[— 1] {—!}), ^), with the differential 6 defined 
by that in O and the compositions . This construction gives rise to a functor, 
V : Operi Operi, on the category of simply connected dg operads with the 
property that I){V{0)) is canonically quasi-isomorphic to the original operad O. 
This functor is called a cobar construction. 

3.2. Koszul duals. An operad O is called quadratic if it can be represented 
as a quotient, 

_ FreejS) 

<R> ' 

of the free operad generated by an S-module 8 with 8{n) = 0 for n 2 by an ideal 
generated by an Ss-invariant subspace R in Free{8){3). For example, operads 
Comm^ Ass and Cie are quadratic. 

The Koszul dual of a quadratic operad O = Free{8)/ < i? > is, by definition, 
the quadratic operad (!)• = Free{8)f < > where 8 is the S-module whose only 

non- vanishing component is ^(2) = ^(2)* 0 A 2 and R-^ is the annihilator of R, i.e. 
the kernel of the natural map Free{8){3) R* . 

Applying cobar construction to the Koszul dual of a quadratic operad O one 
gets a cofibrant dg operad P(O’) together with a canonical map of dg operads 
[GiKa], 

(P((9!),^)_(0,0). 

Whatever the operad O is, the associated V{0^ )- algebras are strong homotopy ones. 

3.3. Koszul operads. A quadratic operad O is called Koszul if the canon- 
ical map (P((9'),^) — ^ {OjO) is a quasi- isomorphism. In such a case the cobar 
construction applied to the Koszul dual operad O' provides us with the minimal 
resolution, Ooo = F(O’), of the operad O (see Sect. 2.1). 

3.4. Examples [Get Jo, GiKa]. The operads Ass, Comm, Cie and G are 
Koszul with 

Ass' = Ass, Comm} = Cie, Cie' = Comm, Q' = ^{1}. 

Thus the operads ^00 := ^{Ass), Coo := V{Cie), Coo •= V{Comm) and 
Goo •= '^{G{1}) are minimal resolutions of the operads. Ass, Comm, Cie and 
G respectively. This explains all the claims made in Examples 2.3 — 2.6. 
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3.5. Proposition. Qersi} = 'H{1} and H} = Qerst{l}, where 7i is the operad 
defined in Example 1.10. 

Proof is straightforward. 



3.6. Cobar construction for Qersiy. Surprisingly enough, the minimal 
operad® Gerstoo := T>{Gerst') turns out to be a much more elementary object 
than its “graded commutative” analogue Qoo = T>{G^-). In this section we present 
an explicit and simple description of the cobar construction Gerstoo in terms of 
partially planar /partially space trees (reflecting its nature as a composition of the 
operads ^oo and £005 see below), and in the next section we show that strong 
homotopy Gerstoo-algebras admit a nice geometric interpretation. 

The main reason behind that acclaimed simplicity of V{Qerst’) = V{H{1}) is 
the non-distributive nature of the operad H (cf. Remark 1.9): “opening” the left- 
and right hand sides of the following two equalities in the operad 



2 3 

• • 



V V 



(ai • 02) • (as o a^) = ai • (u2 • (as o a^)) 



3 



1 \/ 

• • 

\/ 



4 



in two possible ways, one gets after the decomposition into irreducibles the following 
relation in 7Y(4), 

1 2 3 4 

• • • • 



\/ \/ 

• • 




This relation makes the computation of the S-module structure of the operad 
Gerstoo — T>{'H{1}) Free{7i*[—l]{—2}) an easy exercise: 



^erstoo(n) = 1„[2 - 3n] © (fc[Sp] ® l„_p) [n + 2p - 2], 

p=2 



If we identify a basis vector of the one dimensional summand ln[2n — 3] with the 
(unique, up to an isomorphism) space [n]-corolla, 

1 2 n 



and the natural basis of all other summands with partially planar partially space 
[n] -corollas (cf. Sect. 1.7), 



^2 V 



^Conjecture: Gerstoo is a minimal resolution of Gerst, i.e. the operad Gerst is Koszul. 

In this paper we need only the fact that the operad Gerstoo is minimal so that Gerstoo- 
algebras are strong homotopy ones. 
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JiUJ2 = (p+1,---,ti) l + m=p+l s=0 
#Ji> 2 ,#/ 2>2 l,m>2 



Proof is straightforward though very tedious. 



Corollary 3.6.2. There is a canonical cofibration of operads, Coo Gerstoo- 
Corollary 3.6.3. A Qerstoo-algehra is the data, 

(^5 {^n}n>l5 {Mp,n} P>2 J , 

\ n^l / 

consisting of a graded vector space V and two collections of homogeneous linear 
maps, 

• I'n ‘ Qf'V of degree 3 — 2n, n= 1,2,3,. . and 

• Tn]p • 0 {(D'^V) V of degree 2 — n — 2p, k = 2, 3, 4, . . n — 

0 , 1 , 2 ,..., 

which satisfy the equations, for any ai, . . . ,an,bi, . . . ,bN € V, 



T. (-l)‘^*^|S2|+i(i^|Si|(&Si)>&S2) = 0, > 1, 

SiUS2=(1,...AT) 

and, for n > 2, N > 0, 



(-1)'" {'^|S2| + l(Pn;|Si|(ai , . . . , On 5 ^Si)i ^ 82 ) 

5iUS2=(1,...N) 

_(_l)ai+...an-n^^_l^^l_^^(^l, 1 / 5 ^( 65 ^, 652 ) 

n 



i=i 



Pn;|S2|(‘*li • • • i«j-li'^|Si|+l(aji^Si),aj+l, . . . , Oji 5 ^52)} 



= E E E (-1)' 

5iU52=(l,...iV) 



Mfc;|52|(^l5 • • • , «i+Z; ^5i), %'+^+l, • • . ,Un; 652)5 

where (—1)^ is the standard Koszul sign of the shuffle permutation 6i 0 . . . 0 6jv 
bsi 0 bs 2 , and r = j + l{n - j - 1) + l{ai + . . . + a^-) + (a^+z+i + • • • + hn)bsi . 



Thus the operations z/. define on V the structure of Loo algebra, while the 
operations define on V the structure of Aoo algebra; the remaining operations 
are homotopies, and homotopies of homotopies, and . . . , which make these 
two basic structures Poisson- type consistent. In the special case when all operations 
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but z /2 and /i 2;0 vanish the ^erstoo-algebra V becomes nothing but a ^erst- algebra, 
i.e. a (non-commutative, in general) Gerstenhaber algebra. 

3.7. Coalgebra interpretation. The notion of algebra (which is a graded 
vector space V equipped with two consistent associative multiplications, o : V O 
V V and • : F 0 F ^ F, of degrees 0 and 1 respectively, see Sect. 1.10) can be 
naturally dualized leading to the notion of ?Y-coalgebra. 

Let F be a graded vector space and {BV := 0*-^F[l], A,) the (reduced, as 
0^F[1] is omitted) free tensor coalgebra generated by F[l]. Let (Q*(5F[1]), Ao) 
the completed (with respect to the natural filtration F-^ := 0-’^F[l]) free graded 
cocommutative coalgebra generated by BV[1] (the latter is BV with shifted grad- 
ing). Let I C 0*(0*F[1]) be the coideal generated by 0*-^F[l]. The standard 
coassociative coproduct A* in BV extends naturally to a degree -1 coproduct in 
the quotient 6 {BV[1])/P making the latter into an 7f-coalgebra. (Here P is the 
square of the coideal, i.e. the set of elements x £ I such that AqX E I ^ I.) 

3.7.1. Proposition. There is a one-to-one correspondence, 

Gerstoo-algebra 1 f codifferentials in the cofree 

structures in F J ^ [ H-coalgebra ^6*(HF[1])/J^, A©, A,^ 

Proof. A coderivation D of the coalgebra 6*(HF[1])//^ is equivalent to a 
degree 1 linear map, 

©•(BF[1])/J2 ^ F[2], 

vanishing on k, the direct summand of constants. As 

©•(W[1])/J2-Q*(F[2]) 0 (0*^M1])[1]0O*(F[2]), 

this is the same as two collections of homogeneous linear maps, {un : 0^F — > F of 
degree 3 - 2n}n>i and {/in;p : (0""F) 0 (0^F) F of degree 2 - n - 2p}n>2,p>o- 

It is straightforward to check that the condition = 0 translates precisely 
into the equations of Corollary 3.6.3. □ 

3.8. Geometric interpretation. £oo-structure on a finite-dimensional vector 
space F has a beautiful geometric interpretation [Kol] as a smooth degree 1 vector 
field F on the pointed affine graded formal manifold (F[2],0) which satisfies the 
conditions [u, u] = 0 and u\q = 0. 

Surprisingly enough, Q erst oo-stinctme is also of purely geometric nature. 

3.8.1. Definitions, (i) A geometric Aoo~ structure (respectively, geometric 
Coo -structure) on a graded manifold M is the data (f, / i*) consisting of 

(a) a smooth homological vector field z7 making M into a dg manifold; 

(b) a collection of maps. 



= {Tn}n>i : Tm, with Pi = Liep, 

making the tangent sheaf Tm into a sheaf of ^oo-algebras (respectively. 
Coo-algebras). 
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(ii) A geometric ^oo-structure/Coo-structure on a pointed graded manifold 
(Ji4, *) is called minimal if ul C P where I is the ideal of the distinguished point 
^ e M. 

3.8.2. Theorem. There is a one-to-one correspondence 

J 0ers too -algebra 1 J geometric ^oo-structures on the pointed 1 

structures in F J ^ affine formal manifold At = (F[2],0) J * 

Proof. Let {ca^c^ = l,...,dimy} be basis of V and {t“} the associated 
dual basis of 2] which we identify with coordinate functions on V[2]. Set 
t := isomorphism of (9^-modules 

r : Tm — ^ Om ^ y 

X = J2^X-{t)d/dt^ r(X):=Ea^"(^K- 

Let {un : G'^V V}n>i and {/Xn;p : (0^V) 0 (O^F) ^ ^}n>2,p>o be a 
^erstoo-algebra structure on V . Define the vector field, 

oo ^ 

i7:=y'— 

n\ 

n=l 

and the tensors, for n > 2, 

Tn • ^ 

Xi®...®Xn > °!J-n-,p{T{Xi),...,T{Xn)\t,...,t) 

on M.. Then the equations of Corollary 3.6.3 translate precisely into the statement 
that (z^, /i.) is a geometric ^oo-structure on M.. 

This argument also works in the opposite direction through the Taylor decom- 
position of all the tensors at the distinguished point. □ 

3.9. ^erstoo-manifolds. Since the operad Qerstoo is minimal, its alge- 
bras are strong homotopy ones, i.e. can be transferred via quasi-isomorphisms. 
In this subsection we essentially give a purely geometric description of the de- 
rived(=homotopy) category of Qerstoo -algebras. 

3.9.1. Definition. A Qerstoo- manifold is a smooth manifold M together with 
a homotopy class (in the sense of 2.10), (9, of minimal geometric v4oo-algebra 
structures on the tangent sheaf. 

Note that we do not assume in the above definition that A4 is affine: the 
notion of Qerstoo- manifold is built on a collection of tensors satisfying a system 
of diffeomorphism covariant differential equations. The following tautologically 
formulated theorem is one of the main results of this section; it essentially describes 
a functor from the category of Qerstoo -algebras to a subcategory of the category of 
formal dg manifolds. 

3.9.2. Theorem. If the operad Qerstoo cicts on a dg vector space {V,d), then 
the formal graded manifold associated with the cohomology vector space H (F, d) is 
canonically a Qerstoo-fT^o>nifold. 

Proof. Since we work over a field in this paper, there always exists a quasi- 
isomorphism of complexes (V,d) ^ (ijT(F, d),0) and hence an induced structure 
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of ^erstoo-algebra on H{V^d). This structure, however, is not canonical. What 
we have to show is that, first reinterpreting this induced structure as a geometric 
^oo-structure (9, /x.) on the pointed flat formal manifold = (iJ(F, d)[2], 0), 

then passing to the associated homotopy class, (9, [/i.]), just in the sense of ^oo- 
algebras, and finally forgetting the flat structure one gets at the end the structure 
on Ai which does not depend on any choices made. It is precisely this structure 
which was termed in 3.9.1 an ^ersto© -manifold. 

By Theorem 3.8.1, our input is a formal affine dg manifold, 

(M V[2], V = {i/,} with = d, * = 0) , 

together with a geometric .4 qo - structure fx.. Let us choose a cohomological splitting 
of the complex (F, d), i.e. a decomposition of the Z-graded vector space V into a 
direct sum, 

V = H{V,d)®B®B[-ll 

in such a way that the differential vanishes when restricted to the summands 
H{V^D) 0 B[—l] while on the remaining sunnnand it equals the shifted by [1] 
identity map jB — > B[— 1]. According to Kontsevich [Kol], such a splitting can be 
lifted to an isomorphism of formal affine dg manifolds, 

(M, u, *) ~ (yW, 9, *) X {B, doR, *), 

where 

• (AI,9, *) is the formal affine minimal dg manifold whose tangent space 
at * is Lf(F,d)[2], 

• {B,d£iR,*) is the formal affine dg manifold whose tangent space at * is 

jB[2] 0 B[1], homological vector field don is linear and coincides precisely 
with the usual De Rham differential when one identifies the structure 
sheaf, with the De Rham algebra of smooth formal differential 

forms on the vector space B. In particular, both the cohomology groups, 
H{OB,^idDR) and are trivial. 

Let 7Ti : M — > Ad and 7T2 : M — » B be the projections associated with the chosen 
above cohomological splitting. There is an associated decomposition of complexes 
of vector spaces (note that differentials are not C^M-hnear), 

) Bicjx) (ttj^ 0 Bicjx). 

The tangent vector space at * € B can be identified with B[2] 0 R[l]. Let B[ : 
B[2] 0 J5[l] B[2] 0 B[l] be a degree —1 linear map which is equal to zero on 

the summand B[2] and is equal to the shifted by [-1] identity map B[l] — > B[2] 
on the remaining summand. Denote by the same letter H its natural -linear 
extension to 7^,*. It is an easy calculation to check that the identity automorphism 
of the tangent sheaf to M decomposes as follows, 

Id = pr 0 LiepoTT^iH) 0 Tr^iBf) o Liep, 

where Tr^iH) is assumed to act as zero on the summand and pr stands for 

the canonical projection ttiTm,*- Thus we have constructed an OM-Hnear 

homotopy, associated with quasi-isomorphic complexes of 

k-linear vector spaces {TM,*^Lieji) and {'KlTM,*,Liep). 
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Next step is to employ, say, the explicit formulae of [Mel, KoSo2], to construct 
an w4oo -algebra structure, 

{p>n>2 • ^ Ml “ , 

on the lifted tangent sheaf The key fact that the resulting jln>2 are tensors 

is ensmed by C^M-hnearity of the constructed homotopy. 

Finally one repeats the above procedure using the standard contraction ho- 
motopy (which is 7T~^ (9^ -linear) of the cohomologically trivial De Rham complex 
{OB,*jdoR) to induce a geometric v4oo-algebra structme, on It is easy 

to check that the associated homotopy class (in the sense of 2.11 for 9, and 2.10 for 
/I.) does not depend on the choice of a particular factorization of the dg manifold 
(M, z7, 0) into a direct product of a minimal dg manifold and a linearly contractible 
one. □ 

3.9.3. Remark. The special case of the above Theorem when 
(V, d, ^erstoo -action) is just a (non-commutative) Gerstenhaber algebra was proved 
in [Me2] by expHcit perturbative calculations. 

3.10. Homotopy commutative sibling of Qerstoo- Theorem 3.9.2 moti- 
vates the following definition. 

3.10.1. Definition. Qerst%^ is the operad whose algebras are given by 

{ A -algebra 1 J A geometric Coo-structure on the pointed 1 

structure inV j \ affine formal manifold (y[2],0) J ‘ 

Almost repeating 3.9.1 and 3.9.2 one obtains the notion of -manifold 

(which was in fact introduced earlier [Me2] under the name ProbeniuSoo manifold) 
and the statement: 

3.10.2. Theorem. If the operad Qerst^ acts on a dg vector space (F,d), then 
the formal graded manifold associated with the cohomology vector space H (V, d) is 
canonically a Qerst^ -manifold. 



§4 Deformation theory 

4.1. Deformation functor. The traditional approach to the deformation 
theory of a mathematical structure A is based on the idea of deformation functor, 
Defg, on Artinian rings. 

Initially that idea was applied to Artinian rings concentrated in degree 0 so 
that the tangent space, Defg(A:[£:]/e^), to the deformation functor (which is the 
same as the Zarisski tangent space, 7 aA 4, to the moduli space at the distinguished 
point) equals some particular homogeneous bit, i?^(0, d), of the Z-graded cohomol- 
ogy group, H*{g^d) = 0iGzR^(fl,d), of the dg Lie algebra, (g,d), controlling the 
deformations of A. The next homogeneous bit, JT^+^(g, d), absorbs the obstructions 
to exponentiating infinitesimal deformations from if*(g,d) to genuine ones. 

Recent studies in mirror symmetry led to an extension [BaKo, Ma, Me2] of 
the deformation functor first to Z-graded and then differential Z-graded Artinian 
rings. The dg extension of Def^ always produces smooth formal dg moduli spaces 
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(jM, 9, *) with Zariski tangent space, isomorphic to the full cohomology group 

d) and with obstructions encoded into a homological vector field on M. [Kol, 
Me2] . The table below compares the two deformation functors in three important 
examples, 



A 


TaA! in classical Def 


TaAI in extended Def 


Complex manifold (M, J) 
Symplectic manifold (M, uj) 
Associative algebra (A, 0 ) 


Hoch^(^, A) 


Hoch*(^,A) 



These developments lead naturally to a question: What happens to A when 
it is deformed in the generic direction in (rather than in iJ^(g,d))? Or, 

equivalently, what is the universal structure A over the extended moduli space 
At? Thanks to Stasheff [St], we know the answer to this question in the case 
A = Associative algebra: deforming any given associative algebra A along a generic 
tangent vector in 7 a A t = Hoch*(A, A) one obtains, if all obstructions vanish, an 
A-oo-algebra. To author’s knowledge, infinity versions of such notions as complex 
and symplectic structure are still a mystery, and the deformation theory in the form 
of deformation functor gives no clue to its solution. Moreover, the dg extension of 
Def makes it evident that one does not really need Artinian rings to do the defor- 
mation theory — the dg versal moduli space, (Al,9, *), representing the functor 
Defg on dg Artinian rings is nothing but the image of under the canonical 
functor 

{ the category of 1 J the derived category of 1 

dg Lie algebras J ^ dg Lie algebras J ' 

Thus the Artinian functor approach to deformation theory is tantamount to a per- 
turbative computation of the minimal £oo-niodel for the controlling dg Lie algebra. 

4.2. An operadic guide to deformation theory. We loose too much in- 
formation about the deformed mathematical structure A if we naively understand 
the extended deformation theory as outlined above in Sect. 4.1, i.e., as the defor- 
mation functor Defg extended to (differential) Z-graded Artinian rings . Here is a 
suggestion on what one should do instead. 

Step 1 : Associate to the mathematical structure A we wish to deform a “control- 
ling” Deformation Algebra, ( 5 , [ , ], d, ADD), consisting of a dg Lie algebra^ 
(0 = 0 ^^^ 0^5 [ 5 ]j d), and a collection of some additional algebraic opera- 
tions, ADD, on 0. For example, 

- if A is a symplectic or complex structure (see Examples 4.4 and and 
4.5 below) , then Deformation Algebra is a graded commutative Ger- 
stenhaber algebra, and ADD is just a graded commutative product 
consistent with the dg Lie algebra structure via Poisson type identi- 
ties. 

— if A is an associative algebra structure (see Example 4.6 below), then 
Deformation Algebra is what is called in [GeVo] a homotopy Ger- 
stenhaber algebra, and ADD is an infinite series of operations called 
braces. 

^More generally, one can replace the dg Lie algebra structure on 0 with a £oo-algebra 
structure. 
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Step 2: Find a cofibrant resolution, VAoo^ of the operad DA describing species 
Deformation Algebra obtained in the previous step. In many important 
cases there exists the minimal cofibrant model VAoo of '^A whose differ- 
ential is decomposable. 

Step 3: As the operad T>Aoo is cofibrant, its algebras are strong homotopy ones, 
that is, P-algebra structures can be transferred by quasi-isomorphisms 
of complexes (see Theorem 2.8.5). Then choosing a cohomological split- 
ting of (0,d), one induces on the cohomology space H{g^d) a canonical 
homotopy class of P^oo-algebras (which is independent of the splitting 
used.) 

Step 4: Try to find a geometric interpretation (called extended moduli space) of the 
homotopy class of minimal DAcx) -algebra structures canonically induced 
on H{g, d) in the previous step, that is, try to interpret the latter in terms 
of sections of some natural vector bundles (equipped with 9-connections, 
tensor ial algebraic structures, . . . ) over a formal pointed dg manifold 
(A4,9, *) whose tangent space at the unique geometric point is precisely 
H(fl,d). 

4.3. Motivation and evidence. All the steps above are functorial with 
respect to the choice of input. Deformation Algebra. Making a particular choice 
means essentially a choice of precision with which we want to do the deformation 
theory. The most crude one is to apply first the obvious forgetful functor, 

F : {Deformation Algebra} — ^ {dg Lie Algebra} 

and then apply the operadic algorithm. All the four steps can be easily fulfilled 
(see Sect. 2.11) with the final outcome at Step 4 being a smooth formal minimal 
dg manifold (A4, 9, *). Note that this outcome is well defined only up to an action 
of the formal diffeomorphism group Dif f{M.^ *), 

(M,9,*)^(A^,/,9,*), \ffeDiff{M,^). 

Thus, whatever the choice of Deformation Algebra in Step 1, the outcome of 
Step 4 will always be at least a smooth dg manifold with its automorphism group 
Di//(AI,*). As we expect ADD in the input of the deformation theory to be 
consistent, in some or other sense, with the underlying dg Lie algebra structure, it 
is natural to expect that what we get from ADD in Step 4 will also be consistent 
with the homological vector field 9 and behave reasonably well under the action 
of Di//(A4,*). The main results of this paper (see the Introduction for the list) 
show that these expectations are met in such important cases as, e.g., extended 
deformations of complex and symplectic structures. This is why we believe that 
Step 4, the most questionable one in the above programme, makes sense. 

4.4. Example (deformations of complex structures). The dg commu- 
tative Gerstenhaber algebra controlling extended deformations of a given complex 
structure on a real 2n-dimensional manifold X is given by 

( 2n 

2=0 p-\-q=i 



O 
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where Tx stands for the sheaf of holomorphic vector fields, for the sheaf of 
smooth differential forms of type (s,g), and [ • ] = extended Schouten brackets, and 
o = wedge product of polyvector fields 0 wedge product of forms. 

4.5. Example (deformations of Poisson and symplectic structures). 

The dg commutative Gerstenhaber algebra controlling deformations of a given Pois- 
son structure, v G P(X, A^T^), on a real smooth manifold X is given by 

(0^0 ^r(X, A^Tx), [ • ] = Schouten brackets, d=[v . . .], wedge product 

of polyvector fields) , 

where Tx stands for the sheaf of real tangent vectors. 

If V is non-degenerate, that is, z/ = for some symplectic form uj on X, then 
the natural “lowering of indices map” : A'^Tx — ^ ^x sends [z/». . .] into the usual 
de Rham differential. The image of the Schouten brackets under this isomorphism 
we denote by [ • ]a,. In this way we make the de Rham complex of X into a dg 
commutative Gerstenhaber algebra, 

( dimX \ 

r(X, f]^), [ • ]a;, d = de Rham differential, wedge product of forms ] , 

i=o / 

which controls the extended deformations of the symplectic structure u. More 
explicitly, 

[Kl^K2]uJ •= ( — l)'^^[iu,d]{K,iAK,2) — {—l)^^ {[iu , d]Ki) A K2 ~ Ki A[iu , d]K2, V/^i,/^2 € A*T]R, 
with : Qx being the natural contraction with the 2-vector f. 

4.6. Example (deformations of holomorphic vector bundles). Let 

E ^ X he n holomorphic vector bundle on a complex manifold X. The stan- 
dard Lie algebra structure in the endomorphism sheaf End{E) extends naturally 
to AQ^End{E) ~ QQ^{End{E)[l]) in such a way that (AQ^End(E), A, [•]f) be- 
comes a sheaf of graded commutative Gerstenhaber algebras. 

The dg commutative Gerstenhaber algebra controlling extended deformations 
of a given holomorphic structure in E — » X is given by 

0 = (r(X, A-a^End{E) O 0^*), [ • ], 9, o) 

where [•] = [^]e 0 wedge product of forms, and o = 

wedge product of endomorph isms 0 wedge product of forms. 

4.7. Homotopy Gerstenhaber algebras. Let F be a graded vector space 
and {BV := 0*-^F[l], A) the free tensor coalgebra cogenerated by F[l]. 

4.7.1. Definitions, (i) A Boo-alg^bra structure on a graded vector space V 
is the structure of dg bialgebra, 

{BV, A,o : BV ^ BV BV,d : BV BV ) , 

on the tensor coalgebra {BV, A) such that the element I £ k = 0^F[1] is the 
identity element. 

(ii) A homotopy Gerstenhaber algebra structure on a graded vector space V is 
a structure of 5oo-algebra such that multiplication o preserves the filtration Fr := 
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0*-’’F[l]. We denote by hQ the operad whose algebras are homotopy Gerstenhaber 
algebras. 

The /i0-algebra structure on V can be described by a collection of homogeneous 
maps, 

Mfc : y, 

Mi;fc : y, 

satisfying a system of quadratic equations written explicitly in [Vo]. In particular, 
the operations M 2 and Mi-i induce on Mi) the structure of graded commuta- 
tive Gerstenhaber algebra. Thus there is a canonical map of operads, p : hQ Q. 



4.7.2. Example (higher order Steenrod operations). Let S.X be the 

singular chain complex, of a topological space X. Elements of SnX are formal 
linear combinations of continuous maps, a : A[n] V, from the standard n- 
simplex A[n] to X. For such a map a E S^X and a /c-face, / : A[A:] — > A[n], of the 
standard simplex spanned by vertices no = /(O), . . . ,rik = f{k) (/ being injective 
and monotone), denote by cr[no, . . . ,nfc] G SkX the associated composition, 

a[no , . . . , nfc] : A[k] A[n] X. 

Let S*X := Homfc(5*,A:) be the associated cochain complex of X. It was 
noted by Gerstenhaber and Voronov in [GeVo] using earlier results of Baues that 
the data. 



Mima) 

Mfc 



n+1 

1 , . . . , fe, . . . , n]), 

k=0 

n 

■ ■ ■ , n]), V 0, V' 6 

fc =0 

0 for /c > 3, 

0o(o-[O,ni,ni +n 2 ,...,ni + ... + rik\) 

0i(cr[0, 1, . . . , ni)02(cr[ni , . . . ,m + H2) . . . 
0fc(cr[ni . . . + rik-i , . . . , ni + . . . + rifc]) 

V 00 G S'^X, 01 G S'^^X , . . . , 0fc e 5"'=X, 



make S*X into an /i^-algebra. The operation Mi-i is nothing but the Steenrod 
operation Ui. 



4.7.3. Example (deformations of associative algebras). Let A be an 

associative algebra, and C*{A^A) := Hom.k{A* ^ A) its Hochschild complex with the 
differential, 

(d0)(Ori , . . . , O-Tx-l-l) 0 ( 0-25 •••? 0!-n4-l) 

n 

^^^(—1) 0(Oi, . . . , 0/c_i, Ofc, Ofc-|-i, . . . , CLn+l) 
k=l 

-f-( 1) 0(oi , O 2 , • • • , 07t,)Ott,4-i . 
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It wats shown in [GeVo] that the data, 

Ml d, 

M2(0, '0)(ai, . . . , ak+i) := • • . , afe)^(afc+i, . . . , a^+z) 

\f(l)eC^{AA),ipeC\AA) 

Mk '= 0 ioT k > 3, 
and, for any (^o, 0i, • • • , ^ C*{A, A), 

• • • 5 <^n)(ai, . . . , am) : = 

^ ^ ^(j>o{ai 5 • • • 5 ®ii 5 01 ? * • O 5 • • • 5 5 4^n{ai^ dm) 

where the summation runs over all possible ordered substitutions of 0i , . . . , 0n into 
00, makes the Hochschild complex into an h^-algebra. 

This h^-algebra controls deformations of the associative algebra structure in 
A. 



4.8. Deligne’s conjecture. The operations M 2 and Mi;i induce on the 
Hochschild cohomology, H*{A,A)^ the structure of ^-algebra. Deligne conjectured 
that this action of the operad Q on H*{A^A) can be lifted to the action of Goo on 
C*{A^A). This conjecture, which was recently proved in [Ko2, KoSol, McSm, 
Ta, Vo], is essentially the same as the following statement. 

4.8.1. Theorem [Ta, TaTs, Vo]. There is a natural morphism of operads^ 
f • Goo hG, such that the diagram, 



Goo^^hg 




G 



commutes. 

4.9. Approximations to deformation theory. The cofibrant resolution, 
T>Aooi of the operad VA describing species Deformation Algebra could be so compli- 
cated that it would be unrealistic to ask for an immediate geometric interpretation 
of the homotopy class of minimal X>Aoo-nlgebra structures as in Step 4. 

In Steps 3 and 4 one can therefore replace VAoo by its “approximation”, a 
cofibrant operad VAoo fitting the commutative diagram 

Moo 

q.—iso. 

G 

for some natural morphisms of operads i and j, i being preferably a cofibration. 

4.10. Approximations to Goo deformation theory. As discussed in Sec- 
tions 4. 4-4.6, extended deformations of basic geometric structures are described by 
the operad Goo- In view of theorem 4.8.1, the same operad can be applied to the 
deformation theory of associative algebras. 
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At present we have no complete picture of the geometric object behind a ho- 
motopy class of minimal ^oo-algebras. We appeal instead to the infinite tower of 
cofibrant approximations to Qoo introduced in Sect. 2.7, 

Coo = gg'> 

and, in the rest of this paper, attempt to give such a picture for the first three fioors 
of this tower using all the previous results. The ground fioor, Q^\ corresponds, in 
view of 2.7.2, to the forgetful functor 4.3 so that -approximation to the defor- 
mation theory of examples 4. 4-4. 6 and 4.7.3 simply says that the extended moduli 
space is a formal minimal dg manifold (A4,9, *). If its non-linear cohomology (see 
Introduction) , 

Im9 ’ 

makes sense in some geometric category, it is precisely the versal moduli space 
associated with the Z-graded extension of the classical deformation functor Def g . 

4.11. Theorem. There is a canonical isomorphism of operads, 

G^^ = Gerstl^, 

where Qerst^ is defined in Sect. 3.10.1. 

Proof. The statement follows immediately from the definition 3.10.1 and the 
proof of Theorem 3.4.2 in [Me2] (see also Sect. 4.12 for a reconstruction of that 
argument). □ 

4.11.1. Corollary. If the operad Qoo CLcts on a dg vector space (F, d), then 
the formal graded manifold associated with the cohomology vector space H{V^d) is 
canonically a Qerst^ -manifold. 

Proof. The statement follows from 4.11 and 3.9.2. □ 

4.11.2. Corollary [Me2]. Let A be one of the structures 4’4~4‘^ or 4’1-S- 
The extended moduli space of deformations of A is naturally a Qerst^ -manifold, 
i.e. a dg manifold equipped with a homotopy class of geometric Coo-structures on 
the tangent bundle. 

4.11.3. Notation. For a graded module V over a graded ring O we set 

®hV := (®o^"[l])[-l] 

and 

®qV f ®hV[n ^ r_i, 

shuffle products \ shuffle products / 

4.12. Proof of Theorems A, B and E. The Soo-algebra structure on V 
induces canonically a homotopy class of minimal ^oo-algebra structures on its co- 
homology, H{V,d). Let © be any representative of this homotopy class. 

Let {da, o: = 1, • • • , dim H{V, d)} be a homogeneous basis of H{V, d)[2] and {t^} 
the associated dual basis of H{V,d)*[—2]. We identify the latter with coordinate 
functions on the formal manifold (A4, *) associated with H{V, d)[2], and the former 
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with basis vector fields d/dt^. We can assume without loss of generality that 
degrees of all da vanish mod2Z. 

Let i> 2^ stand for the Lie polynomial, 

and 

dBi = (^/3i 1^/32) •••!%) 
for the image of the tensor product, 



^/3i 

under the degree n — 1 composition 

0^iJ(F,d)[2] — > ®^H{V,d)[2]. 

Note that under our assumption the parities of and dsi are both equal to 
(i — 1) mod 2Z. Here and below we use Bi to denote the multi-index P 1 P 2 - Pi- 
By Proposition 2.6.1, the ^oo-algebra structure 0 is the same as the differen- 
tial, 5, of the Gerstenhaber algebra Q* L\e{H {V^ d)* [—2]) . The latter is uniquely 
determined on the generators, 

fc>0,n>0 



for some homogeneous constants 0%.^ q. ^ k (see footnote 9). Here and 

below juxtaposition of t*s means their symmetric product O. 

We re-arrange the above data into a smooth “vector field” , 



S:= E 






,.r 



n>0 

/3l-../3n 



d 

dt^ 



and a collection of maps, for A: > 2, 

eW: ©M®cAi) ^ Tm 



9bi © • • • © ^Bfc — » 2 

Thus the defining equation for the differential 6 takes the form. 



f(3i fd„. d 

n>o n! ...Bi, ;/3i.../3„r ...t . 

f3i...f3n 






The ideal / :=< Lie-^V^*[— 2] > is generated by 
Using the identities, 

a 



^*^For example, we could opt to work in the category of graded manifolds over graded base 
spaces, “sources of Z-graded constants” ; then all the signs lost under our assumption in “natural 
over the base” calculations can be easily restored through the condition that the expression under 
study is functorial with respect to the base space change. 
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and 

[*“•/(*)] = 

where f{t) is an arbitrary smooth function on (jM, *), it is not hard to study the 
transformation properties of the defined above fields 3 and under an arbirary 
formal (non-linear) change of coordinates, 



and conclude that 

(i) 3 is indeed a vector field on M ; 

(ii) the map ©f^l factors through the composition 

0 '^' : ®ITm — ^ 

i.e. represents a family of tensors, /x. : vanishing on 

shuffle products; 

(iii) the maps ©t^l are sections of certain jet bundles (of order A: — 1) on jM. 
A similar calculation shows that 

(iv) the equation ^a{S‘^t^)da = 0 mod I implies [3,3] = 0; this is essentially 
Lemma 2.7.2; 

(v) the equation = 0 mod P implies that the data ©t^^ is 

nothing but a geometric Coo-structure on the dg manifold {M, *,3); this 
is essentially Theorem 4.11. 

To prove the statements A,B and E we have to move one level up and study the 
equation 

= 0 mod P, 

OL 

which now involves the non-tensorial object ©^^^, a section of the bundle 

It is convenient for our purposes to choose 
a splitting of this bundle, say, an afiine torsion- free affine connection V on A1. 
Then we can replace non-tensorial objects 

= [. . . ^ j ^ -f.fSn'j ^ 

by tensorial ones, 

which are given recursively by 

[F' • = [Fi • 

[[F^ • • F=>] ' = [[F^ • © [t>^ • © [t'' • 

© [tf* • © [t^ • 

n— 1 

P" _ [pn-l , ^/3nj ^ pft 0 p„-l(ft,M) Q ^ 

i=l 
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where m) stands for the multi-index /?i . . . pi-ifiPi^i . . . / 3 n-i and are 

the Christoffel symbols of the connection V in the coordinate system {t^}. Thus 
the defining equation for the differential S can be written in the form, 

J2{6nd^ = 3 + {9b,,..., 9b, ) © © . . . O . 

a fc>i 

where all the coefficients, ©[^1, are tensors rather than sections of the jet bundles. 

Now, to prove Theorems A and B it is enough to understand the first non-trivial 
component, 

» ^/52j 0 ^fn 

of the formal power series mod The only terms of mod 

which contribute to that component are written explicitly below, 

a 

+ 0'^’ {90^ 19/32 \90s) ® • P""] • ' 

+ X! |9/3j, (9^1 |9^J) © 0 [t'^^ • + . . . 

Applying to the shown terms the differential S and ignoring all components of the 
equation = 0 mod P except the chosen one, one gets an equation, 

= T2eg/i2,2, 

where 

[fi 2 ,ti 2 f{X,Y,Z,W) 

= [^l 2 ,^^ 2 ]HM{X,Y,Z,W) 

-{Liesfi3)(W, VzX + VxZ, Y) - (Lieg/X3)(^, Vu^X + VxW^, Y) 
-{LieQHz){W, VzY + VyZ, X) - (LieaM3)(^. + Vy W, X) 

+//3(W, (LiegV)zX + (LiegV)xX, Y) 

+li3{W, {Lie^V)zX + {LiesX)xZ, Y) 

YfisiW, {LiesX)zY + {Lie^X)YZ, X) 

+fi3{W, {Lie^X)zY + (LiegV)yX, X), 



/X2, and /i2,2 are, respectively, the compositions. 









shuffle products shuffle products 



’ shuffle products shuffle products shuffle products ^ 

„ . , 2 (^2 r \ ^ a-? ^ rj - 

2,2- Om^' Om ^ shuffle products shuffle products 

[M25/^2]hm is the Hertling-Manin bracket (see Sect. 0.1), and X^Y^Z^W are ar- 
bitrary smooth even (for simplicity of presentation) vector fields on Ad. As the 
r.h.s. of the equation (*) is obviously a tensor, the l.h.s. must represent a tensor 
as well. (The original Hertling-Manin bracket can not possibly be a tensor without 
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correction terms as the product fji 2 is associative only up to homotopy.) Changing 
the affine connection, 

V V' = V + 5, 

for some symmetric tensor S : Xmi we get 

[pi2,f^2]^ = [M2,M2]^ - 2Lie^p, 

where 

u{X,Y,Z,W) = fis(W,S{Z,X),Y)+i,3{Z,S{W,X),Y) 

+M3(^, F), X) + fis{Z, 5(W, F), X). 

Thus the cohomology class, [[^ 2 ,^ 2 ]] ^ (Com associated with 

[ 112 ^ 1 ^ 2 ]^ does not depend on the choice of V. The equation (*) implies Theorems 
A and B almost immediately. 

To prove Theorem E one needs to understand a general structure of the com- 
ponents, 

pk 0 pz ^ 

of the formal power series Here are the terms of 

niod contributing to that component, 

^(<5i“)a„ = a+ eW(SsJ©z®'‘+ 5] e''i(9B„aB,)©P''oz"*‘ + ... . 

a k>2,Bk ^-^^2 

It is not hard to see that the projection of the equation ^c^{S^t^)da = 0 mod P 
to that component gives the equation of the form, 

[/ik{Xi, .... Xk), iJ^iiYi, , Ffc)]+correction terms 

= (Z/ie5/i/0^^)(Xi , . . . , Xfc, Fi, . . . , Fc); 

where the brackets stand for the standard commutator of vector fields, and iik-il^i 
are homogeneous components of (respectively, Again, as the r.h.s. 

of the above equation is obviously a tensor, the l.h.s. must be a tensor as well. This 
tensor, [/x/c, is Lieg-closed and, moreover, defines a vanishing cohomology class 
[[Hk^fii]] of the complex of C^M-niodules, 
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Witten’s top Chern class on the moduli space 
of higher spin curves 

Alexander Polishchuk 



This paper is a sequel to [9]. Its goal is to verify that the virtual top Chem 

class in the Chow group of the moduli space of higher spin curves 
constructed in [9], satisfies all the axioms of spin virtual class formulated in [5]. 
Hence, according to [5], it gives rise to a cohomological field theory in the sense 
of Kontsevich-Manin [7]. As was observed in [9], the only non- trivial axioms that 
have to be checked for the class are two axioms that we call Vanishing axiom 
and Ramond factorization axiom. The first of them requires c^A to vanish on all 

l/r 

the components of the moduli space where one of the markings is equal to 

r — 1. The second demands vanishing of the push- forward of c^A restricted to the 
components of the moduli space corresponding to the so called Ramond sector, 
under some natural finite maps. 

Recall that the virtual top Chern class is a crucial ingredient in the generalized 
Witten’s conjecture formulated in [10], [11]. The original index-theoretic construc- 
tion of this class sketched by Witten was recently extended to the compactified 
moduli space by T. Mochizuki [8] who also showed that the obtained class satisfies 
the axioms of [5] . The algebraic construction of [9] gives a class in the Chow group 
with rational coefficients (and axioms are satisfied on the level of Chow groups). 
Presumably, the algebraic construction induces the same class in cohomology of 
Mg n 0 'S the analytic construction. 

It is interesting to note that the class A jg constructed as a characteristic class 

/ T* 

of certain supercommutative Z/2Z-graded dg- algebra over Mg^ equipped with an 
odd closed section (where the entire data is defined up to quasi- isomorphism). This 
resembles Kontsevich’s approach to the construction of the virtual fundamental 
class (see [6]). One may hope that both constructions can be embedded into a 
more general framework involving dg-spaces. This would be in agreement with the 
philosophy of derived moduli spaces promoted in [6] , [2] , [3] . 

The paper is organized as follows. In section 1 we prove two identities for 
localized Chern characters of specific Z/2Z-graded complexes. In section 2 we 
deduce Vanishing axiom from the first identity and in section 3 we deduce Ramond 
factorization axiom from the second identity. 



This work was partially supported by NSF grant DMS-0070967. 




254 



ALEXANDER POLISHCHUK 



1. Some 'Ll22t-^Tdided homological algebra 

Recall (see [9]) that for every Z/2Z-graded complex (V* = ^d) of vector 

bundles on a scheme X, which is strictly exact off a closed subset Z <Z the graph- 
construction associates the localized Chern character ch;f (F*) G X)q, 

where A^{Z — ^ X)q is the bivariant Chow group with rational coefficients (the 
original construction given in [1] or [4, Ch. 18] deals with Z-graded complexes). 
Here we use the following terminology from [9]: (F*, d) is strictly exact if it is exact 
and im(d) is a subbundle of V*. Note that if a Z/2Z- graded complex is homotopic 
to zero then it is strictly exact (since in this case im(d) is a direct summand of F*). 
Witten’s top Chern class is constructed in [9] by slightly modifying the locafized 
Chern class of the complex corresponding to the action of an isotropic section of 
an orthogonal bundle on a spinor bundle, where the relevant orthogonal data is 

2 . / T" 

constructed using the higher spin structure on the universal curve over ^ (we 
will recall this construction in section 2). 

We are going to prove two identities for the localized Chern character that will 
be main ingredients for the proof of Vanishing axiom and Ramond factorization 
axiom respectively. In both cases the identities hold on the level of RT-theory (of 
complexes that are strictly exact off a closed subset). 

Lemma 1.1. Let d{X) : F* — > F*[A] he an odd endomorphism of a lujXL- 
graded bundle F* on X of the form d{X) = do + diA + . . . + dr-iX^~^ for some 
r >2, depending on a formal parameter X (commuting with everything). Assume 
that d(A)^ = A^. Then ch;^(F*,do) = 0 for every closed subset Z CL X such that 
(F*,do) is strictly exact off Z . 



Proof We can extend d{X) to a Ox[A]-linear endomorphism of F*[A]. Let IF* = 
F*[A]/(A’^) with the odd endomorphism dw • W* W* induced by d(A). Then 
= 0 and there is a natural r-step filtration on the complex (W*^dw) with all 
consecutive quotient-complexes isomorphic to (F*, do). Thus, it is enough to prove 
that (W*,dw) is strictly exact (everywhere). We claim that in fact this complex 
is homotopic to zero. Indeed, for every interval of integers [a, 6] let us denote 
W[a,6] Let us denote by d' and d" the following components of the 

restriction of d(A) to F*[A][o,r-i]- 



d{X) : V[A][0,,_1] V[A](0,._1] © V[A][,,2._i]. 

Note that d' = dw upon the natural identification of F*[A][o,r-i] with W*. Also, 
the image of d" is contained in F*[A][y.^ 2 r- 2 ]- Extending d' and d" to Ox [A^] -linear 
endomorphisms of F*[A] we can write d = d' + d" . Then the condition d(A)^ = A’^ 
implies that d'd" -h d"d' = A’’ on F*[A][o,r-ij- Hence 

h = df/X : F*[A][o,.-i] ^ F*[A][o,.-i] 

gives a homotopy between the identity and zero endomorphisms of the complex 

(F*[A][o,.-i],d')c^(IF*,d^). 

□ 



Remark. The above lemma admits the following generalization: if the differential 
d(A) = do-f diA+. . .+dr-iX^~^ as above satisfies d(A)^ = /(A) for some polynomial 
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/ of degree r then 

m.-chf(y*,d(z))=0 

z:f{z)=0 

where ruz is the multiplicity of a root z, Z C X is a closed subset such that all the 
complexes {V*,d{z)) (for f{z) = 0) are strictly exact off Z. 

Lemma 1.2. Let d : V* V* be an odd endomorphism of a Ijj 2%- graded 
bundle V* on X such that d? = — (/i . . . fr) • id^«, where /i, . . . , /^ are functions 
on X. For every i = 1, . . . ,r let us introduce the differential di on V* 0 V*[l] by 
the formula 

di{x, x') = {d{x) + (]][ fj) • x', -d{x') + fi-x) 
where x e V* , x' e V*[l]. Then 

r 

i=l 

for every closed subset Z G X such that all (y* ® ^*[1], dj) are strictly exact off Z. 
Proof. Let us introduce the differential D on W* ;= {V* ® V’*[l])®^ by the formula 

where Xi,yi€V, x[,y[ € V[l], 

Vi = dxi + /i+i/i +2 ■ ■ . /r • [a:'i + /ia ;'2 + /i/ 2 a ;3 + . . . + /i . . . /i-ia;-] for i < r, 

yr = dXr + x'l + fix '2 + flf2x'^ + . . . + /l . . . /r-l4. 

y[ = -dx'i + fiXi - Xi^i for i > 2, 
y[ = -dx[ + fiXi. 

One can easily check that = 0. There is a natural decreasing filtration of W* 
by subcomplexes W = F^W D . . . D F^W D F^+^W = 0, where 

F^W* = {{xi,x'f)i=i^.,.^r : xi = ... = Xj-i = 0,x[ = . . . = Xj_i = 0}. 

The associated graded quotients are 

F^W/F^+^W ~ (y* ® V[l],dj), 

j = 1, . . . , r. Therefore, 

r 

^ chf (y • ® y • [1] , d,) = chf (IT • , D) . 

i=l 

It remains to prove that the complex (W*,D) is strictly exact on X. For this 
we construct a homotopy h between the identity and zero endomorphisms of W*. 
Namely, we set 

h{Xi^ Xj^i—l^..,r — ( 2 /i? 2/^)i=l,...,r ? 

where 

Vi = — + fi+ix [^2 + fi+lfi+2^i-^2 + • • • + fi +1 • • • fr-ix'j] for 2 < r — 1, 

Vr—l — Vr ~ O 5 

y'l = Xr, y' = 0 for i > 2. 

It is easy to check that Dh + hD = idw • □ 




256 



ALEXANDER POLISHCHUK 



2. Vanishing axiom 

Henceforward all our schemes are assumed to be quasiprojective over a field k. 
We assume that char k > r and that k contains all r-th roots of unity. 

Let 7T : C X be a family of prestable curves over a scheme X, and let 
T be a family of rank-one torsion-free sheaves on C equipped with a non-zero 
homomorphism b : ujcjx^ where ujc/x is the dualizing sheaf of tt. In this 

situation we defined in section 5.1 of [9] the class c(T, 6) G A~^(X)q, where x is 
the Euler-Poincare characteristic of members of the family T. To construct this 
class we consider the map r : S^Rn^T — ^ Ox[— 1] induced by b and by the trace 
map Tr : Rtt^loc/x Ox[—l]^ As was proved in Proposition 4.7 of [9] there exists 
a complex Cq C\ of vector bundles on X representing Rtt^T such that the map 
r is represented by the chain map of complexes 5^ [Co — ^ Ci] — > Cx[— !]■ This 
chain map corresponds to a morphism of vector bundles v : S'^~^Cq C^. We 

can consider the differential d : Co — > Ci and the map v as sections of the pull- 
backs of Cl and C^ to the total space of Co- Then s = (d, v) will be an isotropic 
section of the orthogonal vector bundle p*C\ 0p*C^ on Co, where p : Co — > X 
is the projection. Moreover, s vanishes exactly on X embedded into Co by the 
zero section. Then we consider the action of s on the spinor bundle A*p*Ci^. The 
obtained Z/2Z-graded complex (A*p*C^,s) is exact outside X C Co. Therefore, 
the localized Chern character of this complex is an element of the bivariant Chow 
group A*(X Co)q A*(X)q. The class c(T, 6) is obtained by multiplying this 
localized Chern character with the Todd class of Ci. Theorem 4.3 of [9] assures 
that c(T, b) does not depend on the choices made. 

Remark. We can consider {A := p*(A*p*C^), d) as a sheaf of Z/2Z-graded dg- 
algebras over X, where the differential 8 is induced by d : Co Ci. The action 
of the isotropic section s on ^ has form 8 + e(e), where e(e) is the operator of 
multiplication with the d-closed odd section e € .4 corresponding to v : S^~^Cq — > 
Cl . The proof of Theorem 4.3 in [9] can be converted into the proof of the fact that 
the quasi-isomorphism class of the data {A, e) is uniquely determined by (T, 6). 

Let cr : X C be a section of tt such that tt is smooth near cr(X) (a marked 
point). By abuse of notation we will denote by F F{a) the operation of ten- 
soring with the line bundle Cc(cr(X)). The following theorem immediately implies 
Vanishing axiom for (Axiom 4 of [5]). 

Theorem 2.1. Assume that b factors as a composition 
-A LUc/x{—{'f' - 1)^) — ^ 

where a* bo is an isomorphism. Then c{T,b) = 0. 

Let us set L = T{a)\a- The map cr^bo gives an isomorphism 
L'^^Uc/x{o‘)\a — Ox- 

Since we are working with rational coefficients, we can replace X by its finite etale 
covering over which L is trivial (right now we do not need to choose a specific 
trivialization of L). 

Let — > X denote the relative r-th symmetric power of C over X. We 

denote by G the X-point corresponding to the relative divisor ra{X) and 
by Jo-r C O^ir) the ideal sheaf of cr’^(X) C For every coherent sheaf T on C, 
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let denote the r-th symmetric power of which is a sheaf on We claim 
that 6o induces a morphism 

(2.1) ® (r(<T))M) i?7r,(o;c/x)- 

Indeed, let A : C C^’’^ be the diagonal map. Then we have a natural morphism 
I^r ® (T(a))W ^ ® ^ Kr{{r - l)a) A,o;c/x, 

where the last arrow is induced by 6 q. Now the morphism (2.1) is obtained by 
applying the functor Composing (2.1) with the trace map R7t^{ujc/x) 

1], we get a morphism 

T : R7ri^\l^r ® (T(<7))(’')) ^ Ox[-l] 

that will play a major role in the proof of Theorem 2.1. Note that we also have a 
natural map 

i ; Rix'':\l„r ® (T(<t))('')) 

and an isomorphism S^Rx^T ~ Rxi^^T^’’^), such that t = t o u can be identified 
with the map S^Rtt^T Ox[—l] used in the definition of c{T,b). 

Let us consider the natural exact triangle 

(2.2) 0x1-1] ^ ® (T((t))W) ^ Rx^:\t O x, 

where we use the canonical trivialization of U . 

Lemma 2.2. The composition r o 5 is the identity map. 

Proof. This follows immediately from the existence of a natural morphism of exact 
triangles 

A*I^r (8) r{ra) ^ r{ra) ^ A*{(t^),Ox ^ • • • 

(2.3) 

t^c/x ^ ^c/x(p) ^ a*Ox ^ • • • 

and from the fact that the composition 

Ox[—l] — R7T^a^Ox[—i\ — ^ R'k^ojcix Ox[—l] 
is the identity map. □ 

We want to realize the maps f and l on the level of complexes in a compatible 
way. We start by realizing the canonical distinguished triangle in D^{X): 

Rx^ A i?7r*(T((T)) 4 L ^ Rxa[l] 
by an exact triple of complexes of vector bundles on X. 

Lemma 2.3. Let [Co Ci] be a complex of vector bundles (concentrated in 
degrees [0, 1]^ representing jRtt+T. Then there exists an extension of vector bundles 

(2.4) 0 Co ^ Co L 0, 

and a morphism d : Cq ^ Ci extending d, such that the morphism 7 : L — >■ i? 7 r*T[l] 
is represented by the chain map of complexes 
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hence, the complex [Cq Ci] represents R'K^{T{a)) and the morphisms a and (3 
are represented by the natural chain maps 

[Co -> Cl] ^ [Co ^ Cl] L; 

Proof. Applying the second arrow in the exact sequence 

(2.6) Hom(L, Ci) -> Hom(L, R7t^T[1]) Ext^L, Co) Ext^L, Ci) 

to the element 7 we get an extension class e G Ext^(L,Co) which becomes trivial 
in Ext^(L, Cl). Let 

0 — > Co — ^ Co — ^ L — > 0 

be an extension with the class e, d : Co ^ Ci be a splitting of its push-out by 
d : Co ^ Cl. The element in Hom(L, i?7r=^T[l]) represented by the chain map (2.5) 
induces the same class e in Ext^(L, Co). Now the sequence (2.6) shows that after 
changing a splitting d by an appropriate element of Hom(L, Ci) the chain map (2.5) 
will represent 7. □ 

Let C = [Co — > Cl] be a complex representing Rir^T and let C = [Co Ci] be 
the complex representing Rr:^{T (a)) obtained by applying the above lemma. Then 
the complex S^C (resp., S^C) represents 

(resp., RTri^\'T{a)Y'^^) and we have a natural surjective map of complexes S^C — » 
^ induced by the map Cq ^ L. Then the kernel complex ker(5^C ^ Ox) 
represents Rt^^^ {X^ r ^{T{a))^'^^) in a way compatible with the exact triangle (2.2). 
Moreover, the map l is represented by the natural chain map S^C ^ ker(5^C ^ 
Cx). It remains to choose our data in such a way that r would be represented by 
a chain map r : ker(5^C — > Cx) Cx[— !]• For this we use the following lemma 

analogous to Proposition 4.7 from [9]. 

Lemma 2.4. There exists a complex of vector bundles Co — > Ci representing 
Rtt^T, such that one has 

Homxb(x)(^5 CxN) Hom£)fe(x)(.£^5 Ox[n]) 

for n < 0 and E = ker(5’'[Co — ^ Ci] L). 

Proof. We start with an arbitrary complex of vector bundles Cq — ^ C[ representing 
R'k^T and then replace it by the quasiisomorphic complex Co ^ Ci, where Ci = 
Cx(— m)®^ ^ C( is a surjection (see [9], Lemma 4.6), Cx(l) is an ample line 
bundle on A m is an integer (later we will need to choose m sufficiently large). 
The spectral sequence computing Hom£)b(x)(-^? ^xN) shows that to prove (ii) it 
suffices to check the vanishing 

iJ^(5^C^(m')) =0 

for i > 0, j < r, m' > m. Since Co is an extension of the trivial bundle by Co, 
this would follow firom the vanishing of W{S^Cq {m')) under the same conditions 
on i,j,m'. We know that for sufficiently large m one has 

H>°{S^{CoY ® S^^{C[y ® ® S^'‘{C[y{m')) = 0 
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for j + ji + . . . + jfc <r and m! > m. As was shown in Proposition 4.7 of [9], this 
implies that H'^^{S^Cq (m')) = 0 for j <r, m' >m. □ 

Proof of Theorem 2.1. Let us choose the data (Co, Ci, C q, d, d) as in Lemmas 2.4 
and 2.3. Let us set K := ker(5’^[Co — > Ci] — ^ Cx). Then the morphism r is 
represented by the chain map K — > Cx[— 1] that corresponds to a morphism 

T:S^-^Co0Ci^Ox 

such that the composition 

(2.7) ker(5"Co ^ Ox) S^~^Co 0 Ci ^ Cx 
is zero. 

Let X' ^ X he the affine bundle classifying splittings of the exact sequence 
(2.4). Since the pull-back induces an isomorphism of Chow groups of X and X' 
we can make a base change of our data by the mo£phism X' ^ X. Thus, we can 
assume that the extension (2.4) splits. Let 1 G Co be a section projecting to a 
trivialization of L. It is easy to see that the morphism Cx[— 1] K corresponding 
to the section 1^“^ 0d(l) of 5^“^Co 0Ci represents the map 5 from (2.2). So from 
Lemma 2.2 we derive that r(l’^“^0d(l)) = 1. Together with the condition that 
the composition (2.7) vanishes this is equivalent to the equation 

(2.8) (i/((x + A . l)"-i), d(x + A . 1)) = A", 

where x G Co C Co, the morphism v : C^ is induced by f. It follows 

that the section 

s\{x) = {d{x -f A), i/(x + A • 1)) 

of the orthogonal bundle p*Ci 0p*C^ on Co satisfies 5 a ( x) • sa(x) = A"*. Applying 
Lemma 1.1 to the action of s\ on the spinor bundle A*p*C^ we derive the vanishing 
of localized Chern class corresponding to the isotropic section so obtained from sa 
by setting A = 0. But the latter class is precisely c(T, b). □ 



3. Ramond factorization axiom 

Let the data (tt : C — > X, T, 6 : ^ ^c/x) be as in section 2. Assume in 

addition that we have an X-point a : X C which is a nodal point of every 
fibe^and that ^ : C ^ X is a fiberwise normalization of this point. We denote by 
n:C C the corresponding morphism and by cri, (J 2 : X ^ C two disjoint points 
that project to p e C. Finally, let us assume that T is locally free at a and that 
that map h is an isomorphism at a (in [5] this situation is referred to as “Ramond 
case”). 

For every X e k* there is a natural line bundle £a on C such that n*Cx — O^ 
and the isomorphism n*Cx\ai ri*Cx\a 2 corresponds to the multiplication by A. 
It is clear that Cxx' ^ Ca 0 • In particular, if ^ is an r-th root of unity then 

~ Cc. Therefore, we can twist the data (T, 6) by considering T 0 and the 
map : (T 0 C^)^ c^c/x induced by b and the trivialization of 

Now the Ramond case of Axiom 3 in [5] is implied easily by Theorem 2.1 
together with the following result. 
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Theorem 3.1. One has 

c(T 0 6^) = 0. 

C--r=i 

Recall that the relative dualizing sheaves on CjX and CjX are related by the 
isomorphism n*ujcix — + ct 2 ) such that the following diagram is commu- 

tative 



(3.1) 

Wc/x(<^i + '^2)Ui Ox + <^2)1^2 

where the top arrow is the canonical isomorphism (the sign comes from the relation 
dxjx = —dy/y near the node xy = 0). In particular, there is a canonical trivializa- 
tion of ujc/x\a such that the boundary map 5 : Ox — <^c/x\cr R'^^^c/x\^\ from 
the exact triangle 

R7T^n^n*uJc/x ^cjxla Rn^uJc/xm 
satisfies Tr o(5 = id, where Tr : Rtt^ujc /x [1] ^ Ox is the trace map. 

We can recover Rtt^T from Rn^T, where T = n*T, together with the evalua- 
tion maps at ai and (J 2 . Namely, if we denote L = T\ai ^ T|o -2 then there is an 
exact triangle 

(3.2) Rw,T Rn^f L ^ Rx^T[l], 

where ev^ : Rn^T — » L is the evaluation map at ai {i = 1,2). Note that the 
morphism b : T'^ loqix induces a morphism 

b-.r ^ujg^^{ai+a2). 

Moreover, b is an isomorphism at a\ and <J 2 , so restricting to either of these points 
we get a trivialization of (the two trivializations are the same). Passing to an 
etale cover of X we can assume that L itself is trivial. 

Let [Co Cl] be a complex of vector bundles representing Rn^T with Ci a 
direct sum of sufficiently negative powers of an ample line bundle on X. Then the 
evaluation maps evi, ev 2 : Rn^T L can be realized by morphisms [Co ^ Ci] —> L 
in the homotopy category of complexes. Let ei, C 2 : Co — > L be the corresponding 
morphisms (unique up to adding morphisms that factor through Ci). Then we can 
choose a quasiisomorphism of Rtt^T with the complex 

Cone([Co ^ Cx] L)[-l] = [Co Ci © L] 

compatible with the triangle (3.2), where Cone(C ^ C') denotes the cone of a 
morphism of complexes C ^ C' . 

The triangle (3.2) is obtained by applying the functor jRtt* to to the triangle 

on C. To understand the map S^Rtt^T RiT^ujcjx we can use the symmetric 
Kunneth isomorphism S^Rtt^T ~ R7ri^\T^'^'^), where is the r-th symmetric 
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power of T on The maps evi,ev2 \ n^T —^a^L induce naturally the maps 

evi,ev2 : alL, 

where : X is the r-tuple point of corresponding to a. Let us define 

a coherent sheaf on as follows: 

K := ker((n*T)^^) ev^^ev- 

Then we have a natural embedding K which induces a morphism 

^ : S^Rtt^T - RttI^^K. 

Let A : C ^ be the diagonal embedding. We claim that there is a nat- 
ural morphism K A^uJcjx^ such that the composition of the induced map 

77 : RttI K Rtt^ujc/x with l coincides with the map rj : S'^Rtt^T — > Rn^uJcfx 
induced by b. Indeed, A*K maps to the kernel of the upper horizontal arrow in 
the commutative diagram 



( 3 . 3 ) 



(n,T) 



0 r . 



ev, — evo 



n^mrujdx ■ 



■ 



^*{^C/x\(t) 



Therefore, we obtain the natural map from A* K to the kernel of the lower horizontal 
arrow in this diagram, i.e., a map A*K uJcix^ By adjunction we get a morphism 
K A:t:Uc/X' The restriction of this map to the subsheaf C K is the map 
induced by b which implies our claim. We also have a morphism of exact sequences 



■K 






■alU 



( 3 . 4 ) 



0 ^ ^*^c/x ^ A*n*n*a;c/x ^ ^l{<^c/x\a) 

This implies the commutativity of the following diagram: 



( 3 . 5 ) 



Ox ^ L- ^ RT:t^K[l\ 

^[1] 

^C/x\cT > Rt^^^C/xI^] 



0 



0 



Therefore, the composition of the map r := Tr 077(1] : Rtc^^K\ 1 ] Ox with the 
natural map Ox — U Rii^^ K\l] is equal to the identity. On the other hand, 
since rj o t = rj, it follows that the composition r o l = r : S'^R 7 T^T[ 1 ] Ox is 
exactly the map induced by b (which is used in the definition of the class c(T, b)). 

Note that RTr^J^n^T ~ S'^Rw^T^ so the object fits into the distin- 

guished triangle 






S^'R^^T 



V RTri'''>K[l]. 
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Therefore, it can be represented by the complex Cone(5’’[C'o Ci] L^)[— 1] in 

a way compatible with this triangle. Furthermore, the natural morphism S'^Rtt^T 

(r) 

RttI is reahzed by the natural map of complexes 

(3.6) SnCo Cl © L] Cone(5'^[Co ^ Ci] 

with the components id : S'^Cq — > S'^Cq, 

r — 1 

S'-"'Co®(Ci©L) (S’-^Co®Ci)©L’' : ®y,^(^^{x)el~^-\x)z), 

i=0 

etc. Finally, we claim that for a suitable choice of the complex Co ^ C\ (as in 
Proposition 4.7 of [9]) the map r : Rtt^^^KII] — > Ox is represented by the chain 

~e^ 

map of complexes Cone(5^[Co — > Ci] ^ Ox- This is a consequence of 

the following general result. 

Lemma 3.2. Let g : A B, f : B ^ C he a pair of maps in the ho- 
motopy category JC of some abelian category and let T> be the corresponding de- 
rived category. Consider the subsets Hx{f) C Homx:(Cone(p), C) and Hv{f) C 
Homp(Cone(p), C) consisting of morphisms Cone{g) C such that their compo- 
sition with the canonical morphism i : B ^ Cone{g) is equal to f (in 1C and T> 
respectively) . Assume that the map 

Romx{A, C) Homx>(A, C) 

is injective and the map 

Romx{A[l],C) ^ Homp(A[l],C) 
is surjective. Then the natural map 

« : F;c(/) ^ HT,if) 

is surjective. 

Proof Let us denote by tt : Cone{g) A[l] the canonical chain map. If the set 
Hx>{g) is empty then the assertion is clear, so we can assume that HT>{g) ^ 0. 
Then the composition f o g : A C becomes zero in the derived category. By 
our assumption the natinral map B.omx{A^C) Homp(A, C) is injective, hence 
f o g is homotopic to zero. Every homotopy h from ^ o / to 0 induces naturally 
a chain map Cone(h) : Cone(p) ^ C which coincides with / on the subcomplex 
i{B) C Cone(^). In fact, it is easy to see that the map h Cone(/i) is a bijection 
between homotopies from g o f to 0 and chain maps Cone(p) C extending / on 
B. If we have two homotopies hi, /i2 from g o f to Q then the difference h\ — h 2 
gives a chain map from A[l] to C. It is easy to see that 

Cone(hi) — Cone(h2) = (hi — h2) o tt. 

Now let 7 G Hx>{g) be any element. Let us pick a homotopy ho from g o f 
to 0. Then the homotopy class [Cone(ho)] is an element of Hx{f)- The compo- 
sition of /^([Cone(ho)]) — 7 with i vanishes in the derived category, hence we have 
«:([Cone(ho)]) — 7 = /3 o tt for some /3 G Homx>(A[l], C). By our assumption there 
exists a chain map P : A[l] ^ C representing p. Then h = ho — P is another 
homotopy from g o f to 0. We have 

/€([Cone(h)]) = /^([Cone(ho) — P on]) = /^([Cone(ho)]) — P o n = 'j. 
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□ 

We apply the above lemma to A = 5^[C'o — > Ci], B and C = Ox, 

where f : L'' Ox is the canonical isomorphism. To satisfy the assumptions of 
the lemma we choose the complex Cq — » Ci representing Rtt^T with C\ a direct 
sum of sufficiently negative powers of an ample line bundle (one has to argue as 
in Proposition 4.7 of [9]). Hence, the map r is represented by a morphism in the 

homotopic category Cone(5"'[Co ^ Ci] U) Ox that we still denote by f. 
The restriction of r to the subcomplex U is equal to the canonical isomorphism 
> Ox, while its composition with the map (3.6) is the morphism 

r : 5nCo Ci © L] Ox[-l\ 

that should be used for the computation of c{T^h). It follows that the restriction 
of the corresponding morphism 

r : S^-^Cq 0 (Cl © L) Cx 

to 5’’ Co 0 L has form 

r— 1 

®y) = ^ei(a;)*e2(a;)''“^“V € L'' ~ Ox, 

i=0 

where x E Cq, y ^ L. Hence, the corresponding isotropic section of p*(Ci 0 L © 
Cl © L~^) (where p : Co — > X is the projection) has form 

r-l 

s(a;) = (rf(a;),(ei - e2)(a;), ^ ei(a:)'e2(a;)'’“^“*), 

z=0 

where the last component belongs to ly is given by some morphism 

5^-^Co -> C^ 

To compute the class corresponding to the twisted data (T 0 6^) for some 

r-th root of unity ^ we simply have to replace the pair (61,62) by (61,^62). Note 
that this will not affect the definition of K and of the morphism r. Hence the 
corresponding isotropic section of p*(Ci © L © C];^ © Z/“^) will take form 

r-l 

(3.7) s^(x) = {d{x),{ei - ^e2)(a:), i/(a;), ^^’'“^“*ei(a;)*e2(a:)’'“^'"*), 

i=0 

for some u : S‘^~^Cq Ci . 

Now we can finish the proof of Theorem 3.1. For every ^ the class c(T 0£^, b^) 
is equal to 

tdCCi © L) • ch5°(AV(C')' © L~^),s^), 

where € p*{C\ © L ® C)' © L~^) is the isotropic section constructed above. Let 
US set /^ = d — ^62. We consider (/^) as a collection of sections of p*L on Cq. We 
have an orthogonal decomposition 

P*{Ci © L © © L-i) ~ p*(Ci © C]!) © p*{L © L-i), 

SO that the section 5^ has components sq = (d, u) e p*(Ci ©C];^) and (/? , 

Recall that we can trivialize L, so the spinor bundle A*p*(C^ © L“^) can be iden- 
tified with A*p*(7^ © A*p*C^[l]. Under this identification the action of sections 
will take form of differentials (di) in Lemma 1.2, where the odd endomorphism d 
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of h*p*Ci is given by the action of sq- Now the assertion of the theorem follows 
from Lemma 1.2. 
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Uniformization of the orbifold 
of 

a finite refiection group 



Kyoji Saito 



1. Introduction 

Let W he 3, finite refiection group of a real vector space V. If PF is crystallo- 
graphic, then the quotient space V* j fW appears in several contexts in geometry: 
i) in Lie theory as the quotient space of a simple Lie algebra by the adjoint Lie 
group action [Chi, 2] and ii) in complex geometry as the base space of the universal 
unfolding of a simple singularity [Brl]. Having these backgrounds, F*//PF carries 
some distinguished geometric properties and structures, which, fortunately and also 
amusingly, can be described only in terms of the refiection group regardless whether 
W is crystallographic or not. We recall two of them: 

1. The complexified regular orbit space {V* / /^)c^ is a iir(7r, l)-space 

(Brieskorn [Br3], Deligne [De]). In other words, / /W)q^) is an Artin 

group (i.e. a generalized braid group [B-S][De]) and the universal covering space of 
{V* / /W)'^^ is contractible (c.f. also [Sa]). 

2. The quotient space V* f fW carries a flat structure (Saito [S3][S6])^. This 
means roughly that the tangent bundle oiV* / /W carries a flat metric J together 
with some additional structures. Nowadays, a flat structure without a primitive 
form is also called a Frobenius manifold structure with gravitational descendent 
(Dubrovin [Du], Manin [Mai, 2]). 

Apparently, these two geometries on V j jW are of a quite different nature, 
one topological and the other differential geometric. Nevertheless, there is already 
a remarkable relationship between them on a combinatorial level: the polyhedron 
dual to the system of real reflection hyperplanes of W (which is the key in [Br2] [De] 
to determine the topology of the complex regular orbit space) is reconstructed by 
a use of the formal group action exp(tD) \=the integral of the primitive vector field 
D on {V* / /W)r. (which is a basic ingredient of the flat structure) [S8]. 



The present article is a revised version of §5, §6, §7 of the lecture note “Geometry of finite 
refiection groups” delivered by the author at RIMS (1999). The author is grateful to Claus Hertling 
for a discussion which helped to clarify the formulation. He also thanks Susumu Tanabe for his 
kind help finding the references [A][S2] . 

^The original construction of the fiat structure on V* f jW was given in [S3]. The descrip- 
tion of the gravitational descendent was modified in [S6] to obtain the system of uniformization 
equations. The present article follows the latter style. 
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Inspired by the observation, the present article aims to construct a more direct 
relationship between the two geometries. The working hypothesis is that a bridge 
between them is given by the topological behavior of the map ( which, for brevity, we 
call the period map) obtained from solutions of the uniformization equation A4w,s 

[S6] on V* f IW constructed from the flat structure for a special s (see 6.1 Remark). 
2 

Here we begin a program to examine this hypothesis. In the first half §2-4, 
we describe the uniformization equation. After fixing notation for finite reflection 
groups in §2, we give a detailed exposition of the flat structure in §3 and the 
uniformization equation Mw,s in §4. Although they are already known [S6], we 
renew and clarify several arguments and make them accessible for our purpose, (c.f. 
also [He][Sab][Ta]). 

In the latter half (§5, 6), we begin to analyze the period map. In §5, solutions 
of the uniformization equation for the parameter s = 1/2 are partly given by 
primitive Abelian integrals on a certain family of plane curves parameterized by 
V j jW . Although this fact is easy [S6], the attached period map is not studied 
from the view point of the primitive form, although some information is available 
in classical works [Th] [Mu] [Ko] . We examine examples of type Ai, A2, A3 and jB 2- 

In §6, first, we describe the monodromy group r(W') in term of Coxeter dia- 
gram. Then we give a possible formulation of the period domain and the inverse 
map to the period map, and pose some conjectures. §6 is quite incomplete. It re- 
quires more work to verify or to modify the conjectures, which is beyond the scope 
of the present article. 



2. Finite reflection group 

This section gives a short summary of basic results on finite reflection groups 
used in the present article (see also [B]). Experienced readers are recommended to 
look only at the notation in 2.9 and skip to §3. 

2.1. Reflection. Let V and F* be a real vector space and its dual. An 
element a G GL(F) GL(F*) is a reflection if there exist a hyperplane Ha in V* 
and a non-zero vector fa G V* such that = idn^c ^nd o(/a) = — /«• The Ha 
is called the reflection hyperplane of a. One has a{x) = x — fa{x)ea for x G F and 
a{x*) = X* — Ca{x*)fa for X* G F*, where Cq; G F is a defining form of Ha with 

i^a/fa) = 2. 



historical note: Before the theory of the primitive form and the fiat structure reached 
its present form, the author suggested in [S2] to study the uniformization of the regular orbits 
(V* / /W)^^ by the horizontal sections of logarithmic flat torsion-free connections on the loga- 
rithmic tangent bundle on V* I fW. The torsion-free condition implies the existence of a primitive 
function, whose derivatives give a system of fundamental solutions. The primitive function for 
type Ai is the logarithm. For type A2, it is given by the elliptic integral of the first kind which 
gives the universal covering (up to center) of the regular orbit space. For type A3, the space of 
all logarithmic flat torsion-free connections decomposes into two one-parameter families [S 2 ,§ 3 ]. 
The first family gives the uniformization equation Aiw,s of tho present article. The meaning of 
the second family is unknown: for example, what is the Fourier- Laplace transform of the second 
family? (c.f. [A]) 

We note also that there is related work on certain integrable systems defined on the quotient 
space V* ! fW ([Gi] [Tak]). However the relationship with the flat structure still needs to be 
worked out. 
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2.2. Finite reflection group W, We shall mean by a finite reflection group 
W a finite group generated by refiections acting irreducibly on a real vector space V. 
Put R(W) := {a e VF I a refiection}. There exist, unique up to a constant factor, 
bP-invariant symmetric bilinear forms I and /* on V and F*, respectively.^ One has 
fa = 2J(eo;, •)//(eo:, 6a) and Ca = 2/*(/q;, -)/P{fa, /a)- A connected component C 
of F* \ UaeR(w)Ha is called a chamber. A hyperplane Ha {oi € R{W)) is called a 
wall of a chamber C, if Ha H C contains an open subset of Ha- 

2.3. Coxeter group representation of W. 

We may present a finite refiection group as a Coxeter group [Col]. 

A Coxeter matrix M := (m(a, /?))a,/3en is a symmetric matrix with index set 
n s.t. m(a,a) = 1 (o G II) and m{a,P) G Z >2 U {oc} {a ^ (5 £ II). The group 
W{M) generated by letters Oa (o G II) and defined by fundamental relations: 
= 1 (a, ^ G n) is called a Coxeter group. The pair (W{M), {oa | o € 
n}) is called a Coxeter system. 

Theorem. Let W be a finite reflection group acting on V and let C be a 
chamber of the W -action. Then the following 1.-5. hold. 

1. The pair (W, 11(C)) is a Coxeter system, where we put 

(2.3.1) n(C) := {a G R{W) | Ha is a wall of the chamber C} 

and the Coxeter matrix is given by m{a,f3) := the order of afi in W. 

2. IF acts on the set oj chambers simply and transitively. Hence, the Coxeter 
matrix does not depend on the choice of a chamber. 

3. The closure C of a chamber is a fundamental domain for the action ofW 
on V . That is: there is a homeomorphism: C V* /W. 

4. Fix the sign of the vector Ca for a G 11(C) in the manner: 

(2.3.2) C = {xeV* \ {ea,x) > 0 for a £ U{C)} . 

Then the off-diagonals of the matrix (/(cq;, e^))cK,^en(C) non-positive. 

5. IIw •= {ea\<^ G n(C)} forms a basis ofV. The coefficients of 
for j3 £ R{W) are either all non-negative or non-positive. 

2.4. Classification. 

We recall the classification of finite Coxeter groups ([B, ch.VI,§4]). 

To a Coxeter matrix M, one attaches a Coxeter graph T, whose vertices are 
indexed by the set II and two vertices a and j3 are connected by an edge iff m{a, (5) > 
3. The edge is labeled by (omitted if m{a,f3) = 3). The graph is called 

simply-laced if all labels are 3. 

The following is the list of graphs associated to finite Coxeter groups. 



Al 0 0 0 


0 


(Z>1) 


Bi 


^ 4 ^ 


[l>2) 


Di 




(/>4) 


El ° ° — T — 


a 


(Z = 6, 7 or 8) 


Fi 0 — 


-o 




(?2 






Hi ^ 


o 


{1 = 2,3 or 4) 


h(p) 




(P>7)- 
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Note. 1. Different Coxeter diagrams define non-isomorphic groups, i.e. the 
same group is not attached to different Coxeter matrices. 

2. The group W is called crystallographic if it preserves a full- lattice in V. 
This condition rules out the groups of type Hi and hip)^ 

3. The irreducibility of W imphes the indecomposability of the Coxeter matrix 
M and, hence, the connectedness of the graph T. 

2.5. Polynomial invariants. 

Let S{V) = R 0 F 0 S{V )2 0 *S'(V ’)3 0 • • • be the symmetric tensor algebra 
of V. The action of g e W on V induces the action on S{V). Define the set of 
invariants: 

(2.5.1) S{V)^ := {P e S{V) I g{P) = P for \fg e W}. 

Obviously, S{V)^ is a graded subalgebra of S{V). 

Theorem. (Chevalley [Ch 2]). Let W be a finite reflection group acting ir- 
reducibly on a real vector space V of rank 1. Then S{V)^ , as an 'R-algebra, is 
generated by I algebraically independent homogeneous elements, say Pi , • • • ,Pi. The 
set of degrees d\ — deg(Pi), • • • ,di — deg(P^) (with multiplicity) is independent of 
a choice of the generators. 

Note. The ring S{V), viewed as a 5(V') '^-module, is free of rank #TT, and 
dim(S{V)/S{V)S{V)^) = fl=W , where is the maximal ideal of S{V)^ of 

all positively graded elements (c.f. (2.6.1) i)). 

2.6. Poincare series. 

The 5(V)^ is a graded subring of 5(y), i.e. S{V)^ = ^^^ 2 ,>qS{V)Y foi S{V)Y = 
S{V)d S{V)^ . The Poincare series: Ps(^y)w{t) := 

calculated in two different ways : i) Using S{V)^ ~ R[Pi] 0 • • • 0 R[P^], one has 
Ps{v)'v{t) = rii=i -PR[Pi](i) = nLi (this expression reproves the uniqueness 

of the di,--- ,di), and ii) since diniR(S'(F)^) = tr(^ for d € 

Z>o and TZ,otT{w\S{V)d)t'^ = (use the extension of U to Vc), one has 

P 5 (v)w(t) = ^ Ylwew det{i-tw) • Comparing the values and derivatives at t=l 
of the two expressions of Ps(^v)w {t), one obtains: 

(2.6.1) *) #W = d^---di and ii) #R{W) = ELiW - !)• 

2.7. Anti-invariants. 

An element P € S{V) is called an anti-invariant if g ■ P = det{g)~^P for all 
g eW. The set of all anti-invariant shall be denoted by S{V)~^ . 

Put S\v •= TIckgRCW) be the Jacobian for generator system 

Pi, • • • ,Pi and Xi, • • • ,Xi of the algebras S{V)^ and S{V), 
respectively. It is easy to see that Sw and the Jacobian are anti-invariants. Using 

(2.6.1) ii), we further show an important lemma. 

Lemma. 1. Any anti-invariant is divisible by dw-’ S{V)~^= S{V)^Sw- 
2. One has ’x/) ~ ^ ^ nonzero constant c G R. 
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2.8. Coxeter elements and exponents. 

A Coxeter element is a product c := nQ,^n(C)0^ for ^ linear ordering of elements 
of n(C). Its conjugacy class depends neither on C nor on the ordering (for T 
is a tree [B,Ch.V,n^6.2.]). The order /i of c is called the Coxeter number. Put 
det(Al — c) = — exp(27Ty/^mi / h)) for some integers mi, • • • ,mf, called the 

exponents of such that 

( 2 . 8 . 1 ) 0 < mi < m2 < ■ • • < mi < h. 

Here, 0 is not an exponent (i.e. 1 cannot be an eigenvalue of c), since I is non- 
degenerate. So exp(27T\/^mi//i) and exp(27T\/^(m^_i4-i)//i)) should be complex 
conjugate to each other. Thus, we have 

(2.8.2) rui + = h and ^ 

In the rest of this §, we assume I > 2 (i.e. W is not of type Ai) although the 
resulting formula (2.8.3) is valid even that case. 

Since the Coxeter graph T is a tree, one can find a unique decomposition n(C) = 
Hi U H 2 such that any two elements in H^ mutually commute for i = 1,2 (ie. 
{eaif(3) = 0 for a ^ yd G Hi). Put Ci := IlaGni ^ ^ ~ ciC 2 . The mutual 

commutativity of elements in Hi implies that Ci{x) = x — and that 

Ci is an involution, i.e. cf = 1. 

We state a key lemma on the eigenvectors of the Coxeter elements (Kostant 
[Kl] and Coleman [C]), which we shall use in §3-6 crucially. 

Lemma. There exists a real 2' dimensional subspace U ofV* satisfying: 

i) U is invariant under the actions of c\ and C 2 , and {ci\U,C 2 \U} forms a 
Coxeter system for the dihedral group W{l 2 {h)) acting on U. 

ii) UnC = R>o‘Ci +r^> 0 'C 2 is a chamber of the group {ci\U^C 2 \U) = W { 12 (h)) 

, where (j is a Cj -fixed vector in flaenj ^ ^}* 

The lemma implies in particular that no refiection hyperplane of W intersects 
the open cone R>o • Ci + R>o • C2- 

Corollary. 1. Any reflection hyperplane of W intersects U only along one 
of the h lines which are W ( 12 (h)) orbits o/RCi or RC 2 - If 0 ^ reflection hyperplane 
Hot contains the line R^j, then a € H^. 

2. Let W be a finite reflection group of rank I and Coxeternumber h. 

(2.8.3) z) mi = 1, mi=h—l and ii) i^R(W) = ^Ih 

3. The eigenvectors of the action c\u belonging to the eigenvalues exp(27Ty/^/h) 
and exp(—27Ty/^/h), respectively, do not belong to any complexified reflection hy- 
perplane Ha,c '= Ha 0 C for a G R(W). 

Recall that di, • • • ,di are the degrees of a generator system of S(V)^ . A study 
of the Jacobian J shows dj — 1 = mj mod h (1 < j < /) for renewed index. This 
together with (2.6.1) ii), (2.8.2) and (2.8.3) implies 

(2.8.4) di = for z = 1, • • • , L 

Recall the W-invariant bilinear forms I and J* on V and V* such that I(x,y) = 
P (I (x) , I (y)) . The associated quadratic form 

(2.8.5) Pi ;= I*{x,x)/2h = Et=i XiXjr{xi,Xj)/2h 

(here x = Yn==iXiXi, and Xi and Xi are dual basis of V* and V) gives an in- 
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variant in S{V)^ of lowest degree d = 2 (unique up to constant since 1^-action is 
irreducible). This fact together with (2.8.4) implies 

Corollary. 4. The multiplicity of the smallest exponent {= 1) is equal to 1. 
Hence, that of the largest exponent {= h — 1) is also equal to 1. 

Remark. I and h cannot be simultaneously odd due to the second formula 

(2.8.2). More precisely (see 6.2 Assertion 1. for a proof): I is odd #IIi ^ 

#ri2 ^ h is even and |/i is an exponent h is even. Here, the two arrows 
are trivial. The converse of the first arrow does not hold for type Di (even 1). 
The converse of the second arrow does not hold for types Bi and Ci (even Z), 
Eq, Es, F4, H4 and hip) (even p). 

2.9. The quotient variety V* / /W and the discriminant Dw 

The categorical quotient variety of F* by the action of W is given by 

(2.9.1) Sw ■■= V*//W ■- Spec(5(y)^). 

It has origin 0 defined by the maximal ideal (recall 2.5). 

Let K be either R or C.The set of AT-rational points of Sw is given by 

(2.9.2) Sw,K ~ Hom^®(5(y)'^, K) 

where Hom^®(*, *) means the set of all R-algebra homomorphisms. 

Put Vq ;= y* C. The action of W on V* = extends complex linearly to 
Fq. For any point x the evaluation homomorphism: P e S{V)^ ^ P{x) G 

K induces the TT-invariant morphism: 

(2.9.3) T^K 'Vr Sw,K- 

Put V^/W :={TT-orbits on V^}, where a IT-orbit on means a subset of of 
the form Wx for some x G An element P G S{V)^ is naturally considered as 
a function on V^/W since it is constant on each orbit. Since for x,y E Vr one has 
Wx = Wy if and only if P{x) = P{y) for all P G S{V)^ , the morphism ttk (2.9.3) 
induces an injection V^fW Sw,r for A = R or C. In fact, the ttc induces a 
homeomorphism: Vq/W Sw,Cj but ttr induces an embedding V^/W C Sw,n 
onto a closed semi- algebraic set. Choosing a generator system Pi, • • • , P^ of 5(y)^ 
(with deg(Pi) < • • • < deg(Pf)), one has a bijection Sw,r — and the ttk is given 
by [Pi,--- ,Pi):V^-^KK 

The square of the anti-invariant 5w (2.7) is an invariant. We call it the 
discriminant of W and denote by A^- The discriminant divisor is defined by 
Aw = 0. The discriminant locus in Sw,c is given by 

(2.9.4) Dw,c •= {t € Sw,c I Aw{t) = 0}. 

2.7 Lemma 2. implies i) the critical values of the morphism tt lie in the discriminant 
Dw and ii) (7rc)"^I>VK,c = UaeH(iv) Therefore, 

Fact. 1. Any W -fixed point in Vc lies in a reflection hyperplane. 

2. The complement of the discriminant locus Sw,c\Dw,c the space of regular 
(i.e. isotropy free) orbits of the W -action on Vc- 

Let us express the discriminant Aw as a polynomial in (Pi,-- - ,Pi). Since 
deg(Aiv) = hi (definition of 6w and (2.8.3) ii)) and deg(P^) = h ((2.8.3) i) and 

(2.8.4) ), Aw is a polynomial in Pi of degree at most 1: 

(2.9.5) Aw = AqP{ + A 1 F /-1 + • • ■ + Ai 
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where Ai is a polynomial in Pi,-* - ,Fi-i of degree hi. Since ATy(^) ^ 0 and 
PiiO — = Pi-i{0 = 0 for an eigenvector C of a Coxeter element belonging 

to exp(27TV^/h) (use 2.8 Cor.3, 4 and (2.8.4)), one obtains the next goal of this 
section and the starting point of the present article: 

Lemma. 1. Aq is non-zero. Hence, Avf is normalized to a monic polynomial 
of degree I in Pi and Dw has multiplicity I at the origin. 

2. The eigenspace of a Coxeter element belonging to the eigenvalue 
exp(27T\/^//i) is mapped by ttc to a line Pi = • • • = Pi_i =0 in Sw,c- 



3. Flat structure 

We describe the flat structure, the Probenius manifold structure and the associ- 
ated flat coordinates on the variety Sw in detail. The setting and the notation are 
the same as in §2, that is: W is a finite reflection group of a real vector space V and 
Sw is the quotient variety V* j fW (recall 2.9). The flat structure is obtained by 
Fourier transform of the Levi-Civita connection for the W-invariant form I ([S3], 
[S6]). 



3.1. Logarithmic forms and logarithmic vector fields. 

We recall ([S4]) the definition and the basic properties of the modules of loga- 
rithmic forms and vector fields for the variety Sw with the divisor Dw = {^w = 0} 
(see 2.9). In the sequel, we shall use coordinates Pi, • • • ,Pi of Sw satisfying the 
degree conditions (2.8.1)-(2.8.5) by choosing a generator system of the invariants 
ring S{V)^ . 

Let Dersw and be the modules of R-derivations of S{V)^ and of 1-forms 
on Sw over R, respectively. They are 5(F) '^-free modules of rank I generated by 
the derivations djdPi and by the differentials dPi (i = 1, • • -,Z), respectively. The 
logarithmic modules are defined by 



(3.1.1) 



Derswi-logA) 

(log A) 



{X e Ders^ \ XAw e AwS{V)^} 












where d is the exterior differentiation and 



^Sw ^ • 



It is easy to see 

that Dersw{— fog A) is closed under the bracket product and that dO^^(log A) C 

The natural pairing ( • , • ) between Dersw and induces the 5(F)^- 
perfect-pairing: Pers^(- log A) x O^^(logA) S{V)^ (i.e. they are 5(F)^- 

dual to each other) ([S4,(1.6) Lemma ii)]). 

By identifying the (co-) tangent spaces TxV* or T*F* at each point x e V* 
with F* or with the dual space F, respectively, the TF-invariant forms I* and I on 
V* and F (recall 2.2) induce the 5(F) ^-bilinear forms: J* : Ders^ x Ders^ 
and / : x 



• “Sw “5w ^ S{V)'^ , 3% 

and I{dPi,dPj) = I(dXp, dX^), where Xj 

system of F. 

We now have the following important lemma. 



dXr, 



dXq Q Q \ 

dPi ^ V dXry ’ dXa ^ 



dPi 

,Xiisdi linear coordinate 



Lemma. The pairings I* and I induce S{V)^ -perfect pairings: 

I* : Dersw x Dersw(- log A) S{V)^ 

I ■■ X - S{V)^ 



(3.1.2) 
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This is equivalent to say that one has S{V)^ -isomorphisms 



(3.1.3) 



r : Ders^ ~nl^{log A) 

^ ■ ^Sw - Ders^ (- log A) , 



which make the following diagram commutative: 



Dersyv (- log C Dersw 
(3.1.4) U il* 

C n^^(logA) 

Proof. We prove only the isomorphism I : Der 5 ^(— log A) since the 

other isomorphism /* is obtained by taking its 5(F)^-dual. Recall 6w such that 
Sh = Aw 2.7. For any w € 12^^, I(oj,d5) £ S{V) is W-anti“ invariant, it is 
divisible by 6 (2.7 Lemma 1). Thus, I{uj,dAw) = 26wl{(^,d6w) is divisible by 
implying I{lo) belongs to jDer 5 ^(— log A). To prove that the images I{dPi) 
i = 1, • • • form an 5(F)^-free basis of Der 5 ^(— log A), it is sufficient to show 
that the determinant of their coefficients matrix w.r.t. the basis ^ i = 1, ■ • • , Hs 
a unit multiple of Aw (due to a theorem [S4,( 1.7) Theorem ii)]). This is true due 
to 2.7 Lemima2: 



det mdPi){Pj))ij) = det {{I{dPi,dPj))i^) 

= det ((|^)ip . {I{Xp,X,)U ■ (Ig),-,) = c52 = cAw □ 

Recalling (2.8.5), we have the following definition of Euler operator. 

(3-1-6) E := I{dPi) = Ell 



3.2. The primitive vector field D and the invariants 5(F)^’^. 

We fix a particular vector field: the primitive vector field D ([S3, (2.2)]). The D 
is transversal to the discriminant locus (see Note below). This fact gives the quite 
important and key role to D in the sequel. 

The Dersw is naturally a graded module since S{V)^ is a graded algebra such 
that deg{5P) = deg{6) deg{P) for any homogeneous 6 e Dersw Q-nd P G Siy)^ . 
Due to the maximality deg{Pi) > deg(P^) for i = 1, •••,/ — 1 (c.f. 2.8 Corollary 
4.), the lowest graded piece of Dersw is a vector space of dimension 1 spanned by 
We fix a base 

(3.2.1) D := ^ with the normalization DPi = 1 

and call it the primitive vector field or the primitive derivation (see 3.10 for the 
name). The D is unique, up to a scaling factor, independent of coordinates. We 
introduce the subring oi S{V)^ of D-invariants: 

(3.2.2) 5(F)^’^ := {P G S{V)^ | DP = 0}. 

One has 5(F)^’^ = R[Pi, • • • , Pi-i] and S{V)^ = 5(F)^’^[Pz]. 

Note. The 1-parameter group action exp{tD) on Sw is denoted by r* [S8, 
(3.1)]. This justifies the notation (3.2.2) since 5(F)^’'^ = {P G S{V)^ \ P o n = 
P Vt}. The r-action is transversal to the discriminant locus Dw ([S8, (3.4) Lemma 
6], recall also 2.9 Lemma 2.). 
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We, further, introduce the “descent” modules of Dersw s-iid : 



(3.2.3) 



g := {6eDers^\[D,5] = 0} 
T := {we I Ldw = 0} 



where Ld is the Lie derivative given by (Ld^^^S) = D{u,5) — (cu, [-D, <5]). These Q 
and T are 5(F) ^’^-free modules of rank I with free dual basis • • • , ^ and 
dP\ , • • • , dPi , respectively. One has the expressions: 



Dersw = 0 ^(^) 

^Sw ~ ^ ^0^) 



The g is closed under the bracket product and acts naturally on 5(F) ^ as deriva- 
tions. In fact, g is an Abelian extension of Ders{v)^^-^' 

(3.2.5) 0 5(F)^’^jD e -> Dersiv)w,r ^ 0. 



Combining (3.2.4) with (3.1.3), one gets the “descent expressions”: 



Ders^{- log A) = I{P) 05 (V)w,. 5(F)^, 
fi^^(iogA) = J*(a) ®S(V)W,. 5(y)^. 



Note. The inclusion: 5(F)^’'^ C 5(F)^ induces the projection 
(3.2.7) tttv : 5iv Spec(5(F)^’^) 



forgetting the last coordinate P^ By “descent”, we mean that some geometric 
structure on Sw is a pull-back of that on Spec(5(F)^’'^). We do not use explicitly 
the morphism until §5 . 



3.3. Metrics J and J*. 

We introduce non-degenerate symmetric bilinear forms J and J* on the tangent 
and cotangent bundle of Swi respectively. In fact, instead of introducing 5(F) ^- 
bilinear forms on Dersw we introduce their descent 5(F)^’ '^-bilinear 

forms on the descent modules g and P. 

Definition. The Lie derivative LdI defines a 5(F) -bihnear form: 

(3.3.1) J* : P X P -> cji X 072 -> D/(o;i,a;2). 

Lemma. The form J* is nondegenerate everywhere on Sw That is: 

det(J* {dPi,dPj)ij=i^... 

is a non zero constant. 



Proof. One has an expression (recall 2.7 Lemma 2 and (2.9.5)): 

det {{I{dPu dPj))ij) = A = AoPl + AiP}-^ + • • • + 

where Ai G 5(F)^’^^. On the other hand, since 

deg{I*{dPi,dPj)) = rui d-ruj < 2h (= 2deg(P/)) 

(recall (2.8.4), (2.8.1)), each entry I*{dPi,dPj) (as an element of 5(F)^) contains 
Pi at most hnearly. Comparing these two facts, one obtains det {{DI (dPi^dPj))ij) — 
Aq. But it was shown in 2.9 Lemma 1. that Aq ^ 0. □ 
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The degree of the ij-entries of the matrix expression of J* is given by 

(3.3.2) deg{J*{dPi, dPj)) = mi + rrij - h. 

So, if mi + m^ — h < 0 then the entry vanishes. In view of the duality of the 
exponents (2.8.2), the matrix is a “skew lower triangular” matrix. 

Since J* is 5(F)^’'^-nondegenerate, it induces 5(F)^’ '^-isomorphism 

r -.TciT* = g, j*{dPi) := j*{dPi,d-) = j*{dPi,dPj)-^. 

By this isomorphism, J* induces a 5(F) ^’'^-symmetric-bilinear form on the dual 
module which we shall denote by J. That is: 

(3.3.3) J : g X g S{V)^’\ J(5i,<52):= 

Again, J is a nondegenerate form on Q. Due to (3.1.6), one has 

(3.3.4) r{dPi) = D and J{D) = dPi. 

Note. The form J is identified with the residue pairing from a view point of 
the primitive form theory [S3] (c.f. (5.2.10)). 

We shall show that the metric J is flat, i.e. the curvature for J is zero. This 
fact is a part of the flat structure on Sw given in 3.8 and 3.9. The following 
subsections 3.4 - 3.7 are devoted to the preparation. 

3.4. Relationship between I and J. 

The nondegeneracy of J* implies the following quite important decomposition 
lemma, which leads to a reconstruction of I from J. 

Lemma. One has a direct sum decomposition as -module: 

(3.4.1) Dersw = ^ 0 Der 5 ^(- log A). 

Proof. We prove a more precise formula: for k € Z>o, one has 

(3.4.2) S{v)^^g = g®s{v)^^_j{p), 

where S{V)^^ := {P e S{V)^ | D^+^P = 0} {k e Z>_i) is the module of 
polynomials in Pi of coefficients in 5(P)^’'^ of degree < k. 

Recall (3.1.3) that I{dPi) = I{dPi,dPj)^ (i = !,••• ,/) form S{V)^- 
basis of Dersy^ (— log A). Furthermore, the coefficient I{dPi, dPf) is at most linear 
in Pi and [D,I{dPi)] (i = I,*** ,/) are linearly independent over S(F)'^’^ (non- 
degeneracy of J*). 

We prove Q fl (— log A) = {0}: if ^ ^ S for ei G 

then we prove e-i = 0 by induction on k. The case A; = — 1 is true by 
definition S{V)^_i = 0. Suppose k > 0. By assumption S G Q, one has 0 = 
ad(D)'=+i(5 = (J3^ei)(ad(D)‘^+i-V(dPi)) where all terms 

except for j = k vanishes. So, we obtain {k + 1) ~ 0- Then 

the linear independence of [D,I{dPi)] implies the vanishing of the coefficients 
So, Ci G 5(y)^;_ and the induction applies. 

The LHS of (3.4.2) includes RHS since I{dPi) is at most hnear in Pi. We prove 
the opposite inclusion relation by an induction on k. Case A: = 0 is clear (note 
5(y)^_i = {0} and S{V)% = S(y)^>"). Let 5 = E'=i ^ for k > 

0, where the coefficient of P/' in fi is denoted by One can find g, G 5(y)'^’r 
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U = !,■■■ ,1) such that J*{dPi, dPj)gj. Then <5- Ej=i IidPj)gj 

belongs to S{V)^j^_ so that one applies the induction hypothesis. □ 

The next corollaries shall be used in §4 to lift Q to the normalization of the 
discriminant Dw First, note that the ideal (^A) := Dersw ' ^ S{V)^ contains 

the ideal (A) since EA = hi A. 

Corollary. 1. The expression Q ~ Dersy^ lDevsw{~^^^^ gives on Q a 
S{V)^ -module structure of homological dimension < 1. 

2. The correspondence 5 ^Qp-^ 5A induces a S{V)^ -isomorphism: 

(3.4.3) g ^ {dA)/{A). 

Proof. 1. Trivial. 2. Surjectivity: Due to the decomposition (3.4.1), one has 
Dersyy • A = 5 • A + (A), which implies the surjectivity. 

Injectivity: Suppose 5 G ^ is mapped to 0. This means SA e (A) and 6 e 
Dersyy{— log A). The direct sum (3.4.1) implies ^ = 0. □ 

Denote by the multiplication of Pi € S{V)^ on Q. Define 

(3.4.4) w ‘.g Dersyy{-logA), w{5) := Pi6 - Pi ^ 6 e I{P). 

So, the decomposition (3.4.2) of the element Pi6 ior 5 eg is given by 

(3.4.5) Pi5 = Pi^5^w{6). 

Assertion, i) w{S) is the unique element in Dersyy{—log{A)) with 

(3.4.6) [D,w{6)]=6. 

ii) The w maps -free basis of g to S{V)^-free basis of 

Dersyy{-log{A)) 

(e,g. w{D) = E, c.f (3.1.6) and (3.3.4)j. 

Proof, i) The w{6) obviously satisfies (3.4.6). If wi,W2 e Dersyy{- log A) 
satisfies [D,wi] = [D,W2]. Then wi - W2 e g and is 0 by (3.4.1). 

ii) Due to i), one has w{J*{dPi)) = I{dPi). □ 

Lemma. For uj e F and for 81^82 G g, one has the formulae 

(3.4.7) I{uj) = w{r{uj)) and J{8i,82) = r{w{8i),82) 

For a Siy)^^'^ -basis (5i, • • • ^81 and its J-dual basis 8^,“ • , 8*^ one has 

(3.4.8) / = 

Proof. By definition of J* (3.3.1), one has J*(w) = LdI{u}) = [D,I(uj)]. Then 
applying the characterization (3.4.6), one gets the first formula of (3.4.7). Using 
this, the second formula of (3.4.7) is calculated as: I*{w{6i),52) = J*(«;(J* JJi), J 2 ) = 
r{IJ5u62) = J{5u52). 

The coupling of the first tensor factor of RHS of (3.4.8) with w e P is given by 

Ei=i <^i(^) • = R’(Ei=i ^i{^) ' ^i) = ~ 7(w), which is equal to the 

coupling of w € P with LHS of (3.4.8). □ 
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3.5. The Levi-Civita connection V on Dersy^* 

The Levi-Civita connection attached to the metric /* ^ induces a connection V 
on Dersw which is singular along the discriminant. We describe the singularity of 
V in terms of logarithmic vector fields. 



First we list up the properties, which should be satisfied by V. 
i) V : Dersw Dersw Dersw (*^) ( = the localization of Dersw by is a 
covariant differentiation. That is: for <5i, 62 € Dersw SiV)^ -linear in 

Si and additive in 62 satisfying the Leibniz rule: 

(3.5.1) Vs,{P 52) = {6iP)d2 + PiVsM {P e 5(F)^). 

ii) V preserves I* : V/* = 0. That is: for 61,52,63 € Ders„ one has 

( 3 . 5 . 2 ) 6iI*{62,63) = I*{Vs,52,63) + I*{ 62 ,VsM- 

iii) V is torsion free. That is: for 61,62 € Devs^r one has 

( 3 . 5 . 3 ) = [< 5 i , 52 ]- 

The V is determined uniquely by i),ii) and iii) by the formula: 

2r{Vs,62,63) = +6ir{62,63) + 62r{63,6i)-53l*{6i,62) 

^ ' -P{ 6 i, [52,53 ]) + J*(52, [53, 5i]) + I*{63, [5i,52]) 



for 5 i,52,53 € Dersw Conversely, the (3.5.4) defines a connection V satisfying i), 
ii) and iii): the Levi-Civita connection attached to I*. 

Using properties of logarithmic vector fields in 3.1, one checks that RHS of 

(3.5.4) belongs to S{V)^ if two of 5i,52 and 53 are logarithmic. This means that 
the domain and the range of V can be chosen as 



(3.5.5) 



V : { 



Dersw X T>ersvj, (-log(A)) ^ Ders^, 
-Ders^(-log(A)) x Ders„ -> Dersw, 
Dersw{~\og{^)) x (-log(A)) 

^ -Ders„, (-log(A)). 



For short, we say that the connection V has logarithmic singularities. In particular, 
the second line impfies that the connection form for V belongs to End{Dersy^) ® 
05^(log(A)), i.e. the connection form for V as the connection on the tangent 
bundle of Sw has the logarithmic pole along the discriminant. We shall not use 
this fact explicitly. 

iv) V is integrable: = 0. That is: for 61,62,63 € Dersw 



(3.5.6) - V52V5i(53 = '^[61,62]^^' 

{Proof. This can be seen by extending the domain and range of V to Dery(*A) = 
S{V)/\-^ (such extension exists as the metric connection on Dery). Then 
RHS of (3.5.4) vanishes by the substitution of ^1,(^2, ^3 by and by 

This implies = 0 for i = 1, • • • , L Expressing Dersy^ C S{V)a-^, we 

obtain the result.) 



^ There is an unfortunate disagreement on the notation I and I* between [S3] and [S6]. We 
employed notation of [S6] since it agree with that of root systems. 




ORBIFOLD OF A FINITE REFLECTION GROUP 



277 



3.6. Key Lemma. 

We want to show that the action of Vd is invertible on Ders^ . This is achieved 
by showing an isomorphism Vd : Derswi~ log A) Ders^ and taking its inverse 
map in 3.8. For this end, we give a key lemma: 

Lemma. 1. The Vs for S E Q maps I{T) into Q 0 /(.F). Furthermore, Vd 
induces an -isomorphism: 

(3.6.1) Vd : I{r) - g. 

2. The image of the basis I{dPi) G I{P) (i = 1, • • • ,1) is given by 
VoIidPi) 

(3.6.2) ^ dPj) + Zi~=\ ^{DAlj)Pk) 

Here DA^j is an element of given by 

(3.6.3) ~ "^p,q=li^iP^3Q ~~ 

with Jij := J*{dPi,dPj) and := T(^^, ^^)- One has 

(3.6.4) VdE=\D. 

Proof. 1. Let 6 E Q. Because of (3.5.5), we know that Vs{I{P)) C Dersw' 
In view of (3.2.6), it is sufficient to prove s{I{P)),I{P)) C S{V)^^ in order 
to prove Vs{I{P)) cGe I{P) = G S{V)^^. So, for U,V E S(V)^ , by 

using (3.5.4), we calculate 

2I{VsI{dU)J{dV)) 

= p5I{dU,dV) +I{dU)SV -I{dV)6U 

-r ((5, [i{du), i{dv)]) + [i{dv), s]u + [(5, i{du)]v 

Developing the last two brackets, one cancels the second and the third terms in the 
RHS. By eliminating I and J* in the LHS, one obtains: 

(3.6.5) 2 {VsI{dU),dV) = 6I{dU,dV) - r{S,[I{dU), I{dV)]). 

In particular, for U = Pi and V = Pj^ one obtains 

((3.6.5)*) 2 {VsIidPi), dPj) = 5I{dPi,dPj) - ELi 4' ‘ SPk 

where A^j shall be defined in the formula (3.6.6) and the above formula is calculated 

since one has I{6, [I (dPi) , I (dPj)]) = J2k=i ^ij ' 

Since the module of logarithmic vector fields are closed under bracket product 
3.1, there exists A^j E S{V)^ for i, j. A: = 1, • • • , Z such that 

(3.6.6) [I{dPi),I{dPj)] = ELi AljIidPk). 

Since the degree in Pi of the coefficients in LHS is at most 2, the A^j in the RHS 
has degrees in Pi at most 1 (recall (3.4.2)). Thus the RHS of (3.6.5)* has degree in 
Pi at most 1. This proves the first half of 1. 

In order to prove Vd{I{P)) C Q, we show {V DiI{P))jP) C Substi- 

tute ^ by D in (3.6.5)*, and one has 

(*) 2(VDl{dPi),dPj) =J*{dPi,dPj) - A\j. 

Therefore, we have only to show A{j € 5(y)'^’'^ for i, j = 1, • • • , L Apply the both 
hand side of (3.6.6) to the invariant Pi of lowest degree (2.8.5). Recalling (3.1.6), 
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the LHS gives h[I{dPi)J{dPj)]Pi = I{dPi){{mj + l)Pj) - I{dPj){{rm + l)Pi) = 
{rrij — rrii)I{dPi,dPj) and the RHS gives A^-{rrik + l)Pk- So, one gets an 

equahty; 

(**) {ruj - mi)I{dPi, dPj) = ELi + 1)A. 

Apply to (**). Since LHS vanishes and D‘^A^j = 0, one obtains 0 = DA\^{mi + 
1). That is: A\^ G and VnilidPi)) G g. 

2. Apply D once to (**) and noting + 1 = h, one has the equality: 

(3.6.7) A\. = 

Combining (3. 6. 7). with (*), one obtains the formula (3.6.2). 

Since Vp is a 5(F)'^’'^-homomorphism, in order to show the isomorphy (3.6.1), 
it is sufficient to show the non-degeneracy of the matrix M = where Mij 

is the coefficient of of the RHS of (3.6.2). First, one notes that the weighted 

degree of Mij is rrii Arrij — h (3.3.2). So, det(M) should be of degree + 

rrij — /i) = 0, and hence, det(M) is a constant. Thus, the positive degree entries of 
M has no contributions to det(M) and, hence, one may calculate the determinant 
modulo the maximal ideal in 5(F)^’^. So, the second term in (3.6.2) 

(containing the positive weighted factor Pk) can be ignored. Also, J*{dPi, dPj) = 0 
modulo 5(V)_^’^, if + rrij ^ h. The remaining are only ijf-entries of the matrix 
dPj)) for mi + rrij = h. Then the factor the ij-entry 

is Therefore, det(M) = (riiz=i i{J*{dPiidPj))ij) ^ 0 (c.f. 3.3 Lemma). 

Finally, let us prove (3.6.3). Take the pairing of the vector field (3.6.6) with a 
form dPp for a 1 < p < L So, we obtain: 

I{dPi, dI{dPj,dPp)) - I{dPj,dI{dPi, dPp)) = ELi ^ijHdPk, dPp). 

This is of degree at most 2 in P^. Apply and one obtains 

(3.6.8) Y2q=l diq'^^djp ~ Ylq=l " Ylk=liP^ij) 

Multiply and sum for p = 1, - • • ,L Since Ylp=i (Kronecker’s 

delta), one replaces by - Yll=i Finally, replacing 

the index m by one gets (3.6.3). The (3.6.4) is obtained by substituting i = 1 in 
(3.6.2) and applying (3.1.6). □ 

Note. These A^j and DA^j depend on a choice of the coordinate system 
Pi,-- - ,P(. In particular, DA^j = 0 if all Jij are constant (c.f. (3.6.3)). This 
occurs if Pi, • - - , P^ is a flat coordinate system (c.f. 3.11). 

3.7. Star product *, connection V/ and exponent N, 

As consequences of 3.6 Lemma, we introduce some structures on Q, They shall 
form building blocks of the flat structure in 3.9. 

1. Star product * and Connection V. 

One has a bilinear map: Q x Q Q ^ by letting 61,82 1 -^ (use 

3.6 Lemma 1). Then, by decomposing the image into the direct summands as: 

(3.7.1) Vs,Vi,^S2 =Si*S2 + Vo^Vs^52, 
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we introduce two binary operations: 

(3.7.2) X g g, 

(3.7.3) ^ :G X g g. 

We give two direct consequences of the definition. A complete list of properties of 
* and V (and of N defined below) shall be given in 3.9. 

i) The * is -bilinear and, so, is regarded as a distributive product struc- 

ture on g. The primitive vector field D is the (left) unit. 

(3.7.4) D^S = 6 . 

Using (3.2.4), we extend the * to a 5(F)^-algebra structure on Dersw- 

ii) The V< 5 i ^2 is a covariant differentiation of 82 by 5i. One has 

(3.7.5) ^dS = 0 for 6 eg.' 

By the extension (3.2.4), one may regard V as a connection on Dersw- 

2. Exponent map N. 

Recall the principal part w{ 6 ) of PiS ioi 6 e G (see (3.4.4) and (3.4.5)). We 
introduce a 5 (U) ^’'^-endomorphism AT of g by the composition: 

(3.7.6) N-.g-^g , N{6) := Vd{w{6)). 

and call it the exponent map (in analogy with Fuchsian type equations). By a use 
of N, the decomposition formula (3.4.5) is rewritten as 

(3.7.7) Pi 5 = Pi*d + Vi^N{ 6 ). 

iii) The exponent map N is independent of choices of Pi and D. 

Proof. One has to check that the changes D ^ cD and Pi 1 -^ c~^Pi g for 
c = const. ^ 0 and g e 5(F)^’'^ may not cause a change of N. □ 

Lemma. The eigenvalues of the exponent map N are ^ i = 1, • • • ,1. 

Proof. Combining (3.7.6) with (3.4.7) and (3.6.2), one calculates: 

N{r{dPi)) = VD{w{r{dPi))) = VoIidPi) = ^J*{dPi) 

+ E'=1 (f^^J*{dPudP,) + T!k^ ^(D4)Ffc) 4. 

Coefficients of in the RHS consist only of positively graded terms (since the 
degree of J* {dPi, dPj) equals to 0 if and only if mj Pmi = h (3.3.2)). This implies 
that N — diag[^]^^i is nilpotent: the eigenvalues of N coincide with that of the 
diagonal matrix diag [ ^ . □ 

3.8. Fourier transformation (gravitational descendant). 

We transform the 5(U)^’'^[P^]-free-module Dersw a 5(V’)^’'^[P~^]-free- 
module. This is a formal Fourier-Laplace transformation (called the gravitational 
descendent in the topological field theory). 

Theorem. 1. The covariant derivative Vd with respect to the primitive vector 
field D induces a -isomorphism 

(3.8.1) Vd : Pers^(- log A) Ders^^ 

Therefore, is a well-defined -endomorphism of Dersw- 
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2. The correspondence ^ ^ 0 (dk ^ G CLTid is = 0 

except for finite number of k E Z>o ) gives isomorphisms: 

(ooo\ Ders^ Z[D~^]0g and 

Ders^i-logA) - D~^Z[D-^]^g 

as S{V)^''^[D~^] -modules, where Z[D~^] is the polynomial ring with the indeter- 
minate D~^ which commutes with the elements of S{V)^^'^ . 

3. The left-multiplication of Pi and the covariant differentiation Vs with respect 
to 5 £ g on the RHS of (3.8.2) are given as follows. 

(3.8.3) Pi{D~^ ^S)= D~^ 0 {Pi *S) + D-^-^ 0 {N{S) + kS) 

(3.8.4) VsAD~^~^ 0 ^ 2 ) = D~^ 0 {Si * ^ 2 ) + D~^-^ 0 Vs^S2. 

The D~^Z[D~^] 0 G for k € Z>o is a S{V)^ -free module of rank 1. 

Proof. 1 . and 2 . Let us prove by induction on k e Z>o the following: 

A(k): There exists a sequence Gor ' ’ ^Gk of -free submodules 

of Dersw of rank I such that S{V)%G = 60 0 * • * 0 
= 01 0 • • • 0 and Vd ‘ Gi — Gi-i /or i = 1, • • • ,k. 

A(l) is proven by (3.6.1). Assume A(k) for A: > 1 . Put Gk+i ’= € 

S{V)^kH^) I Vd((5) G 0 fc}- In the following i)-iv), we prove that 0 o, * * • 5 0 fc, 0 fc+i 
satisfies the conditions for A(k+ 1 ). 

i) (01 0 • • • 0 0fe) n 0fc+i = { 0 }. Suppose S were non- trivial element of LHS. 
Then, by induction hypothesis, G 0o 0 • • • 0 0fe-i and 0. This contradicts 
to the facts Vd^ € 0 fe D 0 o 0 • • • 0 Gk-i = { 0 }. 

h) 01 0 • • • 0 0/e and 0fc+i generates S{V)^j^I{P). Let 6 be any element of 
S{V)^kH^)' Using (3.4.2) and 3.6 Lemma, one observes VdS £ S{V)^j^G. By the 
induction hypothesis, one can find S' G 0i 0 • • • 0 0fc so that Vd{S — S') £ Gk- This 
means S — S' £ Gk-j-i • 

iii) The above i) and ii) implies: S{V)^j^I{P) = 0i 0 • • • 0 0fc 0 0fc+i and then, 
by a use of (3.4.2), S{V)^j^_^-^G = 0o 0 • • • 0 0fc 0 0fc+i- 

iv) Vd : 0fe+i — » Gk is bijective. We prove this in two steps: 

a) to construct a 5(P)^’ '^-isomorphism Wk Gk ^ 0 fc+i 5 

b) to show that Vd ' 'Wk is an 5 (U) ^’'^-isomorphism of Gk- 

a) For G 02 0 < i < A: , put Wi{Si) := the projection of Pi Si £ S{V)^^_^iG 
to the component 0i-|-i (w.r.t. the decomposition in iii)). In view of (3.4.2), W{ is 
a 5(U)^’ '^-isomorphism: Gi 0 i+i. 

b) By the induction hypothesis, one has the isomorphism: Vp : Gi ^ Go = G 

for 0 < i < A:. By a use of this isomorphism, let us show that Wi{V^^{S)) = 
PiV^^{S) — Vff{Pi * (5) for (5 G 0 by induction on 0 < z < A: (ie. one has to 
show that the RHS belongs to 02+i). For the purpose, it is sufficient to show a 
formula: Vd {Pi^d\^) ~ ^d{Pi * ^)) = V^^((iV + i){S)) for 0 < i < A:. But this 
is shown by induction on i, where the case i = 0 is the formula (3.7.7). Then 
for f > 1, Vi, (PiVo'(5) - * 6)) = + PiVd'^\S) - Vo'^\Pi * S) = 

V^*((Ar-f i)(<5)). On the other hand, N is an endomorphism of G whose eigenvalues 
are non-negative rational numbers (3.7 Lemma). So, Vd ’ Wi = a.d{V\)){N + i) is 
an invertible endomorphism of Gi. In particular, the case for i = A: proves the 
isomorphism in iv). Thus A(k) for k £ Z>o is proven. This, in particular, implies 
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the isomorphism (3.8.1). Then, as a consequence, the subspaces Qk are unique since 
Qo = G, Qi = I{^) and Gk-i = VniOk) for k € Z>q. 

3. For the case k = 0, use (3.7.7) and (3.7.1). Then, a successive appHcations 
of with the rule: [Vd, TJ] = 1 and [Vd, V^] = 0 for ^ G S (use the definitions 
(3.2.1) and (3.2.3) of D and Q, respectively, and the integrality (3.5.6) of V) implies 
the formulae (3.8.3) and (3.8.4). □ 



Note. 1. The formula (3.6.4) implies E = 0 D. Since E = w{D) (3.4 

Assertion ii)), this means N{D) = ^D. That is: 

Fact. The D is an eigenvector of N of the eigenvalue 

2. (3.8.3) and (3.8.4) decompose into two left-multiplicative formulae: 

. Pi D-^ = D~^Pi + forkeZ 

= P, ♦ 5 + £)-i (g) N{6) for (5 e a 

n VsD~^ = D~^Vs for /c € Z and 5 € G 

=D^{6i*52) + '^s,S 2 foi6i,S2eg. 



3. Filtration D~~^Z[D~^] 0 G for k € Z is identified with the Hodge filtration 
attached to the universal unfolding of simple singularities [S3] (c.f. §5). They can 
be also interpreted as the sequence of modules of vector fields having higher order 
contact with the discriminant [Te][Yo]. 



3.9. Flat structure. 

Recall that Sw •= Spec(5(F)^) is the quotient variety of a vector space F by a 
finite refiection group W (with a PF-invariant symmetric bilinear form I* on V). On 
Sw^ we have introduced several structures and objects such as D, F, J, w, *, V 
and N (3. 1-3.7). In this paragraph, we clarify the relationships among them and 
reduce them to some basic ones. Regarded as a differential geometric structure on 
Swi we call them altogether the flat structure on Sw (see [S3] and [S6]). 

First, we recall once again the above mentioned structures and objects. 

1. The primitive vector field D on Sw (3.2.1). Using P, we reduce the coeffi- 
cient S{V)^ to the subring 5(U)^’'^ (3.2.2) and the tangent sheaf Dersw of 

to a Lie algebra G (3.2.3) 5(U)^’'^-free of rank 1. 

2. The Euler vector field E (3.1.6) attached to the graded ring structure on 
S{V)^ . It is normalized as Le{D) = —D and Le{I) = —f 

3. The nondegenerate symmetric bilinear form J (3.3.3) on defined as the 
dual form of J* := Ld{I) (3.3.1). 

4. The S{V)^ = S{V)^^'^ [Pi]- module structure on G (3.4.3) and the attached 
section w : G Per 5 ^(— logA) (3.4.4). 

5. The graded S{V)^^'^- algebra structure ^ on G (3.7.2). 

6. The covariant differentiation 'SJ \ G G G (3.7.3). 

7. The exponent map N := VjDti; G Ends(y^w,r {g) (3.7.6). 

We shall show in the next theorem the following reductions: 

a) The 4. and 5. are unified and strengthened to a S{V)^ -algebra structure 
on G (Theorem LI and (3.9.7)). 

b) The section w is given by E* (Theorem 1.6). 

c) The V is the Levi-Civita connection of J (Theorem 1.3). 

d) The map N is given by —'SfE -h ^^idg (Theorem 1.9). 
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Thus, after these reductions, to, V and N become superfluous, and what remains 
as the basic ingredients of the flat structure are the vector fields D and E, a flat 
metric J and the SiV)^ -algebra structure *. 

Theorem. (Flat structure.) One has the relations 1. 1-1.9 among 

E, and N 

(where, <5, ^ 1 ,^ 2 ? ^3 arbitrary elements in Q). 

LI. The product * and the SiV)^ -module structure Pi^ on Q together 
define a commutative and associative algebra structure over S{V)^ . 

1.2. The primitive vector field D is a) the unit element of the algebra, b) horizontal 
w.r.t. , i.e. V/D = 0 and c) an eigenvector for N. 

1.3. The V is the Levi-Civita connection for the metric J , which is integrable. That 
is: the J is a flat metric and the V has the properties 

i) the torsion freeness of\f: V^i<52 — = [^ 1 :^ 2 ], 

a) the horizontality of J with respect to connection V* V/J = 0, 

Hi) the integrability of\f: 

1.4. The is a symmetric (3,l)-tensor. That is: 

(3.9.1) T(^i, ^2, Ss) := ¥51 (^2 * Ss) - (¥ 5 ,(^ 2 ) * ^3 - ^2 * (¥ 5 ,^ 3 ) 

is a symmetric -tri-linear form in (5i,(^25<^3 (values in Q). 

1.5. The product * is self-adjoint with respect to J. That is: 

(3.9.2) J(^i,^2*<^3) = J((5i*(^2,(53). 

1.6. Let us extend the domain of the product * from Q to Dersy^ by a use of (3.2.4) 
Siyfi^ -linearly. Then the section w is given by 

(3.9.3) w{ 6 ) = E^ 6 . 

1.7. Let us extend the domain of ¥ from Q to Ders^ ^ of (3.2.4) and 
Leibniz rule. Then the exponent map N is given by 

(3.9.4) N{ 6 ) = - ViS + ^5. 

1.8. The N is horizontal with respect to the connection ¥• That is: 

(3.9.5) V/N = 0. 

1.9. Let N* be the adjoint action of N with respect to J , i.e. 

J{N{ 6 i), 62 )=^J{SuN*{S 2 )). 

Then, one has the duality formula: 

(3.9.6) iV + iV* = l. 

Proof. A guiding principle of the proof: We develop in powers of D~^ the 
properties of the connection V using (3.8.3) and (3.8.4). The term- wise equality 
(due to the uniqueness (3.8.2)) yields the seeked results. 

a) Consider the torsion- free condition of V: for 5i, 82 E G 

VsAD-^®S 2 ) - V 5 ,{D-^ ^ 61 ) = D-^ 0 [( 5 i ,( 52 ]. 

By a use of (3.8.4), the LHS is * (^2 - ^2 * ^1 + (¥^ 1^2 - ¥ 52 <^i)^“^- 
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The constant term implies the commutativity of * (LI). This and the left- 
unitness (3.7.4) imply D is the unit of the *-algebra (1.2 a)). 

The linear term implies the torsion-freeness of V (1.3. i)). This and = 0 
(3.7.5) imply that the horizontality of D (1.2 b)). 

That D is an eigenvector of N is shown in 3.8 Note 1. Fact. (1.2 c)). 

b) Consider the integrability condition of V: for (5i, ^2, ^3 ^ 5 

(V5iV^2 - 62^^ 6i) =V[s^^S2]^sD~‘^ 

By a use of (3.8.4), the LHS becomes 

* (^2 * <^3) — ^2 * (<^1 * <^3) + (V 5 i (<^2 * ^3) - ^<52(^1 * ^3) 

+(5i * V(52^3 ~ (^2 * V(5 i<^ 3)F)“^ + (V^i V(52^3 ~ V^2 V<5 i^3)F>"^. 

The RHS is [(5 i,^ 2] * SsD~^ + y[s,,s2]^3D~\ 

The constant terms imply the associativity of * (I.l). 

The quadratic terms imply integrability of V (L3. hi)). 

The linear terms imply a relation: for (5i, S2, S3 E G 

1) V5i(^2 * ^ 3 ) - * ^ 3 ) + ^1 * V^2<^3 - <^2 * V(5i<^3 = [<^ 15 ^ 2 ] * <^3- 

This means T(c^i, ^2, <^3) = ^(^25^15^3), where T(^i, <52, (^3) is the tensor (3.9.1). 
Since T(^i,^2,^3) = ^{51,63,62) by definition, 1.4 is shown. 

c) Recall the Leibniz rule for V: fov Si^ 62 E G 

VsAPl^D^h) = {SlPl)V-^^d2 + PiVs,^d^52. 

By a use of (3.8.3), the LHS and RHS are developed in 

* {Pi * S2) + (Vi, [Pi * 62) + 6 i*{N + 1){52))D-^ + Vi, {N + l)(<52)Z)-^ 

Pi * (Si * 52) + {{SiPi)S2 + N{Si * 82) + Pi * + {N + l)(V^,52)£>-^ 

respectively. The constant terms give the equality: 

(3.9.7) Pi * (^1 * (52) = (5i * {Pi * (52). 

This means that the SiV)^ -module structure on G was in fact a S{V)^ -algebra 
structure. We note that the following are equivalent: 

i) The multiplication P^* defines a SiV)^ -algebra structure on G- 

ii) There exists an element [Pi] E G such that p * (5 = [Pi] * S. 
hi) The section w is given by w{6) = E * 6 for S E G- 

{Proof, i) ii): Substitute ^2 by D and put [Pi] := Pi * D. ii) i): Due to the 
associativity of *. ii) => hi): E^S = w{D)^5 = {PiD-Pi^D)^S = PiS—Pi^S = w{S). 
hi) ii): Pi^S = Pi5 — w{5) = PiS — E^S = PiS — {PiD — Pi^D)^S) = {Pi^D)*S. 
□) 

Therefore, the 1.6 (3.9.3) is also shown. 

The quadratic terms imply the horizontality of N (1.7. (3.9.5)). 

The linear terms give an equality: 

2X AT((5i*(52)-(5i*(iV + l)(^2) 

^ = V,,(P * 62) - {SiPi)S2 - Pi * (¥5,^2). 

Specializing this for 62 = D and noting the fact X7P = 0, one obtains 

N{6) = ~{SPi)D + \l5{[Pi]) + ^ * (1 + N){D) = + (1 + ji)S. 
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This proves (3.9.4). Using (3.9.4), the equality 2) is rewritten as: 

. T{Su 62 dPi]) = jiSi^S2^N{6i*S2)-Si^N{52)- 62 ^N{5i) 

= —^1 * ^2 — + ^2 * 

Using the symmetry T((5i,^2, [Pi]) = T([P^], ^2) (1-4), this reduces to the homo- 
geneity of ^-produce: [E, 61 * ^2] - (^2 * [E, Si] - * [E, 62 ]= Si * S 2 . 

d) For (5 i ,^2 € Qj using w (3.4.4) and applying (3.4.7), one has 

4) I%w{Si),w{S 2 )) = r{PiSi-Pi^Si,w{S 2 )) = PiJ{SuS 2 )-J{Pi^Su 

Apply D to BHS of 4). Using (3.7.6) and (3.4.7), the LHS is equal to 

E{Vdw{Si), w{S 2 )) + P{w{Si), Vdw{S 2 )) 

= E{N{Si)M^ 2 )) + E{w{Si),N{S 2 )) = J{N{Si),S 2 ) + J{SuN{S 2 )). 

The RHS is equal to J((5i,^2)* This implies the duality (3.9.6). 

e) We show the horizontality of J (I.3.ii)). Let us apply S e.Q to the both hand 
sides of 4) in d). Using (3.7.7), (3.7.1), (3.9.5) and apply 4) again for and 
(52,.- -etc., LHS is calculated as 

JI*(w(Si),w(S2)) = r(VsV^^N(Si),w(S2)) + r(w(Si),VsV^^JV(S2)) 

= r(6* N{di) + Vr^HVsN{Si)),w{d2)) 

+ r{w{6i), 5 * N{52) + VoHViiV(52))) 

= J {6 * N{Si), 62 ) + r (Vo^(JV(Vi(5i), w(( 52)) 

+ J{Si,S * N{ 52 )) + r{w{ 6 i), Vo\N{'^sS 2 )) 

= J {6 * N{Si), S 2 ) + Piwi'^sSi), w{ 62 )) 

+ J{ 6 i,S * N{ 62 )) + I*{w{Si), w(^sS 2 )) 

= J{S * N{5i), 82 ) + PiJiVsSi, 82 ) - JiVsSi, Pi * 82 ) 

+ J{ 8 i ,8 * N{ 82 )) + PiJ{ 8 i,^sS 2 ) - J{Pi * 81 , Vi^2). 

The RHS is given by PiSJ{Si,S 2 ) + (SPi)J{Si,S 2 ) - SJ{Pi * Si,S 2 ). 

The leading terms in Pi in BHS give the horizontality of J (1.3. ii)). The remaining 
terms: {SPi)J{Si,S 2 )-SJ{Pi^Si,S 2 ) = J((5*iV((5i), ^2 ) - *<^ 2) + J(^i, (5* 
-^(<^2)) - J(Pz * Si, ^sS 2 ) is reduced to 2). 

f) We show the self-adjointness of the ^-product (1.5. (3.9.2)). We have only to 
prove the special case when S^ = D (and Si,S 2 € Q): 

(3.9.8) J{Si,S 2 ) = J{Si*S 2 ,D), 

since, by a use of (3.9.8), the LHS and RHS of (3.9.2) are equal to J{Si * ((^2 *^3), P) 
and J{{Si * S 2 ) * ^3,P), respectively, and then, the associativity of the ^-product 
implies the equality and hence (3.9.2). 

First, we show a formula (see 3.10 1. for a meaning): for J G 5: 

(3.9.9) S = 

Proof. This is the torsion-freeness of V. According to (3.7.1), the RHS is equal to 
S * D -j- sP' The first term is equal to S, since D is the unit. The second 
term vanishes due to the horizontality of P. □ 
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We return to a proof of (3.9.8). Using (3.9.9) and (3.4.7), one has 
J{Si,S2) = r{Vs,Vo^D,w{S2)) 

Since = hE = hw{D) where ^ is the eigenvalue of AT on D (recall 3.8 Note 

1.), one calculates further (again using (3.4.7)) 

ij(5i,<52) = SiJ{D,w{d 2 ))-J{D,VsMS 2 )) 

= J{'^s,D,w{S2)) + J{D,^sMS2)) - J(D,VsM^2)) 

= J{D,\^sMS 2 )-VsMS 2 )) 

where the first term in the second line vanishes due to the horizontality of D. Here 
the form J in the RHS is extended 5 (U)^ -linearly (3.2.4). Using the expression 
w{5) = Pi 6 — Pi^5 (3.4.4) and (3.7.1), one has 

'SJsi'w{S2) = SiPi ’ S 2 + Pl'SJ 5 i^ 2 — ^ Si{Pi ^ ^ 2 ) 

and '^SiW{ 62 ) = • ^2 + Pz(Vd(^i * <^ 2 ) + V<5i^2) 

-(Vd((5i * (Pi * ^ 2 )) + ^6^{Pl * ^ 2 )) 

(In fact, these calculations should be justified. See §4 ). So, we obtain 

V' di'^{^2) — ^ 6 i'w{S2) = — PzV£)(^l * (^ 2 ) + Vd(^ 1 * (Pi * <^ 2 )) 

= — Vd(Pz((5i * < 52 ) — Pz * (<5i * 52 )) + ^1 * <^2 
= — Vi)(it;((5i * ^ 2 )) + * ^2 

= -iV((5i * ^ 2 ) + * <52 = (l-iV)(^l*(52). 

Substituting this in the previous formula, one obtains 

^{SuS 2 ) = J{D, (1 - N){5i * ^ 2 )) = J((l - iV*)(P), * ^ 2 ) 

Recalling the duality (3.9.6) and the fact that ^ is the eigenvalue of N for the 
vector D (3.8 Note 1.), one has (1 — N*){D) = N{D) = j^D. Multiplying h on 
BHS, we obtain (3.9.8). □ 

Remark. 1. The 5(U)^-algebra on Q defines the normalization: Dw = 
Spec(0) Dw = Spec(5(F)^/(A) of the discriminant (c.f. §4 ). 

2. The (3.9.8) together with the facts w{D) = E = I{dPi) implies 

(3.9.10) j{5ij2) = Si^d 2 (Pi). 

3. The *, Pz*, V, iV and the metric J on the module Q are sufficient to recover 
the S' (U) ^-module Dersw with the connection V and the metric I through (3.8.2), 
(3.8.3), (3.8.4) and (3.4.8). 

3.10. Relations to primitive forms and Probenius manifold. 

We discuss some relations of the flat structure in 3.9 to primitive forms and to 
Probenius manifold structure. 

1. Primitive form. Since the V is the Levi-Civita connection and torsion free, 
we have confused the module := Dersw operands (sections of a bundle) with 
the algebra Ders^ of operators (covariant differentiation). In order to separate two 
roles, we introduce a sequence: 

;= Vo^Ders^ D-^Z\D-'^]®g 
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of the modules of the operands (recall (3.8.2)) for k G Z>o, on which one has the 
action of the covariant differentiations: 

V ; Ders„ x ^ 

V : (-log(A2)) x 

Then the formula (3.9.9) (based on the torsion-freeness of V, used at several crucial 
steps of proof of Theorem) implies the following key fact: 

Assertion. The covariant differentiation of the element •= (i.e. the 

correspondence: 5 i—> induces a bijection between the Lie algebra Dersw 

of operators and the module of operands. More generally, the covariant dif- 
ferentiation of the element := {k G Z>o) induces an isomorphism of 

S{V)^ -modules: 

*) : Ders^ 

Such (satisfying some additional conditions corresponding to (3.8.3), (3.8.4) 
and orthogonality, see [S6]) is called a primitive form. 

The isomorphism *) has meanings in two directions: 

1. Through the correspondence, cohomological structures on (such as 
the polarization J, Hodge filtration) and the algebra structure on Dersw (such as 
the Lie algebra str., integrable system) are combined together in one object. This 
amalgamation creates some rich structures such as the fiat structure in 3.9, the 
Probenius structure and the fiat coordinates (discussed in the following). 

2. The module (the Hodge filter) is obtained by covariant differentiation 

of a single element That is: the data of the module are condensed in 

the single element fhe primitive form, and by differentiating the primitive 

form, they are resolved again. This view point is an origin of the word “primitive 
form”. In fact, before the primitive form was introduced, one had studied the 
“primitive (i.e. potential) function” as a solution of second order uniformization 
equation such that its derivatives give the system of solutions of a torsion free 
connection [S2]. 

In the present paper, reversing the history, we start from the flat structure, 
and then we shall reconstruct the uniformization equations in §4, whose solutions 
(i.e. the primitive functions) are partially obtained by the period integral of the 
primitive form §5. 

2. Probenius manifold. A tuple (M, o, e, E, g) of a manifold M with a metric 
g, two global vector fields e and E on M and a ring structure o on the tangent 
bundle of M, subject to some axioms, is called a Probenius manifold ([Do],[Ma, 
0.4.1, LI. 3], [He, def 9.1],[Sab],[Ta]). As an immediate consequence of 3.9 Theorem, 
we show the next. 

Theorem. The tuple {Sw-> ^^D,E,J) form a Probenius manifold. 

Proof. In view that V is the Levi-Civita connection of J 1.3, we check the 
the axioms 1) - 5) for a Probenius manifold [He def 9.1] as follows. 

1) The * is self-adjoint with respect J. This is shown in (3.9.2). 

2) The tensor is symmetric. This is shown in 1.4. 

3) The metric J is flat, i.e. = 0. This is shown in 1.3. iii). 

4) The D is horizontal, i.e. VjD = 0. This is shown in I.2.b). 
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5) The * is homogeneous of degree 1 and the J is homogeneous w.r.t. the Euler 
vector field E, respectively. The first half follows from the defining formula (3.7.1) 
in view of the normalizations (2.8.5), (3.1.6) and (3.2.1) (see also the formula at 
the end of c) of the proof of 3,9 Theorem). Alternatively, one shows as follows: 
since = 1 one has 0 = deg(D*) = deg(D) + deg(*) = — 1 + deg(*). The 
J is homogeneous since J* is homogeneous by definition (3.3.1). One calculates: 
deg(J) = - deg(J*) = - deg(LD/) = -(deg(D) + deg(/)) = 1 + f ■ □ 



3.11. Plat coordinates. 

We introduce coordinates of Sw whose differentials are horizontal sections of 
the dual connection V*- We call them flat coordinates. 

The dual connection Sf* : E (3.2.3) is defined by 5{S',u) = + 

((5, Vjo;) for S.,6' e Q and lu e T. Let us denote by AV* the composition of V* 
with the wedge product T ^ T T f\T . The torsion freeness of V L3. i) implies 
SSf^'iuS) = cL; for cj G .F, since 

AV*M = 

= du) — Eij=i dPi A dPj (V -Qp- , w) = dui. 

The same formula holds for uj G Osw ^ where Osw is the sheaf of local 

(w.r.t. the classical topology on Sw,k) analytic functions on Sw K where K is either 
R or C (recall (2.9.2)). Thus, a local analytic horizontal section uj G ker(V*) is 
a closed form: duj = 0 and there is a local analytic function u such that uj = du^ 
where u satisfies the second order differential equation: 

(3.11.1) = 

The space of global analytic solutions (including constants) on Sw,K of the equation 
has rank / + 1 , since V* is integrable and non-singular on Sw,k and Sw,k is simply 
connected. A solution, say u, is, in fact, a polynomial: develop u in a Taylor 
series u = Yldez>o'^d for Ud G S{V)Y at the origin. Since V is homogeneous 
and continuous w.r.t. the adic topology on the space of power serieses on Sw at 
the origin, each graded piece Ud is again a solution of (3.11.1). Since the solution 
space is finite dimensional, the expansion of u should be a finite sum (i.e. u is a 
polynomial). These imply the part i) of the next lemma. 



Lemma. Consider the space of the polynomial solutions of (3.11.1); 

(3.11.2) O := {u G S{V)^ | = 0}. 

Then i) the ft is a graded vector space of rank 1 + 1 with the splitting: O = R - I 0 O 4 - 
for 0+ := O n S{V)Y , H) 0+ generates freely the algebra S{V)^ over R, and in) 
one has the bijections: 



(3.11.3) 



Sw,K ^ Hom^*"(n,P:) 

~ BomR{n+,K). 



Here, Hom^™ is the set of all H-linear maps bringing 1 G O io 1 G AT (“alin” 
stands for “affine linear”), and Homa is the set of all K-linear maps. By this 
bijection, we regard Sw the linear flat space dual to O 4 . . 
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Proof, ii) Let g S{V)^ be homogeneous R-basis of O with 

deg(Qi) < ••• < deg((3z). The differentials dQi,--* ,dQi span ker(V*) over R. 
As a general fact, one has 0 r ker(V*) = T. Since dPi (for coordinates 

Pi, ...,Pz of Sw) are 5(F)^’'^~basis of P, the determinant is a unit on 
Sw, and is a non-zero constant. Then, one sees that deg(Qi) = deg(Pi) (i = 1, ..., 1) 
and that each homogeneous block of the Jacobi matrix is constant invertible. Then 
the ring homomorphism: R[Qi, ...,Qz] — ^ S{V)^ is an isomorphism. 

iii) The map Sw,k Hom^^^( 0 , K) is defined by the correspondence (^|0 
for (p G Hom^^(5(F)^, K). Since O generates the ring of invariants 5(P)^, the 
map is injective. Conversely, since Qi,--- ,Qz are algebraically independent (2.5 
Theorem), the map is surjective. □ 

The (3.11.1) is explicitly given by the system of second order equations 

(3.11.4) {S 162 — 'SJ Si^ 2 )u = 0 for 61,62 

Elements of O are called flat invariants. Homogeneous basis Qi, • • • ,Qi of 0-|_ are 
called a system of flat coordinates of Sw- They are unique up to a weighted linear 
transformation. The flat coordinates for all finite reflection groups except for types 
E 7 and Pg are calculated in [S-Y-S]. The fiat coordinates for type P 7 is calculated 
in [Ya]. The flat coordinates for type Pg is calculated in [Ka] [No] [No] . 

A translation ^ G := Hom^’^(0/P • l,K) of the affine space Sw extends 
naturally to a derivation of 5(0+) S{V)^. So, one has the embedding O!^. C 

Ders^ with the characterization: 0+ = {J G 5 | = 0} {Proof. For an element 

6 £ Q, one has: SJ 6 = 0 = 0 for G 5 and Vo; G O ^{ 6 ,uj) — 

{ 6 , V^o;) = 0 for G 0 and Vo; G O { 6 , uj) is a constant for Vo; G O 6 £ 0+. 
□) Therefore, we shall sometimes call an element of O!^ (regarded as an element of 
P^'f'Sw) tangent vector oi Sw (e.g. P is a flat tangent). 

Here are some immediate uses of the flat coordinates. 

1. The quadratic form P\ (2.8.5) is a flat invariant. 

This follows from (3.3.4) and 3.9 Theorem I.2.b) as below. 

(^ 1^2 - = 6ir{J{62fdPi) - r{J{S}sM).dPi) 

= 6 iJ{ 62 ,D) - J(V^,J 2 ,P) = J(^ 2 , V^,P) = 0 . 

2 . Let 0!j_ = 00^ he the graded decomposition ofQ"^. Then, 

a) The piece 0^ is a vector space of rank #{1 < i < Z | d = — — } ♦ 

6 ^ //di + ^2 + 1 + I = 0 then J\n*^ i'S the duality between the two pieces. 
i/di+d 2 + l + ^^0 then J\n*^ ~ 

c) The N is constant on each piece: N |n*= (d + ^^)ido^. 

3. The star product * is calculated by an explicit formula: 

(3.11.5) 4 - * 4 - 

Here, the coefficients Ajj^ is given by (3.6.6) by replacing Pi,-** ,Pi by the flat 
Qi, . . . , Qi. Note £ 5(F)^’^ (i.e. DA)j^ = 0 for (3.6.3)). 

4. Flat potential. Put Jz{ 6 \, 62 ^ dg) := J{ 6 \ * 62 , dg) for 61,62 and dg G Q. Then 
a) Js is a symmetric tensor in the three variables, and b) there exists a polynomial 
F £ §(F)^ such that 

(3.11.6) 



616263F = J(di, ( 52 , <^3) 
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for 61^62 and 63 € 

Proof. Due to the commutativity and associativity of * and the self-adjointness 
of * (3.9.2), J3 is a symmetric tensor on Q over S{V)^^^ . Therefore, we have only 
to show the following 

Fact. The 4 -forms SoJ3{di, 62, S3) in ( 5 q, • • • ,^36 0 !|_ is symmetric. 

Put J 4 (^ 0 j <^ 25 ^ 3 ) •= Let US Specialize (3.9.1) to flat tangent 

vectors ^ 1 , <^25 ^3 € Then one obtains V< 5 i (<^2 *^ 3 ). This implies that \fsi (<^2 *^ 3 ) 
is a symmetric cubic form on O!!^. On the other hand, by using the metric property 
1.3. ii) of V the deflnition of J4 is rewritten as: J 4(^05 ^ 2 , <^ 3 ) = J{y' 6 o{Si*S 2 )y ^ 3 ). 

This expression is now symmetric w.r.t. the letters {0, 1,2}. Since it was already 
symmetric w.r.t. the letters {1,2,3}, altogether, J4 is symmetric w.r.t. all letters 
{ 0 , 1 , 2 , 3 }. □ 

3.12. Dimensions. 

Before ending this section, we clarify that some data, such as F?, V, N and 
exponents, are absolutely defined independent of scaling factors. 

Recall that in the study of the flat structure on the variety Sw (except for type 
Ai), there were two ambiguities of scaling factors for 

1. a choice of an invariant form J in 2.2, and 

2. a choice of a primitive derivation D in (3.2.1). 

Let us call an object X has dimension (a,/?) if the scale changes I* XI* and 
D fiD induce the scale change X i-> X^^fi^X (in case of type Ai, one has A/x = 1 
and, hence, only the difference a — (3 has a meaning). 

The following table is easy to calculate. 



object 


a 


0 


deg 


object 


a 


P 


deg 


r 


1 


0 


2 

h 


E 


0 


0 


0 


D 


0 


1 


-1 


V 


0 


0 


0 


I 


-1 


0 


2 


* 


0 


-1 


1 


J 


1 


-1 


1 + f 


N 


0 


0 


0 


J* 


-1 


1 


-1-! 


A2 


0 


-1 


1 


Pi 


0 


-1 


1 


Pi 


1 


0 


2 

h 


Pi* 


0 


-1 


1 


Js 


1 


-2 


24- ^ 


[Pi] 


0 


0 


0 


F 


1 


-1 



The table shows that and exponents are absolutely defined. 

4. Uniformization equations 

Following [S6,§5], we introduce the system of uniformizing equation A4w,s on 
Sw attached to the flat structure in 3.9. It is a system of second order holonomic 
system such that the first order derivatives of its solution gives the system of the 
solutions of the Levi-Civita connection V in §3 on the lattice The Mw,s has 
new features: 

i) the equation contains a spectral parameter s shifting exponents, 

ii) the equation is a Dsvi/^niodule instead of a -module, 

iii) the homogeneity condition is omitted from the equation to allow 
non-constant solutions for the invariant cycles. 

Compared with [S6,§5], we skipped a construction of the integral lattice on 
the local system of the solutions and the monodromy group action on it for the 
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case of crystallographic reflection group (for details of them, see [ibd]). Explicit 
equations A4w,s and some solutions for types Ai, A 2 and A 3 were discussed in [S 2 ] 
(see footnote 2 .). 

4 . 1 . 5(’t^)'^-modules for s 6 C. 

Let {D^} :={D^|sGC}bea group isomorphic to the complex number held 
C with the multiplicative rule: Let Z • {D^} be its group ring, 

which contains the Laurent algebra Z[D,L)“^]. Put 

(4.1.1) Hw.= Z{D^}^zG, 

where one recalls (3.2.3) for the 5(F)'^’’’-module Q. The Tiw has natural S{V)^''^- 
module structure by a commutation rule 

(4.1.2) /• LI* -£)*•/ = 0 for / 6 and s € C. 

Further, the Hw is equipped with a 5(F)'^ = iS'(y)^’'^[P(]-module structure 
and a covariant differentiation action for (5 G S as follows: 

i) the multiplication of Pi is deflned by the formula (3.8.3) and (3.8.3)*, 

ii) the action Vs fov S E G is deflned by the formula (3.8.4) and (3.8.4)*, 

where we replace k G Z>o by a complex number s G C. It is a routine to check that 
the 5(F*)^-module structure does not depend on a choice of Pi, and the V-action 
satisfies the Leibniz rule and the integrability condition (i.e. =0). 

For any s G C, let us introduce the submodule of Hw- 

(4.1.3) := P*Z[L-i] ®z g. 

The is a 5(y)'^-submodule (i.e. closed under the left multiphcation of Pi) 
easily seen from (3.8.3) and (3.8.3)*. Thus, by definition, one has an increasing 
sequence of the 5(F) ^-modules: 

(4.1.4) • • • C C C C C C • • • , 

and a short exact sequence of 5(F) ^-modules: 

(4.1.5) 0 ^ ^ ^ 0, 

where Q is equipped with 5(F) ^-module structure by the action of (3.9 The- 
orem 1.1). One observes C since = 0 due to the 3.4 Corollary. 

An explicit formula can be given as follows. 

= j:\=ibji{PiD^®di-D^^Pi*di) 

Here di = ^ and (bji) is the adjoint matrix of (P/% — aij) with w{di) = Pidi — 
Pi^di = Yl^j=i{PiSij - aij)dj so that J2\=i bjiw{di) = A‘^dj. 

Note. The modules for i G Z>o in 3.10 are identified with the above 

defined one through (3.8.2). But the identification changes according to a choice of 
a primitive form (c.f. (4.3.1)). 

The covariant differentiation by ^ G ^ defines a map 
(use (3.8.4) and (3.8.4)*). Since Ders^ = 5(F)^ 0 5, the action extends to a 
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covariant differentiation V : Dersw ^ '^w Particularly, Vp induces a 

5(F)^’'^-bijection; 

(4.1.7) Vp : 0 (5. 

Note. The power action Vp : for t G C can be defined by 

letting 0 S) := 0 6 satisfying the relation [Vp, Pi] = tV^^. 

4.2. Polarization element Jg. 

We introduce the polarization element Ig G Hw ^s{V)^ '^w (the tensor of left 
5(F) ^-modules) for s G C by the next three formulae: 

Is ■■= ELiP' ® Si) ® {PiD-^ ® 6* - D-^ ® Pi * S*) 

(4.2.1) = J2[^^{D^^5i)(g){D-^®w{S*) + sD-^-'^®S*) 

= ELi(^" ® Si) ® ® (AT + s)(5*)), 

where i) • • • ,6i are 5(F)^’ '^-free basis of Q and <5|, • • • , <5* are their dual basis 
w.r.t. J so that the definition does not depend on the basis, and ii) the equivalence 
of the three definitions follows from (3.8.3)*. 

Note. Through the embedding Ders^ C Hw (3.8.2), the polarization I 

(3.4.8) is identified with the above defined Iq. 

Lemma. 1. For any s G C, one has the formula: 

(4.2.2) Is=^I-s and Jg = 

where the transposition ^/g of the polarization /g is defined by transposing the tensor 
factors in the definition (4.2.1). 

2. Let the covariant differentiation Vs for 5 E Q act on the tensor Hw ^s{V)^ 
Hw naturally (by the Leibniz rule). Then one has 

(4.2.3) Vis = 0. 

Proof. First, we note the following general formula: 

*) ELi fi^Si) ®s(v)w,. g{5*) = EUi f{Si) 0s(y)«'.- 

where /, g are 5(F)^’'^-homomorphisms defined on Q, A and A* are 5(F)^’'^- 
endomorphism on Q and its adjoint w.r.t. J, and ,(5z and are 

5(F)^’ '^-free basis of Q and the dual basis w.r.t. J. 

1. Take the first line of (4.2.1). The multiplication of Pi in the first term can 
be transposed to that in the left side of the tensor. The left action Pz* in the second 
term can be transposed to the left due to *) and the self adjointness of Pz* ((3.9.2) 
and II. 6. i)). So, one obtains 

Is = <8) 6i) 0 {PiD-^ 0 5* - D-^ (g> Pi * 5t) 

= ELi {PiD" ® Si - ® {Pi * Si)) ® {D-^ ® 6*) = *I-s 

This proves the first formula in (4.2.2). 

Let us employ the third line of (4.2.1). Use the fact that {N -E s)* = N* + s = 
—N + s + 1 ((3.9.6)), and apply *) so that one obtains: 

Is = ELi{D" ® Si) ® {D-^-^ {N + s){5*)) 

= ELi (D" ®i-N + s + l)5i) ® (£)-*-! ® 5*) 

= — Ei=i ® (iV + w)5j) ® (£>“ ® 5*) A for — M := s + 1 

t T t T 

— — J-u — — J-s-1- 
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This proves the second formula in (4.2.2). 

2. Let (z = 1, • • • , /) be flat basis (i.e. 5i = ^) oi Q . Then the dual basis 
SI and their AT-images N{Si), N{S*) are also flat. The covariant differentiation of 
Is vanishes using the duality (3.9.6) again. 

^6ls 

= ELi ® 5i) ® {PiD-^ ® 5* - D-^ ® Pi * 6*) 

+ E‘i=i ® <5i) ® Va ® (iV + s)(5? )) 

= ® (5 * Si) + ® Va5i) ® {PiD-^ ® 5t - D-* <S>Pi* S*) 

+ EUi {D" ® ^{5*{N + s)St) + D-^-^ ® Va(JV + s)5*)) 

= ELi ® {S * di) - £»*+! ®{Pi*6* 50) ® ® S*) 

+ EUi {D" ®{S*{N + s))*5i) <S> (D-" ® 5^) 

= ELi {D^<Si{N-s- 1)(5 ♦ 50) ® ® 5*) 

+ EUi {D" ® (N* + ^){S * Si)) ® (£)-« ® 5|) 

= Ei=i {D" ®{N + N*-1){5* 50) ® {D-^ ® 5*) = 0. 

These complete a proof of Lemma. □ 

Combining the two formulae (4.2.2), one obtains the semi-periodicity Is+i = 
—Is. On the other hand, the formulae (4.2.2) imply, Iq = */o and = —^I-i- 
Therefore, we obtain the next corollary. 

Corollary. 1. One has Is+n = {-l)^Is for s eC and neZ. 

2. The polarization Is is a symmetric form for an integer s E Z and is a skew 
symmetric form for a half integer 5 € |Z \ Z. 

4.3. Connection and uniformization equation. 

Put •— 0 D G Tiw for s € C (c.f. 3.10 Assertion.). The covariant 

differentiation of induces an 5(F) ^-homomorphism: 

(4.3.1) : Ders^ ^ 5^VaC^^-i). 

Lemma. If s ^ {exponents} + Z>o, then is an isomorphism. 

Proof. By induction on n G Z>o, we prove that induces isomorphy: 

For n = 0, one has Ws{D^~^ ^ D) = ^ 5 foi S E g and hence cp^^^ : g cel <sg. 

Applying (3.8.3) n- times for n > 0, one obtains 

Pp{D^ 0 (5) = 0 {Pi^)^S 

+ 0 ((Pz*)^-i(AT - s) + . . . )^ 

+ + 

_l_ jjs-n l)(iV — s)S 

where (iV — s + n — 1) • • • (A" — s + 1)(A' — s) is an isomorphism of g to itself since 

each factor is invertible by the assumption on s G C. □ 

Note. The isomorphism for s = 0 is the identiflcation (3.8.2). In general, for 
any s G C, is a finitely generated SiV)^ -module of homological dimension 
< 1. {Proof For a large n G Z>o, is an isomorphism due to Lemma above. 

Then one obtains the statement on by induction on z > 0, applying (4.1.5) 

and 3.4 Corollary 1.) 
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One has an embedding -torsions C -^:f^Dersw s ^ 

{exp,} + Z>o and n G Z>q. In the sequel, we study this “generic part” as a 
logarithmic connection along the discriminant Dw 

Let be the one parameter family of connection on Dersw satisfying 

= V5(VPW5')- 

It is a logarithmic flat torsion free connection on the logarithmic tangent bundle 
of Swi i-6- one has (3.5.5), (3.5.6) and (3.5.3) replacing V by In fact 

depends on s only linearly shifting the exponent. Let us consider the dual 
connection: : Dersw x defined on by the rule 

5{6',uj) = + (^', for the natural 5(F)^-pairing (*). 

Lemma. A local analytic 1-form uj on Sw is horizontal w.r.t. (i.e. 

= 0) iff there exists a local analytic function u satisfying i) uo = du (the 
primitivity) , and ii) the system of equations 

(4.3.2) P{Si,S2)u = 0 and Qs{h, ^2)u = 0 for 61,62 eG, 
where 

(4.3.3) P(^i,^2) := 6i62-{6i^62)D-^s^62 

(4.3.4) Qs{ 6 i, 62) := 6iw{62) — w{y' 5^62) — 61 * {N — s)62- 

Proof. We still denote by (•, •) the extension of the natural pairing between 
the module Ders^^ and the module of local analytic 1-forms (which takes 
values in the ring of local analytic functions). We denote by ((•,•)) the pairing 
between Tiw and via (4.3.1) so that {6 ,uj) = {{D^ 0 6,uj)) for 6 e Q. 

The horizontal section uj G of is a closed form, since 

^ dPi A dPj di {dj , u) 

= EUi ^ ((VaVa.-D-"' ® D, a;)) 

+ Y!ij=ldP^^dPi = 0 

where the second line vanishes since V q^SI 0 D is symmetric w.r.t. the 
indices i and j, and the third line vanishes due to the horizontality: = 0 of 

{jj. 

That UJ is horizontal implies is perpendicular to Dersw • So, 

= 5{6',lj) - {{Vs{D^ ® 5 '),lj)) - {6 * 6', 

= 6{6', uj) ~ ((D®+i ®{5* 5') + D^® w)) 

-{{D^ ®{5*5')Md*uj)) 

= 5{5',uj) - D{{D^ ®{6* 6'),uj)) - {Vs, 5, uj) 

= 5{5',uj) - D{S*5',uj) - {^s'S,uj) 

This yields (4.3.3). One obtains (4.3.4) as follows. 

0 = {w{5)Ms"^*^) 

= S'{w{5),uj) - {{Vs'iPiD^ ®5-D^®{Pi* 6)),uj)) 

= 6'{w{6),uj) - {{Vs'{D^-^ ® {N{6) - s5)),uj)) 

= S'{w{S),uj) -((£)* ® (<5' * {N - s)S)),uj)) 

-{{D^-^®{'^s'{N-s)5),uj)). 
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The last term is modified as: D® ^ (8) — s)5) = ^ 0 ((AT — s)'SJ§,S) = 

Pi{D^ 0 ^s'S) - 0 {Pi * y^s'S) = □ 

Remark. 1. One can prove that satisfies the following equations by 

similar calculations as in the proof of the lemma (c.f. [S6,§5]). 

i) P{Si, 62) = 0 for ^ 1,(^2 

(4.3.5) ii) QsiSuh)^-^^ = 0 ioT 61,62 eg 

Hi) {E — {1/h — s)) = 0. 

2. We remark that the equations (4.3.4) includes in particular 

(4.3.6) Qs{6, D) = 6{E - {l/h - s)) for 6 eg. 

3. For each fixed s G C, one may regard (4.3.2) as a family of ordinary differen- 
tial equations in the indeterminate P\ parameterized by Spec(5(y)^’'^) where the 
monodromy is preserved by the deformation on the complement of the bifurcation 
locus in Spec(5(F)'^’'^). 

4.4. The characteristic variety of A4w,s* 

We call (4.3.2) the one-parameter family of system of uniformization equations 
of type W. The system is holonomic since the characteristic variety is the conormal 
bundle of the discriminant. The homogeneity condition iii) is deleted from (4.3.5), 
and the space of local solutions of the system has rank I 1. This gives a quite 
important freedom in a study of the system when 0 is an exponent and there is a 
nilpotent monodromy (see 4.5 Example). We refer to [S-K-K] for terminologies. 

Let Psw be the algebra of polynomial coefficients differential operators on Sw 
{= the enveloping algebra of Ders^ o^^r S{V)^= the algebra generated by Pi 
and dj (1 < i^j < 1) with the commutation relations [di,Pj] = 6j (Kronecker’s 
delta)). Let Psw,<d be the S{V)^ submodule of differential operators of de- 
gree (i.e. the total degree w.r.t. ^ 1 , ■ • • ,di) less or equal than d G Z. Then the 
grVsw •= ^T=o'^Sw,<d/'Dsw, <d-i is a commutative graded algebra isomorphic to 
S{V)^[^i, • • • ,^i] (where stands for the image of di), and is the coordinate ring 
for the cotangent space of Sw 

Let Iw,s ’= T,s^,62GgP{^i^h) + ^]5i,52eaQs(<^i5^2) be the left ideal of T>Sy^ 
generated by P{6i,62) and Qs{6i,62) for ^ 1,^2 G g. Put 

(4.4.1) Mw,s •= Pswl^w,s 

and call it also the one parameter family of the system of uniformization equations 
of type W, confusing with the system (4.3.2). 

The characteristic variety of M.w,s is the subvariety of the cotangent space 
Tsw defined by the ideal a{Xw,s) in '^(P)^[fi5 * ■ ' if,i] generated by the principal 
symbols of all elements of Tw,si where the principal symbol cr(X) for X G T>Sw 
with deg(X) = d is, as usual, defined as the degree d-part of X, associating to d{ 
the commutative variable Recall that a left -module is called holonomic if 
its characteristic variety is a Lagrangian subvariety, and is simple holonomic if all, 
except for the zero section of the cotangent space, of irreducible components of its 
characteristic variety are simple. 

Theorem. For each fixed s e C, the A4w,s 'is a simple regular holonomic 
system, whose characteristic variety is the union of the conormal bundle N*{Dw) 
of the discriminant Dw CL'^d the zero section (0) of the cotangent bundle 
of the multiplicity Z -f 1 . 
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Proof. The conormal bundle N*{Dw) of the Dw is defined as the Zariski 
closure in of the conormal bundle N*{Dw \ Sing{Dw)) of the smooth part 
Dw \ Sing{Dw)^ where the conormal bundle of a smooth subvariety X C Sw is 
the subvariety of Tg^\x consisting of the covectors perpendicular to the subbundle 
Tx of \x at each point of X. Conormal bundle is always a middle dimensional 
subvariety of the cotangent bundle , and is a Lagrangian subvariety. 

For the proof of the theorem, we prepare two lemmas, whose proofs use the fiat 
structure 3.9 on Sw- The first lemma states about the involutivity of the generator 
systems of the ideal Tw,s- 

Lemma. Let P be an element of Xw,s of degree m G Z>q. Then m > 2 and 
there exists elements Rij {ij = 1, • • • , ^ — 1) and Si (i = 1, • • ■ , Z) of T>Sw degrees 
less or equal than m — 2 such that 

(4.4.2) P = RijP{diydj) + SiQs{di). 

Proof. The P( 6 i, 62 ) is a 5(F)^’'^-symmetric bilinear form in 61,82 ^ G and 
P{D, (5) — 0 due to 3.9 Theorem I.l, 1.2 and 1.3. Put 

(4.3.4) * Qs{6) := Qs{D, 6 ) = Dw{ 6 ) - {N - s) 6 . 

Then, by a use of 2) in the proof of 3.9 Theorem, the bilinear operator Qs(^i 5 <^ 2 ) 
is reduced to a single variable operator Qs((5 * (^ 2 ) : 

(4.3.4) * * Qs{ 6 u 62 ) = Qs{ 6 i * 62 ) + PiP(^i, ^ 2 ) - P{ 6 uPi * ^ 2 ). 

Due to the symmetric 5(F) ^’^-bilinearities of P(^i, ^ 2 ) and the reduction (4.3.4)**, 
the ideal Tw,s is generated by P{di,dj) {l<i<j<l — 1) and Qs{di) (1 < i < 
1). We show that the generator system is involutive: the symbol ideal a{Tw,s) is 
generated by the symbols of them. 

For a P G Tw,s-> l^f P ~ j<r j<'i—i Pg P(Sj, dj) + an 

expression. Consider the maximal degree of the coefficients of the expression: d := 
max{deg(Pij)(l < i < j < I - l),deg(5i)(l <i< 1)}. Of course deg(P) < d -f 2. 
We want to show that if d + 2 > deg(P), then there exists a new expression for P 
such that the maximal degree d' of the new coefficients is strictly less than d. For 
the purpose, we consider two relations among the generators of the ideal Xwy- 

*) SP{ 6 \ d") - d'P(d, d") -h D (P(d, d' * d") - P(d', d * d")) 

pP{ 6 ,\fs'S")-P{d\^sn= 0 , 

**) 6 Qs{ 6 ') ~ DQs {6 * d') - 

~EP{ 6 , d') - 6 P{Pi * D, d') + DP{Pi * D, d * d') 
-P([Pz*P,d],d')-P(d,\7p,.D^') 

+P(d, {N + s- l)d') + P{Pi * D, SfsS') = 0 

for d, 6 ', 6 " e G- The proof of them is easily reduced to 3.9 Theorem. 

We return to an expression (4.4.2) of an element P of the ideal If d := 

max{deg(Pij), deg(5i)} > deg(P) — 2, then one has 

El7=i Od{Rij)a{P{di, dj)) + Y,\=i (^d{Si)a{Qs{di)) = 0, 

where (Jd{X) means the homogeneous of degree d part of X G X>Sw,<d' Subtracting 
a suitable linear combination of the above elements *) and **), we obtain new coeffi- 
cients pc and 5- such that (Jd{R'ij) = and cTd{Sl) = for rij,Si G S{V)^ . 

The new symbols satisfy the relation ^i)) + Si=i ^iO'{Qs{di)) = 0. 
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Because of the algebraic independence of this implies Vij = = 0. So, 

(Td{Rij) = cTd(5|) = 0 , i.e. the degrees of and are less than d. □ 

Corollary. The symbol ideal a{Xw,s) is generated by principal symbols: 

C4 4^'i <^iP(di,dj)) = Cilj 

a{Qs{di)) = ^D{mi-Pi*^i) {l<i<l), 

where the ^-product on is defined by the identification di € G, and we put 
■= This induces a SiV)^ -algebra isomorphism: 

(4-4.4) g ~ OchiMw,s)n{^D==i} 

The next lemma determines the symbol ideal geometrically. 

Lemma. Let (Ci, • • * 56 ) and T{N* (Dw)) be ideals in defin- 

ing the zero section of the cotangent bundle T|^ and the conormal bundle of the 
discriminant, respectively. Then one has: 

(4.4.5) I{N*{Dw)) n ($ 1 , • • ■ = <y{Pw,s) . 

Proof. We first show the inclusion D. Clearly, cr(P(^i,^ 2 )) and cr(Q 5 (^)) be- 
long to (^ 1 , • • • , (see (4.4.3)). To show that the symbols vanish on the conormal 
bundle N*{Dw)^ h is sufficient to show 

Ji(A) (52(A) - (^1 * ^ 2 )(A) P(A), m^) - Pi * 5(A) e (A) 

for 5i, ^ 2 , 5 G since the conormal vectors at the smooth points of the discriminant 
are given by constant multiple of the differential dA = Yl^diAdPi. The second 
formula is obvious since the difference Pi5 — Pi * S = w{S) is a logarithmic vector 
field (c.f. (3.4.4) and (3.1.1)). 

The first formula: it is enough to show the formula for 5i = 5 G ^ and 62 = 
Su := VoIidU) for U G S{V)^^. Recalling (3.6.5), one has 

26u{A) = 2{VDl{dU),dA) = DI{dU,dA) - I{D, [I{dU),I{dA)]). 

Recall (3.7.1) whose first term is the ^-product and second term belongs to 
Per 5 p^(— log( A). Therefore, using the formula (3.6.5) again, one has 

2(5 * 5t/)(A) mod (A) = 2 {V 5 Vp^5c/, dA) 

= 2{VsI{dU),dA) 

= SlidU, dA) - 1(5, [I{dU ) , J(dA)l ) . 

25(A) Su{A) - 2(5 * Su){A) D{A) mod (A) 

= 5(A) {DI{dU, dA) - I{D, [I{dU), I{dA)])) 

+ D{A) {SI{dU, dA) - 1(5, [I(dU), /(dA)])) 

= XI(dU, dA) - I(X, [I(dU), /(dA)])) 

where X := 5(A)D — D(A)5. By definition, XA = 0 and hence X is a logarithmic 
vector field. Then, each of the last two terms is zero modulo the ideal (A) as follows. 

The first term: using / (3.1.3), one has I(dU,dA) G (A) and then X(A) = (A). 
The second term: put X = I(uj) for some uj = Yl\=i FidPi € (3.1.3). Then 

P(X, [I(dU),I(dA)]) = {[I(dU),I(dA)],uj) 

= j:LiMi{du),iidA)],dPi) 

= Ei=i Pi {IidU){I{dA, dPi)) - I{dA, I{dU, dPi))) . 

Using (3.1.3), one checks that each term belongs to the ideal (A). 
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Let US prove now the opposite inclusion: any homogeneous element X of degree 
d > 2 w.r.t.(^) in the LHS of (4.4.3) belongs to the RHS. First, by a successive 
application of the first relations of (4.4.3), we may reduce X to such element that 
any monomial in ^i, • • ■ contains (at least) d — 1th power of ^d. So, put X = 
y is a hnear form in (^). If the coefficients of the linear form Y 
contains the variable then by successive applications of the second relations of 
(4.4.3), we may reduce that the coefficients of Y belongs to 5(F)^’'^. So, X = 
for Y = a(S) with S e Q. The fact X G I(N^^) means (D(A))^-^S(A) G 
(A). Since B(A) is coprime to the discriminant A, this implies ^(A) G (A). This 
is possible only when <5 = 0 due to the splitting (3.4.1) (c.f. (3.4.3)). These end the 
proof of Lemma. □ 

As a consequence, one has an exact sequence: 

0 0{Ts^) 0 Osw 9r(Mw,s) On*{Dw) 0 - 

These complete a proof of Theorem. □ 



Remark. The conormal bundle N*{Dw)\{'Z‘Gto section of T|^} is smooth. 



4.5. Duality between the solutions Sol{Mw,s) sind Sol{Mw,-s)» 

We consider the solution sheaf Sol(Mw,s) ’= ^xt^^^{Mw,siOsw)- 
Theorem in the previous subsection, its restriction to Sw \ Bw is a local system 
of rank I + 1 containing the constant function sheaf. The exterior differentiation 
induces an exact sequence at each x € Sw\ Bw 
(4.5.1) 0 -» Csw,x Sol{Mw,s)x '^Sw,x 0- 

Assertion 1. One has the following splitting of the local system: 



(4.5.2) 



Sol{Mw,s) 



Csw ^ ^ol{Mw,s) if 1 /h-s^O 
0 5 o^(A 4 w,s) if l//i — s = 0. 



where Mw,s *•= Mw,s/'Bswi^~i^/^~s)) is the equation for(^^ (recall (4.3.5)^ 
and X is a solution of the equation M.w,s EX = 1. 

Proof. Let tt be a (local) solution of Mw,s> In view of (4.3.6) one has {E — 
{l/h — s))u = c for c G C. li 1/h — s ^ 0, then put u' := u c/{l/h — s) and one 
has {E — {l/h — s))u' = 0. That is: u' G Sol{Aiw,s)- If l/h — s = 0, then one 
always has a solution with c / 0. □ 



Remark. The same proof of (4.4.5) shows the formula: 

I{N*{Bw)) = {(j{P{dudj)),a{w{di)) (1 < i, j < 1)) = a{X{Mw.s)\ 



Example. We illustrate the difference of Mw,s and Mw,s by the example of 
type Ai. Since I = 1, S{V)^ is generated by a single element P\ := with 
I{dPi,dPi) = 2Pi. Put z := Pi and B = £. Then, 

- (5 - s))w = 0 and Ma^,s : (z£ - (5 - «))« = 0. 



Therefore, the solutions are given by 

'' czi~^+d (c, (iGC) for s 7^ |, 

c log(z) d-d (c, d G C) for s = |, 

c zi~^ (c G C) for s 7^ i, 

c 27 T\/^ (c G C) for 5 = |. 



SoI{Mai,s) • u ■■ 
SoI{Mai,s) ‘ u ■■ 
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Remark. We shall see (5.3 Example) that the non-constant solution A of 
in (4.5.2) for type Ai is given by the indefinite integral of the primitive form ~ 
of type Ai and the constant solution 27T\/^ of Mw,s is its period (a similar 
description by a use of p-function holds for type A 3 , and presumably for type D^). 
We introduced the system Mw,s in order to include such log- type function A (=an 
indefinite integral of a primitive form) in the construction of the period map. The 
relationship between A and its period goes much deeper. E.g. the transcendentality 
of is shown by a use exponential function = the inverse of log function for 

type Ai. How about the p-functions for types A 3 and D^l 

Assertion 2. One has a left V -homomorphism: 

(4.5.3) A4w,s 

by the right multiplication of D. It induces a homomorphism: 

(4.5.4) D : Sol{Mw,s) Sol{Mw,s+i)^ 

The kernel of this homomorphism is a vector subspace spanned by the flat coordi- 
nates of degree s and by the constant function . 

Proof. In order to show the well definedness of (4.5.3) and (4.5.4), it is suffi- 
cient to prove the relations: 

P{5u62)D = DP{6u52), 

Qs+l{dl,S2)D = DQs{Si^S2)^ 

The verifications are left to the reader. The kernel of (4.5.4) is given by solutions 
of the system of the equations (4.3.3), (4.3.4)* and D. It is easy to see that the 
system is reduced to the system of equations: 

(^ 1^2 — ^^ 1 ^ 2 )^ = 0, {{N — s)5)u = 0 and Du = 0. 

This is the equation for a fiat coordinate of degree s (if s 7 ^ 0). □ 

Assertion 3. The polarization I E Dersw ® (3.4.8) induces a pairing 

between the two solution systems for s and —s: 

/ . K I ‘ Sol{Mw,s)/Csw X Sol{Mw-s)/Csw ^Sw 

du X dv ^ I{du^dv) = Yl\=i 

which is nondegenerate at every point of Sw \ Dw . One has: 

(4.5.6) I{dDu, dv) = -I{du, dDv) 

for u E Sol{Mw,s-i) cind v E Sol{Mw,-s)- 
Proof. Combining the homomorphism (4.3.1) , one obtains 
I, = (/?(") (g)(^(-")(/) = 0(^(")(/). 

Then the horizontality of Is (4.2.3) implies further 

0 V^-^\l) = 0 V^^\l) = 0 . 

This implies the value I{du^dv) is a constant and (4.5.5) is defined. Recall that 
det(J(dPi, dPj)) = A (3.1.5) so that I is nondegenerate on Sw\Dw So, the exact 
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sequence (4.5.1) implies the nondegeneracy of the pairing (4.5.5). We show (4.5.6) 
by recalling (4.3.4)* and (3.9.6): 

I{du,dDv) = • 'w{6*)Dv = ' ((-^ + s - l)6*)v 

= E‘i=i{{N + s - ■ <5*^; = - ■ S*v 

= - ELi w{^i)Du ■ 6*v = -I{dDu, dv). □ 

Remark. The nondeneracy does not hold for the pairing on Sol{M.w,s) x 
Sol{Mw,-s) when s e {exponents} — Z>o due to the splitting (4.5.2). 

We are interested in the case when the application 

: Sol{Mw,s) ^ Sol{M VF,s+n) 

for n G Z>o and s G C brings a solution space to its dual space, that is the case 
— s = s + n, since then we obtain a bilinear form: 

f4 5 7) ^ *^^^(*'^ VF,s)/^<S'vt^ X Sol(^.Ad.\Y,s^ I^Sw ^ 

duxdv i-> I{du,dD^v). 

So, s = — § G |Z<o. According to the parity of n, there are two cases: 

Case i)5 = 0,— 1,— 2,--*. In this case (4.5.7) is a nondegenerate symmetric bi- 
linear form as follows: applying the operator D, one has a sequence of isomorphism 
(for {exponentsjnZ = 0) of the local systems: 

. • . ^ SoI(Mw,-2)/Cs^ ^ Sol{Mw,-i)/Cs^ ^ Sol{Mw,o)/Cs^ 

— ^ Sol{Mw,l)/^Sw SoI{Mw,2)/Csw — > • • • 

which is equi variant with the inner product (4.5.7) (up to sign). One has the 
isomorphism: Sol{Mw,o)/Csyy Sol{Mw,o) - Vq where (4.5.7) is identified 
with^e Killing form I on V. For any covector A G Vc, let := D'^X G 

Sol{Mw,n)/Cs^ forn G Zsothat/(A(^),y(^)) = /^(X^^), Y^-^)) = (-l)^J(X, Y) 
for X, Y G Vc- In fact, these spaces are identified with the middle homology group 
Case ii) s = — 1/2, — 3/2, — 5/2, • • • . In this case (4.5.7) is a skew-symmetric 
bilinear form which may degenerate as follows: applying the operator D, one has a 
sequence of homomorphism of the local systems: 

• • • Sol{M^r_^)/Csw Sol{My^__^)/Csw Sol{Myy_k)/Csw 

which is equivariant with the inner product (4.5.7) (up to sign). The homomor- 
phisms are isomorphic except at the middle step: 

The rank of the kernel of this step is equal to the multiplicity of exponent | due 
to Assertion 2. So, it is non-degenerate iff | ^ {mi, • • • ,m/}. Recall 2.8 Remark 
i) a criterion for this condition in terms of the Coxeter graph. We shall investigate 
these cases more in details in §6. 

Fix a base point, say *, of the universal covering space {Sw,c \ Dw,c)'^ and 
branches at * of the functions in Sol(A4w,s)- Then the analytic continuation of the 
evaluation homomorphism induces a map 

(4.5.8) (Sw,c\Dw,cr Homc(5o/(Xfw,.).,C) 
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which we shall call the period map of type W and weight s. By choosing a basis 
ui,‘ ' • ,ui and 1 of Sol{Mw,s)j the period map is given by the Z-tuple (tii, • • • ,ui) 
of functions and the Jacobian is calculated by 

(4.5.9) for some c € C \ {0}. 



5. Period integrals for primitive forms 

The connection for s = n/2 (n G Z>o) is realized as the Gauss-Manin 
connection for a universal unfolding of a simple singularity of dimension n if TT is 
a Weyl group of a Lie algebra. Then the solutions of the uniformization equation 
are realized by the period integrals of the primitive form of the unfolding. 
Thus the period map is defined. 



5.1. Universal unfoldings of simple singularities. 

We recall briefiy the description of universal unfoldings of simple singularities 
due to Brieskorn [Brl] (see [SI] for non-simply-laced cases). 

A simply-laced simple singularity of dimension n (n G Z>i) is the singular point 
of a hypersurface of dimension n defined by the equation (5.1.1) in coordinates 
{x^y^ zz, ' ■ ■ ,Zn+i). The type, in LHS of Table, is given by the dual graph T of 
the exceptional divisors of the minimal resolution of the singularity for n = 2 (c.f. 
2.4). We note that the equation is a weighted homogeneous polynomial of weight 
(tOa,, : 1) for suitable weights Wx^Wy G Q>o for x and y such that 

Wx+Wy=5 + i 





a;'+^ 


- 


2/^ 


+ 


Z3 + • 




Dr. 




- 


xy'^ 


+ 


+ • 


■ + ^n+l 


Er- 




+ 




+ 


4 + ’ 


• + ^n+1 


Er. 


x^y 


+ 




+ 


4 + * 


• + ^n+1 


Eg : 




+ 




+ 


4 + ‘ 


■ + ^n+1 



Let G be a group acting linearly on the two variables x, y such that the G- action 
leaves the equation for a simple singularity (5.1.1) invariant and the induced G- 
action on the dual graph T is faithful. The simple singularity with the G-action is 
called a simple singularity of non simply-laced type T/G, where T/G is given in the 
next table ([Ar2][Sl]). 



T/G 


r 


G 


The action of a generator of G 


Bi 


Mi-i 


TL/TL 


{x,y) {-x,y) 


Cl 


A+i 


'L/2Z 


: {x, y) ^ (x, -y) 


F 4 


Eq 


Z/2Z 


: {x,y)^{-x,y) 


G 2 


D 4 


Z/3Z 


: {x,y)^\{x^-y,-ix + y) 



Let 0, and W be a simple Lie algebra over C, a Cartan subalgebra of g and 
its Weyl group, respectively. The ring of invariant polynomials on q 

by the adjoint group action is isomorphic to 5(1)*)'^ (Chevalley), and one obtains 
the flat adjoint quotient morphism: g — > ^//W ~ Swy whose fiber over 0 is the 
nilpotent variety N{g) of g. For a subregular element x G N{g), consider an affine 
subspace X of g which is transversal at x to the adjoint group orbit of x in g (e.g. 
put X := X + 3g(2/) where y ^ N such that {x, y, [x, y]) form a sl 2 triplet). 
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Theorem. (Brieskom [Brl][Sl]j Let ip 2 : X Sw be the restriction of the 
adjoint quotient map to the slice X as defined above. Then the fiber Xq ^^^(0) 
is the corresponding simple singularity of dimension n = 2 and if 2 is its semi- 
universal unfolding. If q is of a non- simply-laced type, then there is a G-action on 
X such that (f 2 is G-invariant and the G-action on Xq defines the singularity of 
non- simply-laced type. 

We collect some facts on the universal unfolding (p 2 : X ^ Sw, which we shall 
use in 5.2 as a building (or supporting) data for a primitive form. Their proofs are 
either referred to or easy and omitted. 

i) The (p 2 is a weighted homogeneous polynomial map of the weights 
5 '^y 5 1 / 2 , d\ j h, ’ ' ’ , di—\ I h . di j h, ’ ’ ‘ , di j h) (see 2. 5 for di, [Brlj^. 

ii) The composition ttw o T2 'with ttw (3.2.7) is a submersion. Hence the fiber 
product Z := X Xspec(S(f)*)w-r) Sw — x Sw 'Is a smooth affine variety with 
projections p : Z Sw Q>nd ttw : Z X. We realize X as a hypersurface in Z: 
define ^ 2 ( 0 :, y, zg, Pi, • • -,Pz) ;= Pi op- PiOip 2 onw- 

Then, a) ttw identifies the hypersurface {F 2 = 0} in Z with X. 

b) (p 2 is given by the restriction of the projection p:Z —^Sw io X. 
hi) Let Oc := Oz / {F 2 ,dxF 2 ,dyF 2 ,dz^F 2 ) be the ring of polynomial functions 
on the critical set C of (p 2 . Then, 6 SF 2 \c induces a SiV)^''^ -isomorphism: 
Q c:± Oc (— Oq for non- simply-laced case). 

iv) Put r := Wx Wy {n — l)^ = i + f ^ niax{di//i — dj/h | i,j = 
1, • • • ,1} = deg{Pi) — deg(Pi). Then one has [SI]; 2r + s = n + 1 (duality) and 
s < 1 (a characterization of a simple singularity). 

5.2. The primitive form 

We introduce the primitive form attached to the universal unfolding of a simple 
singularity. By a use of the covariant differentiation of the primitive form, the 
module of relative abelian differentials of the family is identified with the module 
of vector fields on Sw> This identifies the flat structure studied in §3 with that 
defined by the primitive form[S5-7]. 

Let n G Z>i. Consider a weighted homogeneous polynomial 

(5.2.1) Fji{x,y , z^, ' ‘ ' , Zyi-j-i , Pi , • • • ,P{) 

of total degree 1 defined on the space Zn := C^~^^xSw with the weight {wx^ Wy, 1/2, 

• • • , 1/2, di/h, • • • ,di/h). We call Pn a universal unfolding of a simple singularity 
of dimension n, if it satisfies the i), ii) and hi): 

i) The restriction Fn |pi=...=Pi=o is a polynomial given in (5.1.1). 

ii) Put Oc„ ■■= Ozj{Fn,dxFn, dyFn,dz^Fn, Then, one has a 
isomorphism: Q Ocn by fbe correspondence 6 SFn |cn- 

iii) The constant factor of Fn is normalized to: -^Fn = 1. 

Under the data i), ii) and iii), the universal unfolding morphism 

(5.2.2) (fn : Xn — ^ Sw 

is defined by the restriction (pn •= Pn\Xn of the projection pn : Zn -^Sw to the 
hypersurface Xn ’= {Pn = 0} U Zn- The pn defines a flat family of n-dim. affine 
variety parameterized by Swi where the 0-fiber Xq -= 

p~^(0) is the simple singularity of dimension n. It is well-known (Milnor) that 
over the complement of the discriminant Sw \ L)wi Tn defines a locally trivial 
fibration whose fiber, called a Milnor fiber, is homotopic to a bouquet of Lcopies 
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of n-dimensional spheres. In case of non- simply-laced type, the G-action (5.1.2) 
extends to leaving Fn invariant such that the map in ii) induces Q ~ . So, 

cpn is G-invariant. 

Introduce the module of Abelian differentials of deg n relative to (fn- 

(5.2.3) := A dPi A ■ ■ ■ A dPi A dQPfJ 

where is the module of polynomial coefficient p- forms on Zn- In fact, an 
element uo G defines a n-form (modulo closed forms) 

(5.2.4) RestM := 

on each fiber Xt := ^n^{t) for t = {tir ” ffl) ^ Sw,Ci and hence the de-Rham 
cohomology class Rest [a;] ^ pa,§4] for a definition of the residue 

symbol Res). So, we denote uj also by Res[ct;]. 

Remark. A justification to call 'Hp^ the module of abelian differentials is the 
following fact (which is an easy result of a study on the family pi, but, since we 
shall not use it, we do not give a proof of it) for the case n = 1 when the Milnor 
fiber Xt is a punctured curve. 

Fact. Let Cir " ?0 homogeneous SiV)^ -free basis ofHp^ such that deg(Ci) = 
— I + ^ (i = !,••• Then Rest[Ci] for 0 < < | form basis of abelian 

differential of the first kind on Xt, Rest[Cz] for ^ < mi < h form basis of abelian 
differential of the second kind on Xt, ond Rest[0] for mi = ^ form basis of abelian 
differential of the third kind having poles on the punctures on Xt . 



We recall some structures a)-f) equipped on the module as a lattice in 
, D~^]) (see [S7,§2(2.6.2)] for details and proofs). 

a) The SiV)^ -module structure on Hp^ free of rank 1. 

b) A decreasing filtration: TC^pl D ^ D • • • by free 

5(y) ^-modules of rank I (which we call the Hodge filtration). 

c) the Gauss- Manin connection: V : Ders^ x such 

that Vd • S'(V') ^’^-isomorphism. 

d) The S{V)^''^[D~^]-module structure on Tip^ by putting D~^ := 

so that one has {k e Z>o). 

e) The identification of graded pieces of the filtration with the module 
of K abler differentials of degree n + 1 on Xn relative to (pn : 

f) The higher residue pairing: 

Kpn = J2Zo X '^fI 5'(f)*)'^''^[i:)-i] , 

which is a 5(F)'^’^[Z?~’^]-sesqui-linear form compatible (in a suitable 
sense) with a)-e), whose leading term is given by the residue pairing: 



X^p^{ijJi^uj 2 ) = Res[ 



uJi'{^2/dPiA---AdPiAdxAdyAdzsA---AdzT 



da^Fn, dyFr,, d^^Fr, 



a.. 






inducing a perfect selfdual-pairing on the piece Tt 






We now consider the most basic element among all Abelian differentials: 



(5.2.5) Cfu •= Res[dPi A • • • A dPi Adx Ady A dz^ A • • • A dzn+i], 
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which is the element in of lowest degree. Using notation 5.1 iv), 

*) deg(CF„) = ELi t+Wx + Wy + ^-1- E!=i f = ^ - 1 = K + 

Denote by CiT^^ •= element shifted A:-times by D~^. Under 

these setting and notation, we have theorems ([S5-7]). 

Theorem. The element Qpn ^ primitive form for the family F^. 

Proof. This means that (pu satisfies the following properties 0)-iv). 

0) One has the bijection: Q 6 i— > 

1) is homogeneous: Vp = (r - 1) 

ii) Orthogonality: = 0 for ^,5 G 5 and k>l, 

iii) = 0 for G a and A: > 2. 

iv) = 0 for 5,6' eG and k>2. 

Let us brie% veryfy the conditions. The 0) follows directly from the next formula 
of covariant differentiation of (p^, and i) follows from *). 

**) = Res[ 5Fn dPi A • • • A dPi Adx Ady A dzs A • • • dzn+i]- 

The remaining ii), iii) and iv) are verified by degree check as follows. 

One has deg{K^p^) = —n—l—k and deg(C^^) = r. One may assume 6, 6', 5" G G 
is ^ (i = 1, • • -,l). Then deg(V 5 Vp^) = degPf -degP^ < s. Recalling the duality 
2r + s = n + 1 and the characterization s < 1 (see 5.1 iv)), and taking the range of 
k in account, one calculate^ 

deg(ifW(v^ciy\v5<^y))) 

< (^ — fi _ 1 _ 5 

< - 1 - A:) + (2s + r) + (s + r) = 2s - A: < 0, 
degiK^AiPi^sC'fA 

< {-n - l-A:) + (l + s + r) + (s + r) = s + l- A:<0. 

The negativity of degrees implies that these elements are zero. □ 

Let us state some immediate consequences of Theorem. 

The 0) and ii) of the condition for a primitive form implies that one has a 
S (U)^’^ [P~^]-module isomorphism: 

(5.2.6) a ® Z[L>-1] ~ 

defined by the correspondence Ei>o ® Ei>o 

Note. The formula (5.2.6) implies that the choice of a primitive form defines 
a splitting of the Hodge filtration (in the sense in b)) into an orthogonal sum of 
graded pieces g 0 D~^ TCpJ^^ j Tip In analogy with the classical Hodge 
theory, where a choice of a Kahler metric defines an orthogonal splitting of the 
Hodge filtration, we may call (5.2.6) a Hodge decomposition. Note that we have 
not yet discussed on the S{V)^ - and Dersw~ module structures on the modules 
in (5.2.6). 

The iii) and iv) implies that the multiplication of Pi and the covariant differ- 
entiation by an element ^ G 5 in the RHS of (5.2.6) is given by two terms in the 
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LHS. Let US write down explicitly the actions: 

(5.2.7) Pi{D-^ ®5)= £»-*= ® {Pi 5) + D~^~^ ® {Nn{5) + kd), 

(5.2.8) (£>-*=-! ® 62 ) = £>-'= ® (<5i S 2 ) + ® Vn 5 , 62 - 

where : 0 x ^ g is a S(y)^-'"-bilinear map, iV„ : g ^ 0 is a 5(V)’^’’‘- 
endomorphism and Vn : g x g — > g is a covariant differentiation over . 

1. The ^n-pToduct is induced from the ring structure in Oc^- 

(5.2.9) (^1 h)Fn = hFn ‘ hF,, in Oc^ 



using the identification Q Oc ^ . 

2. Using the identification: Q the flat metric J is given by the first 

residue pairing That is: for 61,62 G G, one has 



(5.2.10) 



J{ 6 i, 62 ) = c- Res[^ 



SlFn S2Fn CFn 






3. The intersection form on the homology group Hn{Xt,Z) of a Milnor fiber 
Xt is now calculated by the flat metric (i.e. the residue pairing) and by the period 
of primitive forms: 



(5.2.11) 



( 7 > 7 ') = ^^ 






where (5i, • • • ,61 and 6 ^*,- ■ , 6 ^* are S{V)^^^ -dual basis ofQ w.r.t. the inner prod- 
uct Jf^ [S6 §3]. 

4. Let W be the Weyl group of the Lie algebra g corresponding to the simple 
singularity Fn- The identification of the primitive form (pn l^he ~ 

D in Hw 4-^ induces an isomorphism 



(5.2.12) 



H 



(fc) 



^ ry{k-n/2) 



compatible with the structures a)-f) up to the shift by In particular, one has 
*n = *; iVn = iV + I and = V- 

We first show the result for n = 2, where Brieskorn [Brl] has identified the 
intersection form on H 2 {Xt,Z) with the Killing form (up to a constant) of the 
corresponding Lie algebra g. For general n, the result is reduced to an unpublished 
result [S5,§5-6]: Let Fn + + ^n +3 — ^n+ 2 - The correspondence uj G 

Vr)(a; A dzn +2 A dzn-\~^) G for k < —1 and n > 1 defines a bijection: p : 

~ which is compatible with the structures i)-iv) and p(Cj^^) = Cf^+ 2 ^* 



Remark, Another direct proof of the theorem for n = 1 without using the 
result of [S5] may conjecturely be given by the following approach. 

Let 0 be a semi-simple algebra over C. Let 0 be an involution of g inducing 
the eigenspace decomposition g = € 4- p. The restriction of the adjoint quotient 
morphism to the subspace p induces a flat morphism whose fiber over 0 is the 
nilpotent variety N{p) (c.f. [K-R]). Then one wants to study again the restriction 
of the morphism on the subspace jt of p which is transversal to singularity of 
A^(p). This was studied in details by Sekiguchi [Se], whose result is not so simple 
as in Brieskorn’s theorem. One reason is that N{p) may no longer be irreducible, 
and the other reason is that the singularity N{p)sing may not be irreducible and 
each component may have different codimension in AT(p). Nevertheless, we expect 
Brieskorn type theorem for the real split case as follows. 
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Conjecture: if 9 is the involution associated to a real split form of q, then the 
restriction of the adjoint quotient morphism to a transversal slice at a point of a 
subregular nilpotent orbit in N{p) gives a real form of the universal unfolding of a 
simple singularity of dimension 1. 

5.3. Period integral and period map. 

As a consequence of 5.1 and 5.2, we can express the solutions of the equation 
•^w,-n/2 for n G Z>o by the integrals of the primitive form for the family ipn> 
Namely, let 7(t) be a horizontal section where t runs in the universal 

covering {Sw,c\Dw)'" • Then the integral /^^^^Rest[C^^^] as a function on {Sw,c\ 
J9iv)'^isasolutionofAt^,fc_^/2for (5/^^^^Rest[c]r^^] = 4(^)V5Rest[Cj.t^] {5eDersy^). 
We regard Rest[<^|?^] defines further, at each point t, a linear functional on the 
flat tangent vector space (5 G 0!j_ i->(5 Rest[Cp^^]. This defines the period 

map t G {Sw,c\Dw)'^ ^ ^ Hom(R’^(^n*(Z^), 0+c). Applying D on 

O, we obtain the projection to the first factor Hom(R^(^n*(Zx), C). 

A description of the period map for n = 2 is achieved by [Brl][Lo] and [Y]. 
Namely, the simultaneous resolution of the family X 2 — ^ Sw is constructed 

in terms of Lie theory in [Brl], where the Kostant-Kirillov form on the (co-)adjoint 
orbit is identified with the primitive form [Y]. This implies that J) is the period 
domain and the inverse to the period map is nothing but the quotient morphism 
^ » \)jW Sw- (For details, see the references. For an analytic treatment, see 

[Lo]). 

We describe now the period map and its inverse for n = 1 of type Ai,A2,A3 
or B 2 (where the projection to the first factor suffices). The types A± and A2 are 
classical. The type As is taken from [S2], and B 2 is a consequence of A3 (which 
recover the classical well-known results). 

Example. 1. Ai : F := xy — t. The primitive form is given by the differential Q = dx/x. 
The base 7 G Z) is invariant (under the monodromy action) and the period integral 

fyC = 27 Ty/^ is a constant independent of t. The indefinite integral u = f^( and 1 form 
basis of Sol{A 4 j^^ _i). The period domain of u is the plane C with the translation action 
by 27 Tv/^Z. The inverse map is given by the exponential function t — exp(ii). 

2. A2 : F := y^ — {Ax^ — g2X — gs) with A^2 = g 3 ~ ^g2- The primitive form is 

given by the elliptic integral of the first kind C = dxj^Ax"^ - g2X — gs. The Milnor fiber 
Xg is a punctured (at 00) elliptic curve. The integrals Ui = f^ ( (i = 1 , 2 ) over (oriented) 
basis 71,72 G Hi{Xg, Z) and 1 give basis of Sol{Aij^^ _i). The period domain of (161,1x2) 
is ii := {{ui,U2) G | ^(1x1/162) > 0 } with the modular group F(A2) = SL( 2 , Z) 
action. The inverse map ft — ^ Sa2 \ Da2 to the period map is given by p2 := 60^4(161, 162) 
and gs := 140 £' 6 (ixi, 1x2) where E2i := S(m,n)ez2\{(o,o)}(™i + mi62)“^* is the elliptic 
Eisenstein series. The discriminant given by , generates the ideal of cusp 

forms, where t]{t) = exp( 27 rv^^r/ 24 )n^i(l-g’^) is the Dedekind r^-function, r = 1x1/162 
and q = exp( 27 T\/^r)). 

3 . As : F := — {t^ -\-X2t^ +X3tFx4) . The primitive form is given by the hyperelliptic 

integral of the lowest degree C = dt/yjt^ + X2B + X3t + X4- The Milnor fiber Xx is a two 
distinct punctured elliptic curve. Let 71,72 and 7 be the basis of E\(Xx,Tj) such that 
71 , 72 form (oriented) basis of the first homology group of the compactified elliptic curve 
and 7 is the (monodromy) invariant cycle presented by a closed path in Xt turning once 
around one of the punctures. Then the integrals (i = 1 , 2 ) are the periods on Xx 
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but C is realized by an integral over an interval connecting the two punctures on Xx- 
In order to get a description of the third integral and the inverse map, we proceed the 
following reduction to A2 [S2, Theorem]: regarding the polynomial + X2t^ + xst + X4 as 
a binary quartic form, the invariants of weight 4 and 6 are given by L{x) := 16x4 + ^X2 
and — |M(x) := — ^xi — 4 x 1 + ^X2a:4. The two punctures on the elliptic curve Xx 
correspond to the two points p(x) := {z = — |x2,to = 2x3) and 00 on the elhptic curve 
— L{x)z 4- |M(x). The correspondence x € 5^3 (pfe)?p2 = I/(x),^3 = 
— |M(x)) gives a biregular morphism from Sas to the total space of Weierstrass family 
of (affine) elliptic curves: = 4 z^ — Q2Z — gs such that Aa 3= — Consider the 

associated elliptic integrals: . 

Ui = dz/ ^JAz^ — Lz + |M (i = 1 , 2 ) & v = dz/ ^\z^ — Lz 1 

Theorem. ([S 2 , Theorem]) 

1 . The v,uiyU2 and 1 form basis of 

2 . The period domain of (v,ui,U2) and the modular group are given by 

B{A^) = {(u,tii,U2) € I ^{ui/u2) > 0 , u / mui +nu2Vm,n € Z}, 

r(^3) = SL( 2 ,Z) |x Z^ 

3 . The inverse map B(As) — > Sas \ Das is given by the following system: 

— |x2 = p{v,ui,U2) = 4- — mui — nm2)“^ — (nui + mu2)'~^}, 

-X 3 = —^p'{v,ui,U2) = v~^ {v - mui — nm2)'~^ , 

L = 16x4 4 - fici = 60 E 4 {ui^U 2 ). 

4 , B2 : F := s^ — + X2t^ 4 - X4). This is a subfamily of As fixed by the Z/ 2 -action 

(s,t) {s,—t) with Ab 2 = X4(x4 — 3^2/4). The cycles vanishing along X4 = 0 defines 

the short root and the cycles vanishing along X4 — x| /4 = 0 defines the long root of type 
B2, respectively. The primitive form is given by the classical Legendre- Jacobi form of 
elliptic integral dt/y/t^ + X2t^ + X4. Let us use the same reduction and notation as in the 
previous example As. Because of the Z2-symmetry, the difference, in the elliptic curve, 
of the two punctures on Xx is a two-torsion element, and, hence, the point p(x) in the 
elliptic curve = 4 z^ — g2Z — gs is a branching point of the double cover to the 2:-plane 
(i.e. — |x2 is a solution of the cubic equation 4 z^ — g2Z — gs = 0 ). Then we can choose 
a base 71 of the homology group such that 2 v = Ui. As immediate consequences of this 
description, we obtain: 



Theorem. 1. The ui,U 2 and 1 form basis of Sol _i). 

2. The period domain and the modular group acting on it are given by 



B{B2) 

V{B2) 



■■ {{v,Ul,U 2 ) e B{Az) \ 2v = Ml} ~ {(ui,tt 2 ) € I ^{Ui/U 2 ) > 0}, 
: ro(2) ^ G SL(2, Z) I b s 0 mod 2}. 



3. The inverse map B{B 2 ) 832 X ^32 is given by the following system: 

— |x 2 = p(|ui, ui, U 2 ) and 16x4 + fxl = 60£^4('iii, tt 2 ). 

4 . There are two orbits of cusps on the boundary ofB{B 2 ). Each factor xa — 

^(20£?4 ('Ui, W 2 ) — p^(|ui,ui,U 2 )) and 4x4 — xl = 15jEJ4(iii, U 2 ) — 3p^(|ui, ui, U 2 ) of the 
discriminant vanishes on each orbit of cusps, respectively, but vanishes nowhere on the 
period domain. Therefore, the factor is (up to a constant factor) given by and 

_ 2^77(2r)^tt2 respectively, and the discriminant Ab 2 = X4(a^4 — X 2 / 4 ) 
generates the ideal of cusp forms. 

5. The flat coordinates are given by X 2 = — |p and xa — \x 2 = ^{4 Ea — P^). 
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6. Inverse maps from the Period domain 



We try to understand the inverse map to the period map for n— 1. There are 
some partial results for the types Ai, A 2 , As and B 2 (recall 5,3 Example). However, 
we are still unsure how to give a general conjectural description of the ring of inverse 
functions and of the flat structures in 3.9 in terms of the inverse functions on the 
period domain. 

We first study in 6.1 an abstract group F(M) attached to a Coxeter matrix 
M, which shall play the role of the modular group in 6.3 by letting it act on the 
symplectic vector space introduced in 6.2. The period domain for the period map 
and its inverse map are conjecturely described in 6.4 and 6.5. The goal of this 
section is 6.6 Conjecture 6, which states that certain power root (prescribed in 6.1) 
of the discrim- 
inant is automorphic with the character 'dw on r(W) given in 6.1. 



6.1. Group r(M). 

Let M = {m{a^ P))a,/3en be a Coxeter matrix (2.3). We introduce a group 
r(M) attached to M by the relations (6.1.1), (6.1.2) and (6.1.3). 

Generators: ja for o G H 



Relations: 1. For the pair a, /? G H such that m(a, (3) = 2 
(6.1.1) 7c«7/3 = 7/37a- 

2. For the pair a, ^ G H such that m(a, P) >3 

( 6 - 1 - 2 ) laldla • • • = l^lcxl(3 * ’ ‘ 

V ,,, ^ V ^ / 

m{a,P) m{a,(3) 

3. Let r' be any irreducible flnite type subdiagram of the Coxeter graph F of M, 
and let h' be the Coxeter number of F'. Suppose there does not exist an exponent 
of F' which is equal to h' /2^ then 

(6.1.3) (n«gr' 7«)^'“'^ = 1 



for any order of the product (see Remark 1. below), where 

2/1' if h' is odd, 

(6.1.4) {h') := < h! if h! is even and h! j2 is even, 

Y if is even and h! j2 is odd. 



Remark. 1. Different orders in the product in (6.1.3) define conjugate elements 
due to (6.1.1) [B,Ch.v,§6,l.Lemme 1.]. 

2. In the above Relations 3., the condition that there does not exist an exponent 
of F' equal to the half of its Coxeter number h! is equivalent to that the symplectic 
form attached to F' (see 6.2 Assertion 1.) is nondegerate (c.f. 2.8 Remark and 
6.3 Assertion 4.). 



By definition, we have some obvious homomorphisms and characters, 
i) The correspondence — 1 (a G H) induces a character 

(6.1.5) Qu : r(M) {±1}. 

Proof. We need to verify that (/i')#(F') is an even number for any irreducible flnite 
type Coxeter graph F' without an exponent equal to the half- Coxeter number. In 
view of (6.1.4), we have to check only the third case in the formula. According to 
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the classification, one check that this occurs only for the types £^85^4 and hip) 
for p = 2 • odd. In all cases, #(r') is an even number (c.f. also 6.2 Assertion 1.). 
□ 

ii) Put /c(M) :=gcd{(h')#(r')/2 | T': irreducible finite type subdiagrams of M 
s.t. h'/2 is not an exponent of P' (h':the Coxeter # of P')}. The correspondence 
7 q, t-» exp(^|^^) (a £ n) induces a character 

(6.1.6) dM : P(M) -> 

such that = 6 m and == 1. If the graph P of M does not contain hip) 

for p = 2 • odd, then kiM) is an even number. Except for 

kiAi) = oo,kiA2) = kiAs) = 6,A:(jB 2) = = 4,fc(D4) = 6,/c(G2) = 3 and 

kihip)) = {p)^ one has k{W) = 2 for all finite Coxeter group W. 

iii) The Artin group A(M) is defined by the relations (6.1.1) and (6.1.2) on the 
generator system pQ, (a £ II) [B-S]. Then, the correspondence 7 q; for a G II 
induces a homomorphism from A(M) onto P(M): 

(6.1.7) 7 : A(M) -> P(M). 

iv) Suppose the Coxeter graph of M contains neither Es,H4 nor hip) for 
p = 2 • odd (crystallographic groups except Eg and G2 satisfy the assumption). 
Then the correspondence ja cTc^ (a € II) induces a homomorphism a from P(M) 
onto the Coxeter group with the diagram: 

P(M) ^ WiM) 

(6.1.8) i 6 m i det 

{±1} = {dzl}. 

iProof. Except for the third case of (6.1.4), all defining relations of P(M) are 
satisfied in WiM) (recall 2.8).) 

Let us call the kernel of a the principal congruence subgroup o/P(M). 

Remark. Our original intension, explained at the introduction, was to use the 
fiat structure to understand the Artin group A(M). By the use of the flat structure, 
we arrived at a group P(M) which lies between A(M) and WiM). Except for the 
first few types ^2,^2, G2 or hip)^ the group P(M) is close to the group WiM) and 
we are only at the first stage (after W(M)) to understand the Artin group. It is 
interesting to construct Eilenberg-MacLane space for the group T(M) (c.f. [D-S]). 

6.2. Symplectic space (F, /odd)* 

We construct a symplectic vector space on which T(M) acts symplectic linearly. 
First, we recall the orthogonal representation of the Coxeter group WiM) ([B, 
Ch.V,§4, theor.l]). Consider vector spaces 

F := 

equipped with the symmetric bilinear form I defined by 

i’(ea,e/3) = -2cos(7r/m(a,/3))/do,d/5, 

where do- gR\{ 0} (aGlI) are arbitrary scaling constants (we regard that the pair 
(F, I) is determined by M independent of the scaling constants and the basis Ca 
moves in F according to the scahng). A cobasis is introduced by := 2ca/ 1 ie^^ e«) 

for a G n. Then the Coxeter group W (M) acts freely on F by letting a generator 
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da ^ W{M) act on it by reflections aa u — I(u^ ^a)^a so that /(cr(u), cr{v)) = 
I{u,v). 

^Prom now on, we assume that the Coxeter graph (2.4) associated to M is a 
tree. Up to order, II decomposes uniquely into a disjoint union: 

(6.2.1) n = niun2, 



such that each 11^ is discrete, i.e. Cq, for a e Hi are mutually orthogonal to each 
other. We introduce a skew symmetric form I odd on V- 



( 6 . 2 . 2 ) 



^oddipai 



^(e«, C/j) if a G Hi and (3 G II2, 

< —I{ecx,e(d) if a G II2 and /? G Hi, 

0 if a, /? G Hi or a, /? G II2. 



Note that the lodd does not depend on the scaling factors but only on (F, I) and 
(6.2.1). Interchanges of flj {i — 1,2) induces a sign change lodd —hdd- In the 
sequel, we fix a decomposition (6.2.1) once for all. 



Example. Let W be a finite reflection group acting on (V, I) as in §2. By the 
choice of a chamber C, one obtains a Coxeter system (W, 11(C)) with the basis II vp 
(2.3 Theo.5.), whose associated graph is a tree (2.4). Thus the above (6.2.2) defines 
the form Iodd,c depending on C, where one has Iodd,c{x,y) = Iodd,wc{wx,wy) for 
w eW. Accordingly, many of our later constructions (such as the symplectic space 
jP, the realization p of F(M) in the symplectic group, the lattice Q, the period 
domain B, etc) depend on the choice of a chamber. However, they are conjugate to 
each other in suitable sense by the W-action. So, once for all, we choose and fix one 
chamber and denote the associated form by lodd- We shall not mention explicitly 
the dependence on the chamber. 

In general, lodd may not be nonsingular. A more precise formula is; 

Assertion 1. Let the notation he as above. One has 

(6.2.3) rank(Jorfd) = 2min{#ni, # 02 }, 

(6.2.4) corank(/odd) = |#ni - #H 2 | = rank(ker(c + 1)). 

Here c := Ha^ncTa is a Coxeter element in a generalized sense. In case W{M) is a 
finite reflection group, the number (6.2.4) is equal to 

(6.2.5) #{l<i<l\mi = h/2). 

Proof. Put hev{Iodd) := {^ e F \ loddH^x) = 0 Va: G F} and Ren, := 
(i = 1, 2). We may assume #Hi > #H 2 without loss of generality. For 
a proof of (6.2.3) and (6.2.4), it is sufficient to prove 

ker{Iodd) = Reni H (Rens)"*" = ker(c + 1). 

The inclusion ker{Iodd) Reni H (Rena)"*" is obvious. We show the converse (i.e. 
C = Yli3eu2 ~ ® a e Hi implies ^ = 0) by induction on #H 2 . 

^Prom the inequality #H 2 < #Hi, one sees that there is a vertex a G Hi which is 
connected with only one vertex, say (3, of H 2 - Then /(^,ea) = 0 implies that the 
coefficient cp vanishes. The diagram H \ {a, P} may decompose into components 
but for each component P, one still has #(H 2 Pi P) < #(Hi fl P) so that one can 
proceed further by induction to show ^ = 0. 
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Let US show ker(c+ 1 ) C ker( Jodd)- Choose the Coxeter element to be c = ciC2 
for Ci = riaen ^ ^ ker(c+ 1 ). Then = — C implies ci^ + C2^ = 0 (*). Let 

C = Cl + C2 with Ci ^ Ren^ (i = 1, 2) so that QCi = ~Ci (^ = 152) and C1C2 - C2 ^ 
Reni, C2C1 - Cl ^ Rena- Then the condition (*) implies (C1C2 -C2) + (C2C1 “Ci) = 0 
and hence C1C2 — C2 = — (C2C1 — Ci) = 0 - These imply that /(C2,ea) = 0 for all 
a eUi and /(Ci, Cq,) = 0 for all a e II2. Thus loddi^i.^a) = Iodd{^2, ea) = 0 for all 
a G n, i.e. C ^ ker(Jodd)- Conversely, suppose C ^ Reni n(Ren2)'^- Then ciC = — C 
and C2C = C and hence cC = — C- 

The ( 6 . 2 . 5 ) follows from the definition of the exponents 2 . 8 . □ 

Assertion 1. implies that the form I odd is non-degenerate ^ #IIi = #Il2 ^ 
there is no eigenvalue —1 of the Coxeter element. In fact, corank(Jodd) is positive 
for types A/, Ci with I =even, Di with / > 4 , B7 and H3 (recall the remark at 
the end of 2.8). 

The nonsingular-hull (FJodd) of (FJodd) is the smallest nonsingular symplectic 
vector space containing (F^Iodd) (unique up to isomorphism). The explicit model 
of the nonsingular-hull is constructed as follows. 

Assertion 2. Consider the vector space 

(6.2.6) F := F 0 ker(Iodd) 
equipped with the skew symmetric form: 

( 6 . 2 . 7 ) loddixi 0 t/i,X 2 0^2) := Iodd{xi,X2) + /(xi,t/2) - I{x2,yi). 

Then, lodd is nondegenerate, and (F, lodd) is the nonsingular-hull. 

Proof. Without loss of generality, we assume #IIi > #Il2. We saw in the 
proof of Assertion 1 that ker/odd = Reni C (Rena)"*"- Let us see that 
F = Reni 0 (Rena ® ker/odd) 

is a holonomic decomposition. That is: i) Reui and Rena ® kerlodd are totally 
isotropic w.r.t. lodd {proof, each of the spaces Reni, Rena ker/odd C Reni 
are totally isotropic. Then / | Rena ^ ker/odd = 0 implies the statement), ii) The 
coupling I I Reni (R^n2 ® ker/odd) is non-degenerate {proof, it suffices to show 
/[ker/odd is non-degenerate, which follows since it is a restriction of the positive 
definite for m / 1 Ren 1 ) • □ 

6.3. Symplectic linear representations of T(M). 

For each a G II, we consider two transvections 

( 6 . 3 . 1 ) s^ : u e F /odd(e^, u)ea G F. 

One can directly show: i) /odd(sJ(tfc), sj (u)) = Iodd{u^v), ii) there- 

fore the transvections belong to the symplectic group: 

Sq, G Sp(F , lodd) {g ^ GL(F) I /odd ^ 9 — /odd}- 

Lemma. The correspondences joc^s^ (aEU) induce representations: 

( 6 . 3 . 2 ) :T{M)-^Sp{F,iodd). 

Note. and p~ are different and p~ ^ (p+^-i (except for type Ai). 
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Proof. We prove that the system := 5 + (a G II) satisfy the relations 
(6.1.1), (6.1.2) and (6.1.3). The other case is proven similarly. 

We normalize the basis for a 6 II as /(e^, e^) = 2 and = e^. Then one 
has J(ea,e/ 3 ) = — 2cos(7r/m(a,/9)) for a, Eli 

and Sa{u) = u- loddi^a, u)ea for u£ F. 

If m{a,p) = 2, then loddi^^on^fd) = 0 and one has SaSf^{u) = s^Sa{u) = u — 
Iodd{ea,u)ea - iodd{e^,u)e^. This proves (6.1.1). 

For a proof of (6.1.2) and (6.1.3), we prepare two Assertions. The first one 
studied the case of two vertices in a slightly generalized form. 

Let h and m be a pair of integers with h > 3 and gcd(/i,m) = 1. Consider a 
two dimensional vector space Rei + Re 2 together with a symplectic form I odd with 
^odd(ei,e 2 ) = —A for A := 2cos{ivm/h). Let 






1 A 
0 1 



and B := 



1 0 
-A 1 



be the matrix expression of the transvections si and S 2 on Rei + Re 2 - 
Assertion 3. Put e := ex.p{7r y/^m/h). Then, one has 



(6.3.3) 

(6.3.4) 




(6.3.5) order(AR) = order(BA) = (h). 



ABA • • . = BAB • • • = 



1 if h is even and h/2 is odd, 
— 1 if h is even and h/2 is even. 



0 -1 



if h is odd. 



Proof. For (6.3.3) and (6.3.4), we calculate eigenvectors of AB and BA: 

AB eTi 

The (6.3.5) is an immediate consequence of (6.3.3) and (6.3.4). If h is even, use 
(6.3.3) and (6.3.4) to calculate (AB)^^^ = {BA)^^‘^ = diag[— (— 1)^/^, — (— 1)^/^] 
where we applied = —1. This gives the first two formulae of (6.3.6). If h is odd, 
put /i = 2n + 1. Then, 
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Comparing two expressions, we obtains the last formula of (6.3.6). □ 

The (6.3.6) proves (6.1.2). For a proof of (6.1.3), we prepare second Assertion 
which reduces the general problem to the case of two vertices. 

Assertion 4. Let T' be an irreducible finite type subdiagram of the Coxeter graph of 
M with the Coxeter number h' . PutV' := EaGr'Rca. Then i) order((IIcKer'5a)|F') = 
{h') except for 2 {h') ifT' is of type A^k+i, o>nd ii) order(IIc^er'Sa) = (h') ifh'/2 is 
not an exponent ofV' and = oo ifh'/2 is an exponent o/F' (recall (6.1.4) for {h)). 

Proof. Since T' is a tree, we decompose its vertices into a disjoint union 
T[ II T 2 such that each is totally disconnected. Put c = C1C2 for Ci := Ila^rjSa 
and y' = V{ 0 V 2 for Vf := for i = 1,2. Since loddi^ai^p) = 0 for 

a,P e r^, one has Ci{u) = u- J2aer'. ^odd{eaiu)ea- 

Since (ci — C2)(e^) = ^odd{pa'>^(d)^ot “1“ ^oddi^^i ~ 

Ylaev' ^0)^oL-> the matrix expression of 2 — ci + C2 w.r.t. the basis (a G P') 
is the Cartan matrix of type P', which is up to a multiplication of a diagonal 
matrix (/(ca, ^a))a€r' symmetric. Due the classical result on Cartan matrices (e.g. 
[B,chV,§6.2]) (or, it is easy to see directly), the eigenvalues are 2 — 2cos(7rm^/h') 
where m[ are the exponents for P'. Let e = ei + 62 with ei G Vf be an eigenvector 
(7^ 0) of Cl — C2 belonging to an eigenvalue A = 2cos(7rm^//i'). Combining the 
equalities: ci(ci) = ci, 02(02) = ^2 and (ci — C2)(ci + 62) = A(ci + 62), one has 
ciC2 = 62 + Aei and 6261 = ei — Ac2 and, hence, ei — 62 is an eigenvector of 
Cl ~ C2 belonging to the eigenvalue —A. If we assume A 7^ 0 (i.e. 2m[ 7^ /i')? then 
ei 7^ 0 7^ 62 and V\ := R61 + R62 has rank 2. Then, ci and C2 act on the space V\ 
as transvections of the vectors 6i and 62 with respect to the skew symmetric form 
Ia ~o^]- Assertion 3. that the order of c|Vx is equal to (/i'/ gcd(/i',m^). 

Put Aj :=2cos(7rmy/i') for 0<mJ</i'/2. One has the decomposition: 

V' = ker(/'^^) 0 Vxi 0 • • • 0 , 

where := Iodd\y' so that i) ker(/'^^) is the fixed point subspace of F' by the 
action of c, and ii) the action of c preserves the splitting. 

i) Since the smallest exponent is = 1 (recall (2.8.3)), one has order(c|yAi) = 
(/i'). The order {h' / gcd(/i', m[)) of another factor c|Vxi is not a divisor of (/i'), only 
when /i' is 2xodd and gcd(/i',m9 = 2. This occurs only when P' is of type A 4 k+i 
{k > 2 ). 

ii) If ker(/'^^) = {0}, then F = V' 0 V'-^ so that order(cjy') = order (c). Assume 

ker(/'dd) = V{ n ^ {0}. Then for x G \ (ker(/'rfd))-L one has c^x - x = 

^Caer'i ^ 0 forn / 0. □ 

Assertion 4. proves (6.1.3) and, hence. Lemma is proven. □ 

We state another consequence (on odd roots) of Assertion 3. 

Corollary. Letm{a^(5) G Z>3 be odd. Then Safs := SaSpSa--- (m-factors) 
is of order 4- It o>cts transitively on the set {itca, ±6/3}. 

Proof Use the third line of the formula (6.3.6). □ 

Conjecture 1. The homomorphisms (6.3.2) are injective. 
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Assertion 5. Conjecture 1. is true for Coxeter matrices with I <2. 

Proof This is trivial for types Ai and Ai x A\. Thus, we prove for type hi^n) 
(m>3) (including ^ 2 ,^ 2 , C 2 , H 2 and G 2 ). It is achieved by a use of the fundamental 
domain on the complex upper-half-plane. 

Assertion 6. Let p : r(l 2 (m)) — > = Sp(Fj 2 (rri))/{±l} be the projec- 

tivization of p = for m > 3. Then the image of p is isomorphic to the group 
{sa, sp I i) (saSp)'^^'^ = 1 if 771 is even or {saSp)^ = 1 if tti is odd, and ii) SaSpSa * • • = 
spSaSp • • • (771-factors in both sides)). 

Proof It is obvious that the images Sa and sp in FSp{Fj^(^^j) of Sa and sp for 
n = {a, /?} satisfy the relations i) and ii) due to Assertion 3. 

Let iVi = {coc, z) and uj 2 — (e^, z) be homogeneous coordinates of P(HomR(F, C)). 
Consider the action of r(J2(77i)) on a connected component H of P(HomR(F, C)) \ 
P(F*), which is isomorphic to the complex upper half plane H with respect to the 
inhomogeneous coordinate r := uji/uj 2 ^ Define a subset of Ti: 

T := {r G Ti I — cos(7r/77i) < 9f^(r) < cos(7r/77i), |r| > 1} 

U I 7t/2 <0< 7t( 1 — 1/m)}. 

Then, the fundamental domain of the action is either F if tti is odd ox PDF' if tti 
is even where F' is the image of P by the transformation r —Ijr. (In fact, the 
two vertices e and — e“^ oi P are the fixed point of the action of s^sp and spSai 
respectively, and the cusps ^/^oo and 0 are fixed point by the actions of Sa and 
Sp, respectively.) □ 

We return to a proof of Assertion 5. Let us “lift” the fundamental relations 
in PSp(F/ 2 (rn)) to tho elements in Sp(F/ 2 (m))- Then, due to Assertion 3, one has 
SaSpSa • • • = spSotSp • • • (771-times) for all tti, {saSp)^^^^ = 1 if TTI is even and m/2 is 
odd, {saSp)'^^^ = — 1 if m is even and m/2 is even and (saSp)'^ = — 1 if m is odd. 
Then, by killing the sign factor, one obtains (6.1.2) and (6.1.3) as the fundamental 
relations for the image of r(l 2 (m)) in Sp(F/ 2 (m))- So, Assertion 5. is proven. □ 

Example. There are three cases when hip) is crystallographic. 
r(/2(3)) = T(A 2 ) = To(l) := SL 2 (Z), 

r(/ 2 ( 4 )) = T{B 2 ) = ro(2) := {[“ e SL 2 (Z) | 6 = O mod 2}, 

r(/ 2 ( 6 )) = r(G 2 ) = ro(3) := {[“ G SL 2 (Z) I 6 = 0 mod 3}. 

Remark. Let Z be a central element of the Artin group A{W). Then piZ)\V 
is either 1 or —1. Proof Put z := p{Z), The relation gaZ = Zga for a G II 
implies Sa(z(u)) = z(u - Iodd(e^,u)ea) for u e V. This imphes Iodd(ea, ^(u))ea = 
^odd(ea 7 u)z(ea)- Choosing u such that loddi^ai'^) 0? observes that z{ea) = 
CaOa for some constant c«. Substituting u by ep for ^ G II and assuming z{ep) = 
cpep for some constant cp, one has cploddi^a^^p) ~ (^aloddi^a^^p)- Since the graph 
for n is connected, = e is independent of a G II and e G {±1}- 

6.4. Period domain B{W). 

Suppose W is crystallographic. That is: there is a finite root system w.r.t. 
(F, I) whose Weyl group coincides with W (see [B,chap.VI,§2,n®5 and §4] for de- 
tails). Then, for a suitable choice of the scaling constants da (o G II) in 6.2, the 
matrix iI{e'^,ep))a,p£U^ so called the Cartan matrix, is integral. In fact, up to an 
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overall constant factor on the scaling constants, there are one or two choices ac- 
cording as M is simply laced or not. Choose one such scaling and consider the set 
R := Uaeu^ and a lattice Q := in V. Then R forms a root system 

with simple basis {ca | a G II}, TF = W{R) is the Weyl group and Q = Q{R) is 
the root lattice of the root system. By a choice of an over all constant 
factor on the scaling constants, I | Q x Q is integral valued. We normalize 
min{/(eo;, Cck) | a G 11} = 2. We shall sometimes denote T{R) instead of T{M) 
or T{W) (here recall that the action of T{R) on Q{R) depends on a choice of a 
chamber (5.2 Example)). The group 

(6.4.1) Q := Q 0 (Q n kei{Iodd)) 

is a full sublattice in F and I odd | Q x Q is an integral symplectic form. 

Problem. Let t be a point in the chamber C and t be its image in Sw- Show 
that the first homology lattice Hi{Xt,Z) of the Milnor fiber of (pi is canonically 
isomorphic to the lattice (Q^Iodd.c) (use [S 8 ]). 

Recall the flat vector space 0+ (3.11.2) attached to the reflection group W. 
Due to 1 ., the period map attached to the primitive form Cfi (recall 5.3) is a 
holomorphic local submersion given by 

Pw • t e (Sw\Dw)'" ^ /Rest[C^^] G Hom((5,0_|_c)- 

The projection to the first factor is given by local covering map 

{D,Pw) ■■ t e (Sw\Dw)^ ^ /Rest[Ci°^] ^ Hom(Q,C). 

Conjecture 2. The period map Pw is a global immersion of {Sw\Dw)^ 
into a locally closed submanifold B(W) of an open cone B{W) in Hom(Q, 04 .c). 
Determine B{W) and B{W) explicitly without using period integral but only in terms 
of the reflection group. 

These problems are somehow asking for analogues of the Riemann’s relations 
and Schottkey’s relations for the classical periods of Abelian integrals on compact 
Riemann surfaces. Here the period domain is “homogenized” (i.e. admits en- 
action) due to the flat structure on O. 

6.5. Inverse functions on B{W), 

We observed in 5.3 Example that for types ^ 2,^.3 and B 2 the inverse map 
from the period domain B{W) (to be exact, from its projection to the first factor) 
to Sw\Dw is described by a system of elliptic Eisenstein series (including some 
specializations of the p-function). 

There are four more types D 4 ,Bs, C 3 and C 25 where the similar considerations 
work to construct the inverse map. Namely, the Milnor fibers for types D^^Cs 
and G 2 are elliptic curves with 3 punctures either without symmetry, with Z/2- 
symmetry or with Z/3-symmetry, respectively. The Milnor fiber for type H 3 is a 
double cover of a once punctured elliptic curve. 

Problem Work out explicitly the inversion problem for the period maps of types 
D 4 ,H 3 , C 3 and G 2 . 

Beyond these examples, the genus of Milnor fiber increases (without a “re- 
duction” to an elliptic curve). Then the indefinite integral ( becomes multi- 
valued by the periods for 7 ^ Hi(Xt,Z), where the periods are dense in the 
1-dimensional complex plane. Then, it is already a problem to find a reasonable 
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formulation for the period map and the inverse map. We need to introduce a con- 
cept of a regular function on the period domain B{W) (with a suitable polynomial 
growth condition on the boundary) which is automorphic for the group r(W), and 
also a concept of pull-back to a function on {V* / /W)o- For instance, one may con- 
sider either a single indefinite integral and its (multi-valued-) inverse function as 
in the classical p-function theory, or a system of derivatives 5i ( of the periods 
to obtain the Jacobian variety as in the classical Abel- Jacobi theory? (See also a 
related work [Ko] [Mu] [To] ) . 

Conjecture 3. There exists a ring C[E] of regular functions on B(W) which 
are automorphic for the group T{W). Any element of C[E] is a pull-back of a 
polynomial function in S{V)^ to the period domain. This correspondence induces 
a natural isomorphism: 

(6.5.1) C[E] - 5(F)^ 0 C. 

The isomorphism implies that the Spec(C[E]) carries the flat structme studied 
in §3. Then we may naturally ask how to describe the flat structure in terms 
of C[E]. In particular, C[E] is generated by algebraically independent homo- 
geneous elements, say E 4 ,--* ,E 2 h of degree 2di = 4, ••• ,2di = 2h such that 
J{dE 2 di^dE 2 dj) = const ^ which we may call flat automorphic forms or primitive 
automorphic forms. 

Conjecture 4. Let W be crystallographic, which is not of type G 2 . Then there 
exists an extension C[E] C 0[E] by a ring of regular functions on B{W) which are 
automorphic for the principal congruence subgroup ofV{W) (c.f. 6.1iv)) such that 
the commutative diagram holds: 

C[E] - 5(F)^0C 

(6.5.5) n n 

c[^] - 5(y)0C. 

We remark that, by definition, Spec(C[jK]) carries a linear space structure with a 
flat metric, which is isomorphic to the pair {V*,I*). 

6.6. Power root of the Discriminant Aw 

We turn our attention to the discriminant Aw and its power root. After a 
choice of the primitive vector field D in (3.2.1), the discriminant was normahzed 
to be a monic polynomial of degree I in Pi (c.f. 2.9 Lemma 1.). However, in the 
sequel, we disregard tentatively the constant factors and proceeds the caluculations 
up to constant factor. 

Recall the anti- invariants Sw ^ S{V) in 2.7 and the disriminant Aw = € 

S{y)^ in 2.9. Let us denote by the same notation the corresponding elements 
in C[E] (resp. C[E]) in RHS of (6.5.5). Owing to Conjectures 3 and 4, we have 
Jacobian expressions of Aw and 5w as below. Namely, let Ei, • • • ,Ei he a system 
of generator of C[E] corresponding to a linear coordinate system of V, and let 
Cl," ' ,ei G n be the linear coordinate system on B{W). Then by a use of (4.5.9), 
up to a constant factor c, one has 

(6.6.1) dE4A"-AdE2h = c Aw dei A • " A dei, 

(6.6.2) dEi A • • • A dEi = c Sw de\ A • • • A dei. 

One should define the meaning of “boundary components” of B{W) and “cusp 
forms” in C[E] or in C[E] such that the discriminant Aw (resp. (5w) generates 
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the ideal of cusp forms in C[E] (resp. C[E]). The discriminant, as a function on 
B{W), vanishes nowhere. The 6 w is a square root of Awi and is anti- invariant 
with respect to $w- 

(6.6.3) = Ow{j) Sw^ 

Here we recall (6.1.5) for the definition of the character 0 , and recall the commu- 
tative diagram (6.1.8). 

Conjecture 5. Does 6 w have a suitable infinite product expression? 

Remark. The conjectures and problems in 6.5 and 6.6 seem to have close 
relations with odd the root system: Rodd *•= instance, as 

a generalization of Eisenstein series, one may consider, for d € Z>2, the sum of 
partial fractions such as Eesiio.. a sum of 

suitable combinations for € Rodd,s and ei G Rodd,i and also e G 

r{W) • (ker(Iodd) n Q) in case whenlodd is degenerate on the period domain. There 
are supporting example that the boundary component and the infinite product 
might reasonably be described in terms of the odd root system. In spite of the 
examples, it is still unclear to the author what are natural formulation of the partial 
fractional sums fitting to our setting and we leave them as an open problem. 

Example. 1. Type A2. We have the expression B{A2) = {(161,1x2) € | 

Im{uiU2 — 1x11x2) > 0} where (1x1, 1x2) are the homogeneous linear coordinates of 
the period domain. The ring C[E] is the ring of automorphic forms for the full 
modular group ro(l), and is generated by the classical Eisenstein series E4 and Eq 
(e.g. [Ko,plll]). The ring C[E] is the ring of automorphic forms for the principal 
congruence subgroup F(2) of level 2. All conjectures are positively solved for type 
^2. 

The discriminant Aw (in homogeneous form) is given by 
Aa2(wi,« 2) = ?7(r)^^W2 

where r := 1X1/1X2 and rj{r) is the Dedekind eta-function (e.g. [Ko,pl21]). It 

generates the ideal of cusp forms in the ring C[E]. The generator Sa 2 oi the anti- 
invariants with respect to the character 0a2 is given by 

Sa 2 {ui,U 2 ) =?7(r)^^U2®- 

(for this proof and for a finer statement see Assertion 7. below). 

2. Type ^2- We have seen that the discriminant for the family 99^2 decomposes 
into irreducible components corresponding to short and long roots (5.3 Example 
4), and, hence, it is given by 

Abs = 77(r)®7j(2r)®u^®. 

Then one can show by a similar calculation as in type A2 that 

= ??(t)^J7(2t)^U2^. 

is an anti- invariant with respect to the character 0b2 on r(R2) = ro(2). 

3. Type G2. Since the discriminant for the family (po2 decomposes into com- 
ponents corresponding to short and long roots, one may apriori describe the dis- 
criminant (up to a constant factor) to be of the form 

Ags = 
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Then one can show by a similar calculation as in type A2 that 

5 g 2 = 

is an anti-invariant with respect to the character 602 on T(G2) = ro(3). 

Throughout the examples, we observe further the following. Recall the integer 
k{W) and the character 'dw of the group T{W) (see 6.1 ii)). 

Assertion 7. For type A21B2 and G2, consider the k{W)th power root, say Xw, 
of Sw- Since k{A2) = 6, k{B2) — 4 and k{G2) = 3, up to a constant factor, they 
are explicitly given by 

Aa2 :=v^{t)u2^, \b2 := 7?(t)7?(2t)w^^ and := t]{t)ti{3t)u2^ . 

Then, Xw is an automorphic form for r(lT) with the character dw- That is: 
9*{Xw) = 'dw{g)Xw for g G r(W). 



Proof. We have only to verify that Xw is equivariant with the character idw- 
The verification of this fact is achieved by an elementary but slightly subtle use of 
the transformation formula for the eta- function, where we use the sign conventions 
in [Kob, pl21]. 

Put Wi := Wa2j W2 := Wb2 and W3 := Wgs- Then, the modular group 
r(Wp) is given by To(p) for p = 1,2 and 3 , and is generated by 5 ^ : (u 1,1x2) 



(111,112) 



and Sg^ : (111,112) 



1 p 
0 1 



(recall 6.3 Example). On the other 



hand, the explicit formula (in the above examples) says that Xwp = i?('7")i?(pt)ix 2 ^ 
(p = 1,2,3). 

Further more, one observes directly k{Wp) = {p = 1,2,3). Therefore, by 
putting ( exp(7T\/^/12), the character idwp is given by 'dwpisa) = '^Wpis/s) = 

^p+l notation here is incoherent with that in 6.3). So, 



4(-^vVp) :=r?(r + l) T/(pr+p) 

= Cv{t) C’’v{pt) 

:= v { t/{pt + 1) ) 77(pr/(pT + 1)) (pwi +M2)”^ 

= Vi-P - ly) C»?(-l / {pr + 1)) {pui +U2)-^ 

= C-Mr) Cvipr + 1 ) {pr + 1)-^ 

= niT) vipr) «2 ^ 

= v { pt ) = C“^”^Awp. □ 

We observe also the following nearly trivial remark, which is still interesting 
since the form I odd is degenerate for the type A3. 

Fact. A k{As)th power root X As := p(r)^ix^^ ofSAs is automorphic for V {A3) with 
the character 'd As (here, recall k{A3) = k{A2) = Q)- 

Proof. This is shown by a reduction to A2. Recall 5.3 Ex.3. for the setting. The 
morphism Sas\Bas Sa2\Ba2 induces an equality Aas = oAa2 and a homomor- 
phism A(Aa) — » A(^2) bringing the generators ai,a2,aa of A(As) to 5i, 62,^1 of 
A{A2) = {bi,b2 I &i525i =62^1^2) ([S2,Theorem III]) so that the characters i^As and 
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'§a2 commutes with the homomorphism r(^3) ^ r(^2)- This implies the result. 

□ 

This fact encourages us to ask the next question: 

Conjecture 6. Let W be a crystallographic finite reflection group. Is the k{W)th 
power root of 5w, say \w (up to a constant factor), an automorphic form for the 
group T{W) with the character 'dw ? Can one find an infinite product expression 
forXw compatible with Conjecture 4^^ 

In view of the fact that k{D4) = 6 is the last largest power (among all finite 
crystallographic group) and that the period map for D4 can still be described by 
elliptic integrals, it is interesting to have an exact and explicit expression of as 
a distinguished Jacobi form on B{D4). 

A concluding Remark. 

Except for the discussed types Ai, A2, ^3, -B2, JB3, C2, C3, JD4 and G2, in all 
further cases, the character ilw takes values in Z4={±1 ,±\/Tt}. However, we have 
no information on the primitive automorphic forms for them at this stage, since they 
are beyond elliptic integrals. Actually, Conjecture 6 seems not be understandable 
only from the geometry of the family (fw ’ Sw- Instead, the conjecture 

seems reasonably understandable if one finds a suitable “mirror object” to the 
family ipw such that it gives arise a suitable construction of the inversion maps and 
the fiat structure on Sw- Perhaps, finding such mirror object (based on odd root 
systems?) may be the main question and goal of the present section and hence the 
main problem of the the present article. 
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The Laplacian for a Probenius manifold 

Ikuo Satake 



1. Introduction 

In this paper, we define the holomorphic Laplacian for a Probenius manifold. 
We give the description of the Laplacian in terms of the prepotential. This will be 
used to characterize the flat coordinates for the universal unfolding of the function 
with a simple elliptic singularity. This characterization enables us to solve the so- 
called “Jacobi’s inversion problem,” i.e. the description of the flat coordinates as 
the automorphic functions on the period domain w.r.t. the period mapping for 
the primitive forms. More explicitly the Laplacian relates the flat coordinates with 
the theta functions on the period domain (see 10.3). About the description of flat 
coordinates as the automorphic functions, we shall write in a forthcoming paper. 
The author would like to thank Prof. Claus Hertling and Prof. Atsushi Takahashi 
for valuable discussions. The auther also thanks the referee for the valuable advices. 

2. Probenius manifold 

For the contents of this section, we refer to Hertling [3]. 

2.1. Definition of Probenius manifold. Here all manifolds will be complex 
manifolds. O5, ©5 are the structure sheaf and the holomorphic tangent sheaf of 
a manifold S respectively. A (fc,Z)-tensor is an Os-linear map T : ©f^ ^ ©f^ A 
metric g is a, symmmetric non-degenerate (2, 0)-tensor, a multiphcation on ©s is a 
commutative and associative (2, l)-tensor. 

Definition 2.1. [3, pl46 Definition 9.1] A Probenius manifold is a tuple 
(5, o, e, £',p) where S is a complex manifold of dimension m > 1 with metric g and 
multiplication o on ©5, e is a global unit field and E is another global vector fields 
subject to the following condition: 

(1) the metric is multiplication invariant, g{X oY,Z) = g{X,Y o Z), 

(2) (potentiality) the {3,l)-tensor V o (X,Y,Z) := Vx(^ o Z) — Vx{y) o 
Z — Y oVxZ is symmetric (here V is the Levi-Civita connection of the 
metric), 

(3) the metric g is flat 

(4) the unit field e is flat, Ve = 0, 

(5) the Euler field E satisfies LieE{o) = 1 • o and LieE{g) = D • g for some 
D G C. 
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In this paper we also assume that S is connected and the multiphcation o is 
generically semisimple. 

This means that outside the set JC (which is introduced in [3, pi 3], called “ 
caustic” and is a hypersurface or an empty set) the multiplication o is semisimple. 

We remark that in a neighborhood of a point with semisimple multiplication, we 
can take canonical coordinates ui, • • • , Um which satisfy o ej = SijEi^ e = 

= g|-. 

The Euler field E is described as 

m 

(2.1) E = + ri)ej 

i=l 

for some G C. 

There exists locally a holomorphic function F which satisfies 

(2.2) g{S,6'oS") = 56'6"F 

for any local sections (5, 6" of ©5 with VS = VS' = VS" = 0. We call F a 

“prepotential” . 

2.2. The Os -homomorphism U and the discriminant A. 

Definition 2.2. The Os -homomorphism U is defined by the multiplication of 
Euler field E: 

(2.3) ^:©s-^©s, S^EoS. 

Definition 2.3. We define 

(2.4) A := det(©s ©s), 

(2.5) traceW := trace(©s ^ ©5), 

where “det, trace” mean the determinant and the trace of the Os -homomorphism 
respectively. The analytic subspace {D^Oo) is defined by Od •= Os/{^)^ D := 
Supp{Od)’ 

D is an empty set or hypersurface. For the case D = 0, the discussions below 
are trivial or parallel to the case when D is a hypersurface. Thus we assume that 
D is a hypersurface. 

2.3. The sheaf of logarithmic vector fields ©s(— logD). We define the 
sheaf of logarithmic vector fields ©s(— logD) by 

©s(-logD) := {S e ©s|(5A G (A)}. 

Proposition 2.4. [3, p47 Theorem 4.9] U gives the Os -isomorphism: 

(2.6) U:Bs^ ©s(-logD). 

Thus ©s(— logD) is an Os -locally free module. 

By this proposition, we see that — is holomorphic for a local section S of 

©5. 

Proposition 2.5. For a local section S ofSs, we have 

U{S)A 
A 



(2.7) 



S{tia.ceU). 
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Proof. We need to prove only at a point with semisimple multiplication. Take 
the canonical coordinate. Then using a basis ei, • • • ,6^, the Os-homomorphism 
lA is represented by a diagonal matrix with entries ui 4- ri, • ■ • , by (2.1). 

Then A = + trace ZY = + and we obtain the proposition 

by an easy calculation. □ 

2.4. (D, Op) is reduced. 

Proposition 2.6. The analytic space {DjOd) is reduced. 

Proof. First we assume that m > 2. We prove that for any x e:lC(^D, 

(2.8) dima;(/C n D) < m — 2. 

If there exists a point p ^ 1C C\ D s.t. dima;(/C 0 D) = m — 1, then (/C Pi D)x 
and Kx have a common irreducible component as a germ of analytic set [2, pi 03 
Theorem]. Since JC is e- invariant ([3, pl6j), this common irreducible component is 
also e-invariant. This contradicts to the transversality of D and e [3, p41 Theorem 
4.1 and Remark 4.2]. Thus we obtain (2.8). 

Since D is a hypersurface, D is pure dimensional of dimension m — 1. Thereby 
D\Kn D is dense in D. 

At the points of^ G D \ )C H D, the multiplication is semisimple. Then the 
discriminant A is A = + r^) as in the proof of Proposition 2.5, thereby 

Os,q/{^q) is reduced. 

Since Os/{^) is reduced at each point of an open dense subset jD \ /C fl JD of 
D, ^^/(A) is reduced at every point of D by the discussion of [6, p65]. 

For the case m = 1, then e o e = e gives that /C = 0. Then the assertion is 
obtained. □ 



2.5. The sheaf of logarithmic 1-forms O^(logD). 

Proposition 2.7. 

ftg{\ogD) {77 G 05(*D)|?7A G O5, Adr] G 0|} 
has the natural Os -complete pairing: 

(2.9) 0s(-logL>) Os. 

Thus Q.^g{logD)is an Os -locally free module. 

For the proof, we refer to Saito [10, p.268]. 

3. Definition of / on 5 

3.1. Definition of I. In this subsection, we review the definition of I intro- 
duced by Dubrovin [1, pl91 (3.13)]. The metric g induces the Os-isomorphism and 
the non-degenerate Os-symmetric bilinear form: 

(3.1) g : —0 0s, g • Clg X — » Os- 

We remind that U : 0s — ^ 0s(— logD) is an Os-isomorphism. 

The Os-bilinear form: 

(3.2) I : nlilogD) ®Os Os 
is defined by the composite of 

(3.3) 

nlilogD) ®Os fts n^logD) 0s ^si^ogD) ®Os Qsi-logD) Os- 
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This gives the C^s-complete pairing. We remark that I is flat which is proved by 
Saito and Dubrovin. 

For local sections a;, a;' of 0|, 

(3.4) /(w, w') =<uj,Eo g{J) >= g{g{u), E o p(w')) = g{E, g(uj) o p(w')) 

which is the same as [1, pl91 (3.13)]. Therefore I on ^s®Os symmetric. The 
O^-bilinear form; 

(3.5) I : nlilogD) 0os ^si^ogD) ^ Os{*D) 
which extends (3.2) is unique. 

Thus the (^s-bilinear form (3.5) deflnes the Os-complete pairing: 

(3.6) I : ®Os ^WogD) ^ Os. 

3.2. Description of I in terms of the prepotential F. Let • • • , be 
local coordinates of S s.t. 

(3.7) ^ (* = 1, • • • , m) 

gives flat vector flelds. We call these coordinates “flat coordinates”. We prepare 
the notation: 

(3.8) d^:=g{df). 

Proposition 3.1. 

(3.9) I{dt\dF) = Ed^d^F 
where E is the Euler field and F is a prepotential 

Proof. This is a direct consequence (3.4). □ 

Remark 3.2. Saito introduced this metric I in [11, p.l257, (5.4.1)] for a uni- 
versal unfolding of a function with an isolated singularity. He also showed that 
multiplied by known constant it gave the intersection number for vanishing cycles 
of the Milnor fiber through the primitive form. 



4. The construction of the ramified double cover of {S \ \ 

4.1. 

Definition 4.1. We define the analytic subset 
(4.1) jjsing ^ D\Od^x is not a regular local ring} 

ofD. 

Since the analytic space {D, On) is reduced, we have < dima^JD — 1 

for any x G We remind that dima^D = dima;5— 1 because D is a hypersurface. 

Thus we have 



(4.2) 



dimZ?®*"» < dims - 2. 
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4.2. The space of ramified double cover of 

Lemma 4.2. The closed analytic subspace: 

D \ CS\ 

is a smooth analytic submanifold of codimension 1 . 

Definition 4.3. We define the analytic space {S',Os') cls a closed subspace of 
{S \ X C defined by the ideal generated by A — y‘^, where y is the coordinate 

o/C. As a set, we have 

S' = {{Z, y)e{S\ X C| A = y^}. 

Also the closed subspace D' of S' is defined by the ideal generated by y. Let 

a:S' 

be the composite of the closed immersion S' {S \ x C and the natural 

projection. 

The squares in the following diagram are all Cartesian: 

D' — ^ S' — ^ C 

1 “i i • 

£)^£)sm9 ^ C 

Proposition 4.4. S' is a smooth analytic manifold and its closed subspace: 

D' c S' 



is a smooth analytic submanifold of codimension 1 . 

Proposition 4.5. a : S' S \ is a flat ramified double covering, i.e. 

flat, surjective, proper with finite fiber and the degree of the covering is 2, D' is the 
set of ramification locus and D \ is the set of branch locus. The restriction 

: S' \ D' S \ D is the etale covering of degree 2. 

For the proof of Lemma 4.2, Propositions 4.4, 4.5, we only need the following 
Lemma: 

Lemma 4.6. For a ramification point p £ D' and a{p) £ D \ , we can 

take a coordinate neighborhood Up C S' and V^(p) C S\ whose coordinates of 

Up and V^(p) are • , z'^_^, y and zi, - • • , Zm-i, A, respectively s.t 

^\up : Up Va{p) 

is the ramified double cover and 

zioa = z'l,--- , Zm-i oa = A o a = 

Proof. Since OD^a(p) = U^s,a{p)/i^)a{p) is a regular local ring, we could take 
a neighborhood Pa(p) C 5 \ of a{p) s.t. A could be taken as a part of the 

coordinates in Fa(p)- Thus we take coordinates: zi,- - , Zm-i^ A. Take Up := 
oc~~^{Va(p))> Then we see that z'l := zi o a, * • • , z'^_i := Zm-i ^ ot, y give the 
coordinates on Up. □ 
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The morphism: 

(5 \ X C ^ (5 \ X C, {z, y) (z, ~y) 

induces the involution: 

(j : 5' S'. 

This gives the covering transformation of a : 5' ^ 5 \ . By the coordinates 

introduced in Lemma 4.6, a is expressed as 

(4.3) a\u^-.Uj,-^Up, y)^ -y). 

5. O^-modules 

The involution a : S' S' defines the -isomorphism: 

cr* : a*0^, ^ 

Definition 5.1. We define the O s\Dsing -modules: 

(5.1) (a*fiP, := {r/€a,fi|,|(T*(r?)=r?}, 

(5.2) ~ {T?Ga,fiP,|(7*(r?) = -r/}. 

We have a decomposition: 

(5.3) a.OFg, = (a,OP,)«"™ © (a*fiP,)°‘''^- 
Proposition 5.2. The natural Os\d^^^ 9 -homomorphism: 

gives an O a -isomorphism. Thus is an Os\d^-^^ 9- locally free mod- 

ule of rank (^) . 

Proof. We show it on each stalk on q e S\ On q e S\D, this is clear. 
On q £ D \ put p = a~^{q) £ D' and take the neighborhood Up^ ^a{p) and 

coordinates as in Lemma 4.6. Then any local section of and the action of a* 

on it can be written explicitly by the coordinates 2 ;^, • • • , using (4.3). By 

the uniqueness of the Taylor expansion, we see that this local section of 
can be written by the coordinates ;^i, • • • , z^_i, A. □ 

Proposition 5.3. is an Os\D^^^a- locally free module of rank (^). 

Proof. On 5 \ D, this is clear. On a neighborhood of the point of D \ 
we could construct an Os\D^'^^a-iree basis of by the parallel discussion 

of the proof of Proposition 5.2. □ 

Definition 5.4. We define the O s -modules: 

(5.4) := 

(5.5) ;= 
where we put 



l:S\ 5 . 
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By the Proposition 5.2, we have i ■ Taking 

the direct image by we have c:± Since is an (P^-locally free 

module and dim£)®^^^ < dim5 — 2, we obtain an O^-isomorphism ~ 

Thus we have 

(5.6) 

Especially is an (^s-locally free module of rank (^). For an Os-module 

we will see the Os-isomorphism (8.7). Thus is also an Os-locally free 

module of rank (^) . 



6. Os'-modules 

6.1. Os'-free basis. On S' \ D', the Os'-modules: 

{ioaynl, {ioaynliiogD), 

are all isomorphic to 05,(logD'). We construct locally an Os' -free basis of the 
following Os'-modules in the neighborhood of p G D' discussed in Lemma 4.6. 

(1) The pull back of the Os-free basis dzi^ • • • ^dzm-it |dA of on Fq,(p): 

{i o afdzi =dz'^, aYdzm-i = dz'^_-^, {t o a)*|dA = ydy 

give an Os' -free basis of {l o a)*0| on Up. 

(2) The pull back of the Os-free basis dzi , • • • , dzm-u | ^ oiQl\Dstn,0-OS{D\ 

£)-ng)) on 

{i,oa)*dzi=dz{, ■■■ ,{Loa)*dZm-i = dz!^_-i^, = ~ 

give an Os'-free basis of o:*0^^psing(log(i^ \ D®^^^)) on Up. 

(3) The forms: 

dz[, ■ ■ ■ ,dz'^_-^, dy 

give an Os'-free basis of O5,. 

(4) The forms: 

dz'i, ••• ,dz'^_i, -dy 

y 

give an Os' -free basis of Q}g,{logD'). 

6.2. Relation of the Os'-modules. By the facts of the previous subsection, 
we have 

Proposition 6.1. a : S' S \ is a log etale morphism, i.e. 

\ ^ n^,(log-D') 

is an isomorphism. Composing this with the isomorphism: 

L*9.\{\0gD) ^ 0-S\Dsing (log(D\D-”®)), 

we have: 

(6oa)‘n^(iogD)^n^,(iogi?')- 
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By this proposition and the injections: 

{i o ayOg — ^ O 5 / — ^ 05 /(logD'), 
we can regard the modules 

(ioa)*n^, n^„ (toa)*n^(logD) 

as the O 5 / -submodules of 0 ^,(logD'). 

Lemma 6.2. For any p G 5', take an open neighborhood U C S' , Os'-free basis 
{ei}i<i<m of{ioa)*Q}s, Os'-free basis {e-}i<i<m ofQ\,, Os'-free basis {e-'}i<i<m 
of {l o a)*Q.g(logD). 

The inclusions (6oa)*0| C O 5 / C {l o ay0.g{logD) give the relations 

m m 

~ ^ V ~ ^ ^ ^ij^i 

i=l 2=1 

foraij, bij G T{U,Os')- 

: (1) The change of choice of {e^}, {eQ, {e'(} shifts det(aij), det( 6 ij) to 
those multiplied by elements ofT{U,Og,). 

: (2) det (aij), det (6ij) are equal to y up to multiplication of an element of 

Lemma 6.3. As an Os> -submodule o/0|,(logD') 

O^/ O 5 / 

is an O S' -submodule of 

{l o a)*Qs o a)* 05 (logD) 00 ^, {i o a)*Qs’ 

Proof of Lemma 6.2 and Lemma 6.3. Lemma 6.2(1) is easy. For proof of Lemma 
6.2(1) and Lemma 6.3, we need only to prove them at the points of D' . At the 
points of jD', we obtain the proof by the direct calculation using these Os^-free 
bases in Subsection 6.1. □ 

7. The lift of I on the ramified double cover S' 

Taking the pull-back {i o a)* of the Os-bilinear form (3.5), we have 

(7.1) / : ll^-(logD') ®Os. Hs'Clog^') Os’{*D'). 

Also taking the pull-back {i o a)* of the Os-complete pairings (3.2), (3.6), we have 
the following lemma. 

Lemma 7.1. The restrictions of (7.1) to {lo a)*Qg (^'Oo;)*0|(logD) and 
{l o a)* 0 |(logD) 0 O 5 / {i' o Q^)*^s Os' -complete pairings: 

(7.2) I : {lo a)*Qs 00 ^, (^ o a)*Os(log^) 

(7.3) I : {io a)* 05 (logD) 0o^, {i o o :)*05 Os'. 

Proposition 7.2. The restriction of (7.1) to 0|, 0 o^, 0|, induces the Os'- 
symmetric bilinear form: 

(7.4) 



I : Os' ^ Os'* 
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Proof. By Lemma 7.1, the restriction of I to 

{l o a)*Qg 00^/ o a)* 05 (logD) + {to a)*Qs{logD) o o;)*Q^ 

has values in Os'- Combining this with Lemma 6.3, we have the result. □ 

Proposition 7.3. The Os> -bilinear form (7.4) gives the non-degenerate Os'- 
symmetric bilinear form on Qg , . 

Proof. We use the notations as in Lemma 6.2. The statement (7.2) gives 
det/(ei,e'') G T{U,0^,). By Lemma 6.2, we have det J(e^,e') G T{U,0^,). This 
proves the Proposition. □ 

Definition 7.4. The Os' -symmetric bilinear form (7.4) induces the non- 
degenerate Os> -symmetric bilinear form: 

(7.5) I : Ss' ^Os, ^S' Os'- 



8. The definition of the Laplacian 

8.1. General theory. We start with the general framework of holomorphic 
metric. Let M be a complex manifold with dimM = m. Let gM • Bm x Bm Om 
be a non-degenerate (^M-symmetric bilinear form. We call gM a “holomorphic 
metric.” For the holomorphic metric, we will define a volume form, Hodge’s * 
operator and a Laplacian which are parallel to the case of Riemannian metric by 
changing R to C. We will give the exact definitions. A holomorphic m-form a; is 
called a “volume form” if lo is expressed locally as 

uj = ^ydetgijdxl A • • • A dxm 

by coordinates xi, • • • , Xm on the open set U C M, where 

and y/ det gij means a holomorphic function on U s.t. (-y/det^)^ = detgij. 

If a ; is a volume form, then so is —uj. As in the real case, the volume form 
always exists locally. 

In this subsection, we assume the existence of a volume form on M and fix it 
and denote by vol.gM- 

We prepare some C^M-isomorphisms. For the integer p (0 < p < m), the wedge 
product defines the OM-isomorphism: 

h-^M^ (wi->77Aw). 

The volume form vol.gM defines the (9m -isomorphism: 

f2'-Ou^ f ^ f ■ vol.gM- 

This isomorphism /2 defines the (^M-isomorphism: 

The holomorphic metric gM induces the C^M-complete pairing: pM ^ ^m”^ ^ 
^ Om (which we denote by the same notation as a holomorphic metric), 
and gives the OM-isomorphism: 



/4 : 



SoiQo^(n^ ^,Om), 
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Definition 8.1. 



We define the Om - isomorphism 






m~p 



by the composite of 

We call this Om - isomorphism the “Hodge’s * operator”. We also define 

( 8 . 1 ) 5 := 

(8.2) V := dS + 5d:QF^ 

We call the operator V the Laplacian. 



As in the case of Riemannian geometry (see for example, Rosenberg [9, pl8 
and p21]), V : Om Om in the coordinate neighborhood U with coordinates 
xir ' ’ 5 Xm is described as 

V{f) = (*d*d + d*d*)/ 

= {^d^d)f 

TTL Q 0 

(8.3) = ^ Gram{gM)~^^‘^^[Gram{gM)^^^9M{dxi,dxj)—f] 

ij=l ^ ^ 

for Gram{gM) •= det(pM(^, al~))' description (8.3), we have 

(8.4) ^(hi/i2) = X^(/ii)/i2 + hi'D{h2) + (dhi, d/ 12 ) 

for any local sections hi, /12 of Om> 

We also remark that 

(8.5) *o* = (-l)P(™-P) onn^. 



8.2. Volume form on S'. We come back to the situation of the previous 
section. We assert the existence of the volume form for the holomorphic metric I 
on S'. 

We assume the existence of the volume form on S for the holomorphic metric 
g. We fix the volume form for g and denote it by vol.g. 



Proposition 8.2. 

-{Loay{vol.g)eT{S',n'^,) 

y 

gives the volume form on S' for the holomorphic metric I. We denote it by vol.I. 

Proof. We need only to check that ^ {loo)* (vol.g) gives the volume form vol.I 
on S' \ D'. Since is unramified, we can take on each point p £ S' \D' the 

open neighborhood U C S' \D' s.t. a\u is the isomorphism. By this isomorphism, 
^ is a single valued holomorphic function on a(U). We need to check that ^vol.g 
gives the volume form vol.I on a(U). This can be easily checked by the relation of 
/, 5 f, U and the fact detZ^ = □ 

Corollary 8.3. vol.I £ T(S \ ^ has the property: 

a* vol.I = -vol.I 



for a* : a*0^, — > a^QIg,. 
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8.3. Laplacian on the Probenius manifold. By applying the general the- 
ory of Laplacian to the holomorphic metric I on 5', we have * : and 

D : 0^,. 

Proposition 8.4. The induced morphisms: 

(8.6) * : ^ , V : 

and the morphism cr* : have the relations * o cr* + cr* o * = 0, 

Voa* = a* oV. 

Proof. As in the proof of Proposition 8.2, we need to prove it only on each 
neighborhood U cS\D of pES\D because is a locally free module. □ 

By this proposition and the property (8.5), we have the (95\£)sing -isomorphisms: 
and the morphisms: 

Taking the direct image by l, we have the O^-isomorphisms: 

(8.7) 

and the morphisms: 









^m—p^odd 
ILg , 



* • ^5 



odd 



^m—p,even 



V : 



^p,even 



T> : 



^p,odd 



By Proposition 8.2, the following composition of Os-isomorphisms: 



( 8 . 8 ) 



Os 



xvol.g 






o 



.0,odd 



odd 



equals to the Os-homomorphism: 

ing > O^,) 

which is the direct image of the multiplication map Os\Dsins ^ multi- 

plied hj y e P(5\D®^’^^, (a*0|,)®^^). Thus we merely denote the Os-isomorphism 
(8.8) by 



(8.9) 



r-\0^odd 

Us ^Is 



Definition 8.5. 



V 



V : 



Jac 



Us ^ Q0,even 



Os ~ ^ ' Os. 



Os, 



They give 2nd order differential operators. 



9. Description of the Laplacian in terms of flat coordinates 
9.1. The Os-endomorphism V. 

Definition 9.1. [3, pl47] The Os-endomorphism:V : ©s ©s 'Is defined by 
(9.1) V { X ) = VxE~^X 

for a local vector field X. We remark that D e C is defined in Def.2.1. 
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Proposition 9.2. The following equation holds: 

(9.2) Vs{E o5')-Eo (VsS^) = V{S oS^)-5o V{ 6 ') + 5o6' 
for local vector fields (5, S ' . 

Proof. First we remind the following relation (see Hertling [3, pl47 (9.2)]): 
Vx{Y oZ)-Yo VxZ - Vy{X o Z) 4- X o VyZ - [X,y] o Z = 0. 

We substitute X = 5, Y = E^Z = S'. Then we have 

(9.3) Vs{E oS')-Eo {VsS') = Ve{SoS')-So VeS' + [S, E] o S'. 

The torsion freeness of V and the definition of V imply 

(9.4) Ve{So6') = V(«5o5') + °^°5' + Lie£;(5o5'), 

(9.5) SoVeS' = doV{d') + So{^6') + SoLieES'. 

Therefore the equations (9.3), (9.4), (9.5) with LieE^ = o give the equation (9.2). 

□ 

Corollary 9.3. For S,S' are local vector fields with VS = VS' = 0, we have 

(9.6) [^,^(^0] = Y{S oS')- So V{S') + SoS'. 

Proof. By the torsion freeness of V and the assumption of fiatness of 5, S', 
we have Vs{E o S') — E o {V 5 S') = [(5,Z^(y)]. □ 

For any Os -endomorphism: ip : ©5 ©s, we could define ip* by the property: 

(9.7) g{ip*{S),S')=g{S,ipiS')), 

because g is non-degenerate. For the fiat coordinates introduced in (3.7), (3.8), we 
have 

mm m 

(9.8) ® ® = y 5* ® 

i=l i=l i=l 

Proposition 9.4. We have 



m 



(9.9) 


(1) 


Sfc(traceW) = ff(9fc, ^ di o 9*), 

2=1 

m m 


(9.10) 


(2) 


y^{d^{tmcel()}dk = ^ di o d'^ 
fc=l 2=1 

m 


(9.11) 


(3) 


9/c(traceZ^) = dkdjd'F. 



i=l 



Proof. The torsion freeness of V and the fiatness of di give 

m 

0fc(traceZY) = dkg{l({di),d^) 

i=l 

m 

= Eff(V9,(W(9i)),d*) 

i=l 

m 

= ^ff([5fc,W(9i)],9'). 

i=l 
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Using the equation (9.6), we have 



Y,9{[dkM{di)],d^) 

i=l 



Y] ff(V(dk ° di) -dkO Vdi + dkO dt, 9*) 

i=l 



m 

Y2 [gidk, di o V*m) - g{dk,v{di) o d^) + g{dk, di o a*)] 

i=l 



m 

Y^g{dk,diod'-) 

i=l 



because of the equation (9.8) for = V. Thus we have the equation (9.9). 

The equations (9.10), (9.11) are direct consequences of (9.9). □ 



Proposition 9.5. The following equation holds: 
m m 

(9.12) Yy^\U{di)] = + -)d\tr^ceU)]di. 

i=l i=l 

Proof. First we prove 

m 

(9.13) ^ a* o v{di) = 0. 

i=l 

The commutativity of the product o and the equation (9.8) for p = V give d'^o 
^i^i) = Y^iLi ° V*{di). The sum of both hand sides YaLi ° ^i^i) + YiLi ° 
V*(^t) equals 0 by the equation V + V* =0 (which is obtained by LieEQ = D • 
Vg = 0 and the torsion freeness of V, see Hertling [3, pl47 (9.4)]). Thus we have 
the equation (9.13). 

The following equation 

m m 

(9.14) ^[a^w(ai)] = (v + l)(^a*oai) 

i=l i=l 

is a consequence of (9.6) and (9.13). Next we have 

m m 

(9.15) Lie£(y^a*oai) = (i-D)^a*oai 

i=l i=l 

by the facts: LiesiY^i ^ ^ (which is the consequence of 

the equation Lie Eg = Dp) and Lweo = o. 

The equation (9.4) gives 

m m p. m m 

(9.16) Ve(^ a' O di) = V(^ d^odi) + -J2d'°di+ Lie£;(^ a' o di). 

2=1 2=1 2=1 2=1 

The equations (9.15) and (9.16) give the equation 

m _ rn 

(V + 1)(;^ a* o a,) = (Vs + -)(^ a* o ao. 

2=1 2=1 



(9.17) 
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By the equation (9.10), we have 






D, 



(9.18) 



D 



+ -){d\tva.ceU)}]di. 



i=l 



The equations (9.14), (9.17), (9.18) give the equation (9.12). 



□ 



9.2. Description of the Laplacian in terms of the operator U. We will 
describe the Laplacian and the twisted Laplacian: 

V:Os Os. 

jyJac . ^ 



as 2nd order differential operators in terms of flat coordinates. For the description 
of 2?-^“^ we have (for a local section / of Os) 



:= y-^V{yf) 

= + ‘^i{dy,df)] 

= 2?(/) + ^/ + J(^,df) 

y y 

= p(/)+^/+/(^,d/) 

= v(f) + '^f+Af, 
y A 



where I : O^(logD) ©5 is the Os-isomorphism induced by the Os-complete 
pairing (3.2). Thus we need only to describe P, and I(^). 



Theorem 9.6. The Laplacian V for a local section f of Os, 
are represented by the operator U and fiat coordinates , • • • 



and I(^) 



(9.19) 


W) = 


(9.20) 


T^{y) 

V 


(9.21) 


II 

i <1 |<1 
1 ^ 


where Vg 


denote the 


d- — — 

~~ dt^ ’ 


are as in 



E 

i=l 

1 

2 



U{di)d'^ + {{E + — )d'^ (trace Z//) }di 



(trace 7/), 



f. 



^(d(trace^)), 

Laplacian w.r.t. the holomorphic metric g, the notations 
Section 3.2. 



Proof. For the proof of (9.19), we need only calculate on each simply con- 
nected neighborhood U of any p £ S\D. By the equation (8.3), we have 

m 

(9.22) P(/) = Gram{I)~^^^di[Gram{I)^^‘^I{df,dt^)djf] 

for Gram{I) := det(/(9i, 9j)). We easily have J2]Li = K{d^) and 

Gram{I) = const. A~^ = const. y~~^. By using the fact that the metric g is constant 
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for di^ , we have 



(R.H.S.) of (9.22) 

m 

J2ydi[y-Md^)f] 



= p^yd%-^u{di)f] 

m m 

= J2d^di)f + J2yid'y~"p{di)f 

i=l i=l 

mm m 

(9.23) = Y.^{di)d^f +Y^^\u{^i)]f 

i=l i=l i=l 

We already obtained the following equation in (9.12): 

^ D. 

”2' 



(9.24) Y}^\U{di)\ = Y.HE + -)d%txa.ceU)}di. 

i=l i=l 

We show the following equation: 



'^y{d^y ^)U{di) = - ^ i(9* (trace W))9i. 



(9.25) 

i=l i=l “ 

By the multiplication invariance of g, the operator U is self-adjoint w.r.t.p. Thus 
we have 

m m 

®W(3i) = y^W(9“) ® di in &s ®Os ©s- 



i=l 






Thereby we have 






i=l 



The equation (2.7) gives 



Y,ymdiy-^)di = ^(9'(traceW))0i. 

i=l i=l ^ 

Therefore we obtain (9.25). The equations (9.22), (9.23), (9.24), (9.25) give the 
equation (9.19). 

For the proof of (9.20), using (2.7), we have 

m 

y“T(y) = y~^Y^yd^[y~'^l({di)y] 

TITL ^ 

= y^9‘[-9,(traceW)] 

i=l 



= (trace ZY). 



For the proof of (9.21), we have 

< U{5)^ >= — = (5(traceZY) =< (5, d(traceZY) > 
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9.3. Description of the Laplacian in terms of flat coordinates. 

Theorem 9.7. The Laplacian T> for a local section f of Os, cbTid I{^) 
are represented by flat coordinates: 

r ^ D - 1 ~ 1 

(9.26) V{f) = {Ed^d^F)didj + {{E + ^-)d^djd^F}di f, 

i,j=l •- -* 

(9.27) ^ ^ £ did%&>F, 

y i,J = l 

(9.28) j(— ) = ^ (a^aia*F)a,-. 

Proof. First we show 

m m 

(9.29) J2U{di)d^f = J2 {Ed^d^F)didjf. 

i=l 

This is shown by the equations 

U{di) = Eodi 

m 

= ^2 < E odi, dt^ > dk 

k=i 

m 

= J29(Eodi,d’‘)dk 

k=l 

m 

= Y.{Edid'^F)du 

fc=l 

and the assumption that di are flat. The equation (9.11) gives the equation 

D — 1 ^ D — 1 -- 

(9.30) {E + ——)d\txBjceU) = Y^{E + -—)d^djd^F. 

J = 1 

The equations (9.29) and (9.30) give the equation (9.26). 

We have the equation (9.27) by the elementary fact that the Laplacian Vg : 
Os — ^ Os for the holomorphic metric g is represented by 

The equation (9.28) is obtained by the equation g{dti) = and the assumption 
that d'^ are flat. □ 
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10. The cases of a universal unfolding of a function with a simple 

elliptic singularity 



In this section, we consider the Probenius manifold which is obtained as a pa- 
rameter space of a universal unfolding of a function with a simple elliptic singularity. 

The Probenius manifold structure on a parameter space 5 of a universal un- 
folding of a function with an isolated singularity is a consequence of the existence 
of the primitive form defined by K. Saito and studied by K. Saito [11] and M. Saito 

[13]. 

Por a simple elfiptic singularity case, the global construction of primitive form 
by K. Saito gives the Probenius manifold structure on a parameter space S globally. 

We give explicitly the relation of fiat coordinates and the Laplacian for the 
case of simple elliptic singularity. Por proofs of the following propositions, we 
will publish elsewhere. Por fiat coordinates and the prepotential of the case of 
simple elliptic singularity, the explicit calculations are done by Noumi-Yamada [8], 
Verlinde- Warner [16], Maassarani [7], Klemm-Theisen-Schmidt [5]. 

Por each case of the simple elliptic singularities, we denote by Jj^, the J- 
invariant and by r, the flat function defined by Saito [11, p.l245 (3.3.16)]. We 
put 



( 10 . 1 ) 



T] := 




1/24 



Up to constant factor, this will be identified with Dedekind’s rj function through 
the period mapping. We remark that the following results should be compared with 
the results of Satake [15]. 



10.1. Eq case. 

Proposition 10.1. Let t be one of flat coordinates of the universal unfolding 
of a function with a simple elliptic singularity of type Eq, with degree 1/3 (Et = 



(l/3)i). Then 






(10.2) 


V{rft) 


= 0, 


(10.3) 


X)Jac(^6) 


= 0, 


(10.4) 


2,Jac(^6^2^) 


= 0. 



This result is already obtained by the result of Satake [14], using the identifi- 
cation of T> with the Laplacian defined on the period domain through the period 
mapping. Por flat coordinates with other degrees, we can describe them by degree 
1/3 flat coordinates, the degree 0 (known) functions and the Laplacian. 



10.2. E 7 case. 

Proposition 10.2. Let t be one of flat coordinates of the universal unfolding 
of a function with a simple elliptic singularity of type Ej, with degree 1/4 (Et = 
(l/4)t). Then 

(10.5) 'Dirjh) = 0, = 0, = 0. 

Por flat coordinates with other degrees, we can describe them by degree 1/4 
flat coordinates, the degree 0 (known) functions and the Laplacian. 
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10.3. Further remarks. The theory of period mapping for a primitive form 
for a universal unfolding of a function with a simple elliptic singularity is constructed 
by K. Saito [11], [12]. 

We denote by S the parameter space of a universal unfolding of a function 
with a simple elliptic singularity. We also denote the period domain by O and the 
monodromy group by F. 

K. Saito’s theory of period mapping gives the isomorphism between the space S 
(except the points which correspond to simple elliptic singularities) and the quotient 
space 0/r. Thus a holomorphic function on S (homogeneous for the C*-action) 
can be regarded as a F-invariant holomorphic function on O (with suitable growth 
condition). 

Moreover the Laplacian on S which we construct in this paper can be regarded 
as the Laplacian on O defined in [15]. The latter is essentially the same as the 
Laplacian which was studied in [4, §13.3]. 

The space of F-invariant holomorphic functions (with suitable growth condi- 
tion) on 0 annihilated by the Laplacian is exactly the linear span of theta functions 
which is Weyl group invariant. 

Thereby for Eq case, rj^t can be regarded as a linear combination of Weyl group 
invariant theta functions on O by the equation (10.2). Also rj^y can be regarded 
as Ap, the Weyl denominator for affine Lie algebra of type Eq^\ up to a constant 
factor by the equation (10.3). Therefore can be regarded as a linear combination 
of characters of irreducible highest weight modules with dominant integral highest 
weight of an affine Lie algebra of type because of the equation (10.4) and the 
Weyl-Kac character formula. 

For Ej case, we could also discuss the results (10.5) parallel to the above. 
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Virtual fundamental classes, global normal cones 
and Fulton’s canonical classes 



Bernd Siebert 



Introduction 

This note, written in January 1997^, grew out of an attempt to understand refer- 
ences [Be], [BeFa] and [LiTi]. In these papers two related but different methods 
are presented for the construction of a certain Chow class on moduli spaces of stable 
(parametrized) curves in a projective manifold F, called virtual fundamental class. 
This class replaces the usual fundamental class of these spaces in the definition of 
basic enumerative invariants of V involving curves, called Gromov- Witten (GW-) 
invariants. They are invariant under smooth deformations of V. 

Both approaches are based on a globalization of the concept of normal cones 
of germs of the space under study inside some modelling space, that is for 

U C X open with i : U ^ M and M smooth over k. The essential idea of using 
bundles of cones inside a vector bundle for globalizing virtual fundamental classes 
is due to Li and Tian. The data needed to glue differs however somewhat in the 
two constructions. 

A proper understanding of the relationship between the two approaches seemed 
necessary for finding the natural framework for comparison of algebraic virtual 
fundamental classes with the author’s definition in [Sil] of virtual fundamental 
classes in the symplectic context [Si3]. 

In a first step Behrend and Fantechi use a generalization of the concept of 
scheme, called Art in stacks, to make sense of the quotient Cjj^m/Tm\u- These 
quotients being unique up to canonical isomorphism they glue to an Artin (cone) 
stack Cx intrinsically associated to any X. In a second step they need a morphism 
(p* : [T~^ — > (in the derived category) from a two-term complex of 

locally free sheaves to the cotangent complex, inducing an isomorphism in and 
an epimorphism in to cook up an ordinary cone C Fi, Fi the vector 

bundle associated to Intersection with the zero section finally produces the 

virtual fundamental class. So a priori the latter depends on the choice of (p * . 

This is a very natural and mature approach, that clearly separates the global- 
ization process of the normal cone from the construction of the virtual fundamental 
class. A possible disadvantage is that in dealing with Artin stacks some of the nec- 
essary verifications become rather technical, non-geometric in nature. 



^February 5, 1997; revised May 18, 1997, November 29, 2002, February 19, 2003 




342 



BERND SIEBERT 



Li and Tian circumvent the morphism to the cotangent complex by introducing 
the notion of “perfect tangent obstruction complex” . This is a morphism T~^ — » 
of locally free sheaves on X with kernel and cokernel being tangent and obstruction 
spaces for morphisms to X, compatible with base change. Using relative, formal, 
“Kuranishi families” as an intermediate object they construct a well-defined cone 
C C Fi. Another, less important difference to [BeFa] is the use of an absolute 
obstruction theory instead of one relative to the space of pre-stable curves. 

In a previous version of [LiTi] the slightly stronger claim was made that already 
a presentation fix should suffice to construct the cone. In trying to 

understand this statement I was lead to the problem of reformulating [BeFa] from 
the point of view of gluing local cones. Since in the latter reference Artin stacks are 
used only as book-keeping device rather than as actual spaces it should not come 
as surprise that one can get along without them (this has already been indicated in 
op.cit.). Contrary to what I expected, things can be formulated in a rather elegant 
but direct way via some yoga of cones bundles. This part of the paper (Sections 2 
and 3) is just a down-to-earth reformulation of (parts of) Sections 2-4 of [BeFa]. 
Section 1 presents the necessary notations concerning cones and linear spaces, the 
latter being a convenient way of looking at coherent sheaves for our purposes. 

In Section 4 we establish a closed formula for virtual fundamental classes in- 
volving only the scheme-theoretic structure of X via Fulton’s canonical class (Def- 
inition 4.3) and the Chern class of the virtual bundle Fq — Fi, Fi the vector bundle 
associated to (Theorem 4.6). This formula was actually found by the author 
in summer 1995 while searching for a purely algebraic definition of GW-invariants. 
It should be useful for computations, see the author’s recent little survey [Si2]. 

A few remarks on GW-theory are in order. First, today I consider the yoga 
of cone bundles in Sections 2 and 3 as one ingredient for the most economic path 
to algebraic Gromov- Witten invariants. The other ingredients are going over to 
Deligne-Mumford stacks, and replacing the morphism to the cotangent complex by 
an obstruction theory. If the latter is defined similar to [Ar], 2.6, rather than in 
[LiTi], one can show [Si4] that it is locally nothing but a morphism to the cotangent 
complex as in [BeFa]. Hence the yoga of cone bundles applies to produce the virtual 
fundamental class. 

Second, I would like to illustrate the perspective of the content of Section 4 by 
the following formula for virtual fundamental classes in Gromov-Witten theory. 

Theorem 0.1. Let V be a projective variety, smooth over a field K of char- 
acteristic 0, and R G Ai{V), the first Chow group. If g = 0 or C := CR^g^kiy), 
the moduli space of stable curves (C, k, (p : C V) in V of genus g with k marked 
points X = {xi, . . . ,Xk) and p^[C] = R, is embeddable into a space smooth over 
then the virtual fundamental class relevant for GW-invariants is 

|C1 = |c(ind^ fe)-incF(C/97tg,fc)| . 

Here { . }d denotes the d-dimensional part of a cycle, ^g^k 'Is the Artin stack of k- 
pointed pre-stable curves of genus g, d{V, R, g, k) = ci (V) •R+{l — g) dim V + 3g — 3 
is the expected dimension, and CF{C/^)y^g^k) is Fulton’s canonical class for C relative 

o 
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Here ind^ ^ = Fq — Fi is the virtual vector bundle associated to the partial 

resolution ip* : [F~^ ^cimg k l^he introduction. It represents 

the (domain of the) perfect relative obstruction theory {R7r^{fy))^ of Behrend [Be] 
in K^{C). 

A note on categories: To keep things simple we work here in the category of 
schemes of finite type over a field k, not necessarily algebraically closed or of charac- 
teristic 0. The extension to other base schemes is straightforward. For the purpose 
of GW- theory one also has to replace schemes by (generalizations of) orbifolds, that 
is Deligne-Mumford stacks in the algebraic category or analytic orbispaces in an 
analytic context. Again, our results can be easily adapted to these categories. 

For GW-theory this is still not sufficient, because is an Artin stack rather 
than Deligne-Mumford. One can nevertheless give a construction of the relevant 
cone without ever reaUy using Artin stacks. For instance, Fulton’s canonical class 
relative Tlg^k has the following simple definition: Embed C into a smooth Deligne- 
Mumford /c-stack N. In the important case g = 0 one could take if 

L :V ^ is a closed embedding. Let q :U ^ C he the universal curve. Then the 
pull-back of the (virtual) tangent bundle of dJlg^k is 

Tm •= ^xtq{ujuic^ ^u) - ^u) i 

as an element of K^{C) (the Sxt^ are the derived functors of o 'Horn) and 

CF(C/0Jl^,fc) = ^c(Tan)”^ U c(Tjv)^ H s{Cc/n) 

= c(Tg7t)“^ n cf(C) . 

Here all sheaves and classes have to be understood in the sense of Deligne-Mumford 
stacks. With these remarks understood the theorem is a special case of Theorem 4.6. 

In preparing this paper discussions with H. Flenner and S. Schroer have been 
helpful. I am grateful to the referee for a very attentive reading of the manuscript 
and several competent suggestions. 



1. Cones 

1.1. Linear spaces. For any algebraic /c-scheme X, = X X A\ has the 
structure of a ring over X : There are morphisms 

a : Xx A^^ — ^ A^^ , l : A^^ ^ A^ , g : A^^ Xx Ax ^ A^^ , 

and sections n,e : X fulfilling the usual commutative ring axioms with a as 

addition, t as additive inverse, g as multiplication and n, e as neutral elements for 

a, g. 

A linear space over X is an A^j^-module of finite type over X, that is, an afiine 
morphism tt : L X of finite type together with morphisms 

a L X X L — ^ jL, TTi : A^^ Xx L — > L 

and a zero section z : X L, fulfilling the usual module axioms relative X, that is 
mo(/ixIdL) = mo(Id^^ xm) as maps from A^^ xx A^^ XxL to L etc.^ By abuse of 
notation we just write L for the tuple (tt, a, m) . In the sequel we will restrict to linear 
spaces that are representable^ that is, which locally are closed subspaces of vector 
bundles with induced linear structure. With the obvious notion of homomorphism 

^“Linear space (over X)” or “linear fiber space” (“Linearer Faserraum”) seem to be the 
classical notation for the “abelian cones” of [BeFa] 
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of linear spaces over X we get the category Lin(X) of representable linear spaces 
over X. 

There is an anti-equivalence of categories 

Lin(X) — ^ Coh(X) 

to the category of coherent Ox-modules [EGA-II],§1.7: On objects this associates 
to L e Lin(X) the sheaf Homun{X){Li^x)’i other direction, T G Coh(X) 

corresponds to 

'.=■ Spec^^S ^ , 

where S*T is the symmetric algebra over the Ox -module T. For example, the 
addition operation a : L{J^) Xx L{T) — > L{T) comes from the diagonal morphism 
^ ^ 0 ^, / (/, /) by application of the functor L = Spec^^^ o 5*. Note that 

a vector bundle E corresponds to the locally free sheaf 0{E^)j E^ the dual bundle. 

Representable linear spaces are thus just another way to look at coherent 
sheaves. We will jump freely between both descriptions and use whichever seems 
more appropriate in a particular context. Note also that Lin(X) is an abelian cat- 
egory, so it makes sense to talk about monomorphisms, epimorphisms and exact 
sequences. A monomorphism # : E — » F of hnear spaces corresponds to an epi- 
morphism ip : E S of sheaves and is thus a closed embedding of schemes. An 
epimorphism ^ : F — > G of linear spaces, however, need not be a surjection of 
schemes (consider the inclusion 'ip :J ^ Ox for any nontrivial ideal sheaf X). 

1.2. Cones. A cone C over A is a scheme of the form SpecQ^S* where 5* = 
®d>oS^ is a graded Ox-module with 5° = Ox and S* generated by G Coh(A). 
S* as graded algebra is not in general determined up to isomorphism by the scheme 
C over X. For the grading one needs to distinguish the generating submodule 
51 =F, or, equivalently, a closed embedding C ^ L{E) into a linear space. Such 
datum could be called polarization of C. We will only deal with polarized cones in 
the sequel. 

Example 1.1. If A is a closed subscheme of an algebraic /c-scheme M with 
ideal sheaf X then the cone 

Cx\M = Speco^ ( ©d>o 1’^/!'^+^) 

over A is called normal cone to A in M. Cx\m is natmally embedded into the 
normal space Nx\m = LipL/lP^) of A in M (to avoid confusion with (X/X^)'^, I 
would rather not call Nx\m normal sheaf as in [BeFa]). o 

If C, C are cones over A, then so is C 0 C' := C Xx C'. 

To a polarized cone C — Spec^* is associated a Chow class on A, its Segre 
class 

s{C) ~ ^p*(rn[P(C)]), 

r>0 

where p : P(C) := Proj5* ^ A is the projection and ^ = ci(Op(c)(l))> 

We propose the following formulation of the concept of exact sequence of cones 
[Fu, Expl.4.1.6]. 



Q 



{*) 



Definition 1.2. Let 
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be an exact sequence of linear spaces. Let C C Q be a cone and set C := ^ ^(^)- 
Then (*) restricts to 

0—^E — >C — >C — ^0 . 

Sequences of cones of this form will be called exact o 

Remark 1.3. Exact sequences of cones might not be very useful unless (*) 
splits locally. In this case C is locally of the form C 0 E, and as in [Pu, Expl.4.1.6] 
one can show s{C) = s{C 0 E). In the non-split case a convenient way to relate 
the Segre classes of C and C seem to be unknown. 

But note that if E is a vector bundle (*) always splits locally, and so we retrieve 
the definition of exact sequences of cones as in [Fu] . o 

For an exact sequence of cones as in the definition C is preserved by the additive 
action of E on F. In other words, C wears the structure of an F-module. More 
generally, if # : F ^ F is a homomorphism of linear spaces and C C F is a cone 
then C is called E-cone if C is an F-module via #, that is if C is preserved by the 
additive action of F on F induced by #. 

Example 1.4. In the situation of Example 1.1 Cx\m is a Tm |x-cone via the 
natural homomorphism # : Tm\x ^x\m- On the sheaf level this action of Tm\x 
is 

0 0 jd/jd+i^ 

d d 

where for fi G J/J^ the image of /i • . . . • /^^ in the direct summand S^Qm\x ^ 
jd-ey^jd-e+i q£ target is the sum over all partitions {ii, . . . , ig}, {ji, . . . , Jd-e} 
of {1, ... ,n} of terms 

d/ii • ••• -d/ie •••••/dd-e- 

o 

There are many examples of morphisms of linear spaces F — > F and F-cones 
C C F that do not descend to the quotient Q = E/F, for instance the examples 
in Remark 2.18,3 and in Remark 3.5. However, there is one important class of 
morphisms where it is always possible, namely for locally split monomorphisms. 
We first treat the split case: 

Lemma 1.5. Let 8, E E Coh(X) and E = L{8), F = L{E) the corresponding 
linear spaces over X and C C F 0 F an E-invariant closed subscheme with respect 
to the action of E on the first summand. 

Then C is of the form F 0 C for some uniquely determined closed subscheme 
C CF. 

Proof The statement is local in X, so we may assume X = Spec .4, F = 
Specyl[X]/ (e), F = SpecA[Y]/(f) with X = (Xi,...X^), Y = (Yi,...Ys) and 
e = (ei, . . . , efc), f = (/i, . . . , /^) tuples of linear forms with coefficients in A, (e), 
(f) the ideals generated by their entries. Then C = Spec4.[X, Y]/J with I an ideal 
containing (e) + (f). 

The only possible candidate for C is the intersection of C with 0 0 F, that is 
C = Spec^[X, Y]/(I + (X))_ = Spec^[Y]/J, with I = {/(O, Y) | /(X, Y) G /}. 
We have to show that /=(/) + (e). 
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C to be ^-invariant means that for any /(X, Y) = € I 

M,N 

/(X + X',Y) = ^flMiv(X + X')'^^Y'^ G {I) + {^{e)) {*) 

M,N 

holds in A[X,X', Y], where (p : ^[X] -> A[X'], ^ Xj,. Modulo (X) this says 

/(X',Y)€(7) + (^(e)) 

in A[X', Y]. Replacing X' by X we thus get I C ( J) + (e). 

For the other direction we look at (*) modulo X + X' to conclude 

/(0,Y) = ^aoivY^ G I + e = I 

N 



for any f £ I, that is I C /. 






o 


Proposition 1.6. Let 


0 — >F - 




(*) 



be an exact sequence of linear spaces with F a vector bundle, and let C C E be an 
F-cone. 

Then there exists a unique cone C C Q such that (*) induces an exact sequence 
of cones 

0—^F — >C — >C -^0. 

In particular, C descends to Q: C = q~^{C). 

Proof. By replacing Q by the closed subspace E/F C Q we may assume q to 
be an epimorphism. Then, since F is a vector bundle, locally (*) splits and we may 
apply the previous lemma to construct C C Q. o 

In other words the proposition says that C is the scheme theoretic quotient of C 
by the free action of F. This is a convenient way to think about C. 

2. Going up and down for F-cones 

In this section we investigate the behavior of F-cones under morphisms of 
two-term complexes, that is commutative squares, in Lin(X). If ^ 

F. = (Fq Fi) (Fo Fi) is such a morphism the corresponding morphism 
of coherent sheaves will be written : 8* = {8~^ — » 8^) — > F* = 

(jT-i -> F^). Then Ei = L{8~^), Fi = L(F"0 for i = 0, 1. 

2.1. Going up. 

Lemma 2.1. Let : F* F» be a commutative square in Lin(X), and C ^ 
El an Eo-cone. Then ^ Fi is an Fo-cone. 

Proof Consider the diagram 



Fo^Fi ^ Fi 




Fq 0 El ^ El 
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with horizontal arrows the morphisms defining the Fq- and £^o-niodule structures on 
Fi and Ei respectively. By hypothesis Eq 0 C is a closed subscheme of {a')~^{C). 
Thus Fo 0 = ($0 0 #i)~^(Fo 0 C) is a closed subscheme of 

o 



By this lemma we are able to make the following definition. 

Definition 2.2. (going up) Let : F. — > F, be a commutative square in 
Lin(X) and C C Fi an Fo-cone. Then the Fo-cone 

$L(C) :=$U(0 

in Fi is called pull-back of C under #*. o 

The pull-back depends only on the homotopy class of (or ^.). 

Proposition 2.3. Let = [8~^ — > F* be homotopic commu- 

tative squares in Coh(X). Then for any Eo-cone C C Ei 

#L(c) = ^L(^)- 

Proof. Let k : be the homotopy: = (p~^ +kod^ ifp = do k. 

Writing K = L{k) and a : Fq 0 Fi Fi for the structure map, may be 
decomposed into 

Fi Eo®Ei-^Ei. 

Since Fq 0 C C a~^{C)^ (F, ^i)“^(Fo 0 C) = is a closed subscheme of 

But the claim is symmetric in W,, hence = ^^^(C). o 

It is well-known that for general morphisms of complexes in Coh(X) 

the implications ‘V* homotopic implies “(^* = "0* morphisms in the derived 
category”, implies “F*(<^*) = F*('0*)” are strict [Ha, §1.4]. For split two-term 
complexes, however, all these notions coincide. 

Lemma 2.4. Let E* = [E~^ — > E^], F* = [F“^ — > F^] be two-term complexes 
of coherent Ox-Tnodules, and (p* = xp* = : E* be two 

commutative squares inducing the same map in cohomology: H'^{(p*) = F^('0*), 
i = -1,0. 

If E* is split then (p* and xb* are homotopic, that is there exists a homomorphism 
k:E^ ^ F"i with 

d' ok = 99 ® — xjp , ko d = (p~^ — xp ~^ . 



The proof is by chasing the diagram with exact rows, which defines /C, /C', Q, Q': 

* d ^ q 

0 K E~^ E^ Q 0 



0 




hO(v.*) 

II 



JC' 



F-^ 



d' 



F° 



q' 



S' 



0 . 



Namely, since q' o {qp — xp^) = 0, there is a map a : E^ with df oa = pP — xjp. 

Then d' o (^“^ — xp~^ — aod) = {pP — xpP) od — d'oaod = 0 and hence there exists 
f3 : E~^ K' with p>~^ — xp~'^ — ao d = i' o /3. Let ^ : E^ IC' he the composition 
of P with a split of d. Then k := a -hi' o p is the desired homotopy. o 
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From this lemma and the proposition we conclude 

Corollary 2.5. Let : F* — > F, he commutative squares of linear 

spaces over X with and F. locally (!) split Then for any 

Eo-cone C d E\ 

$Uc) = '®L(c). 

o 

Due to the local nature of the claim local splittings suffice. 

The next result about functoriality of going up follows directly from the defi- 
nition. 

Proposition 2.6. Let : F, — ^ F,, : F« G^ be commutative squares 

of linear spaces and C C Gi a Go-cone. Then 

2.2. Going down. Going down, or push- forward, of Fo-cones in Fi to Fi 
is a little more subtle. The central tool will be Proposition 1.6. To make this 
proposition applicable we need a fittle lemma. 

Lemma 2.7. Let -i- E^) — > -i- F®) he a commutative square in 

Coh(X). Then the complex 

0 ^ £-1 £0 3 jr-l ^ ^ ^ 

is exact at 

i) jpo iffH°{ip*) is surjective 

a) E^ 0F“^ iff is injective and is surjective 

in) E~^ iff is injective. 

Proof. Chase the diagram 




0 ^ JC' F~i — ^ yro ^ Qf ^ Q o 

If (p* is a quasi- isomorphism we thus get exactness of the stated complex. And (p * , 
viewed as a commutative square, is cartesian {E~^ = E^^jroT~^) iff H^(p*) is injec- 
tive and is an isomorphism, and it is cocartesian (F® = {E^ ©F"^)/£^“^) 

iff H^(p*) is an isomorphism and H~^{<p*) is surjective. Assume now that Fq is a 

vector bundle and that : [Fq — > Fi] [Fq Fi] induces an isomorphism on 

and a closed embedding of linear spaces on H^. If these conditions are satisfied 
we say that going down is applicable to Then 

0 — > Fo ') Eo®Fi-^^ El 

is exact (Lemma 2.7, g = F o pr^ -h #i o pr2) and we may apply Proposition 1.6. 
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Definition 2.8. (going down) Let : F. F, be a commutative square 
in Lin(X), to which going down is applicable (see above), and let C C Fi he an 
Fo-cone. The unique cone C C img C Fi with q~^{C) = Fq 0 C, which exists by 
Proposition 1.6, is called push-forward of C by denoted (#.)i(C). o 

Note that (#,)!(C) is actually an Fo-cone because Fq 0 C is one. And by 
Proposition 1.6: 

Proposition 2.9. If going down is applicable to : F. — > F., and C C Fi is 
an Fo-cone, there is an exact sequence of cones 

0— (#.),(C') -^0. ^ 

Remark 2.10. Local freeness of Fq (or local splittabihty of the relevant exact 
sequence of linear spaces) seems to be indispensable, since otherwise Fq 0 C need 
not descend to E\. See Remark 2.18,3 for a related example. o 



As with going up, going down depends only on the homotopy class of 



Proposition 2.11. Let : F. F. be homotopic morphisms of com- 

mutative squares in Lin(A) and C C F\ an Fo-cone. If going down is applicable to 
(or, equivalently, to then 



Proof Let F : Fi Fq be a homotopy between and that is Wq = 
#0 + A"oF', + FoF {D : Eo El, D' : Fo Fi the differentials). Then 

the following diagram 

Q ^ 0 p^ ► 



0 



Id 



X 



Id 



i^o-D') 

Fq ^ Fq 0 Fi 



^ p^ 



with X = (p^i — A"opr 2 ,pr 2 ), q^ = Fopr^ +#i opr 2 and qq, = Fopr^ + opr 2 , 
is commutative. Now x"~^(Fo 0 C) = Fq 0 C and the conclusion follows from the 
definition of going down. o 



F. always splits locally by local freeness of F^. Taking into account Lenuna 2.4 
and in view of the local nature of going down, we conclude: 

Corollary 2.12. Let : F. — > F, be commutative squares in Lin(X), 

to which going down is applicable, with iJ*(^,) = F*(^.), and let C C Fi be an 
Fo-cone. Then {^.)i{C) = {^.)i{C). o 



We observe also that since q ^{C) = Fq 0 C C Fq 0 Fi and gjoeFi = ^i, 
= C. In other words: 

Proposition 2.13. Whenever going down is applicable to : F, — » F* then 
is a left inverse to (^.)!, that is 



for any Fo-cone C C F\. 



o 
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Note that is generally not right-inverse to (^•)!. For example consider 

= (Id,t) : (Fo Fi) — > (Fo Fi 0 A^) for any linear space N over X, 
L : Fi — > Fi 0 AT the inclusion of the first factor and Fq acting trivially on N. Then 
for an Fo-cone of the form C 0 AT it holds 0 X) = C 0 0. Compare 

however Proposition 2.15. 

As a formal consequence of the last proposition and Proposition 2.6 we obtain 
functoriality of going down. 

Proposition 2.14. Let : G. — > F.^ : F* — > F. be commutative squares 

of linear spaces to which going down is applicable, and let C C Gi be a Go-cone. 
Then 

Proof. Insert C = (#. o o t.)i(C) = ° ^.)!(<^) into the 

right-hand side and apply Proposition 2.13 twice to arrive at the left-hand side! o 



2.3. The case of quasi-isomorphisms. By definition a morphism of two- 
term complexes is a quasi- isomorphism if is an isomorphism for 2 = 0, 1. 

This is equivalent to requiring that viewed as a commutative square is cartesian 
and cocartesian, see Lemma 2.7. Going up and down behaves well with respect to 
quasi-isomorphisms : 

Proposition 2.15. Let : F. F. be a quasi-isomorphism of two-term 
complexes of linear spaces with Fq locally free. Then going up and down induces 
a functorial one-to-one correspondence between Fo-cone5 C C Fi and Eo-cones 
CcEi. 

Proof. In view of Proposition 2.13 it remains to show that if (7 C Fi is an 
Fo-cone then C = This is a local problem. We may thus assume that 

there exists a local splitting cr : Fq 0 Fi Fq of the exact sequence 

0 — ^ Fo — ^ Fo 0 Fi El — ^ 0, g = F o pr 1 o pr 2 

from Lemma 2.7. Then x = g) : Fo 0 Fi — > Fo 0 E\ is an isomorphism mapping 
the diagonal Fo-action on Eq 0 Fi to the action on the first factor of Fo 0 Fi . Since 
cr is a splitting, x induces an isomorphism ker(cr) Fi . Therefore 

x( ker(a) H g"^(C)) = x{q~HC)) H (0 0 Fi) = 0 0 C. 

But x{q~^{C)) is an Fo-cone, and hence Proposition 1.6 implies x{q~^{^)) = Fo 0 
C. By definition this says C = (#«)!#;((?). o 

Using the nice behavior under quasi-isomorphisms we may now define going 
down for morphisms in the derived category F(Coh(X)) of the category of coherent 
sheaves. In the language of linear spaces a morphism of two- term complexes in the 
derived category : F* — > F* consists of 

1. another two-term complex G. 

2. a quasi- isomorphism 0. : F. — » G. 

3. rm and a morphism : F. — > G.. 

Two morphisms defined by tuples (G.,0*,^.) and (G^,0^,W^) are considered 
equivalent if there exists a two-term complex G. and quasi-isomorphisms A« : G* — > 
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G., A', : G. making the following diagram commutative up to homotopy: 



Gm 




g: 



Definition 2.16. (going down in the derived category) Let : F. — > F. be a 
morphism of two-term complexes of linear spaces in the derived category, inducing 
an isomorphism on and a closed embedding on Moreover, we require Eq 
and Fq to be locally free. When these assumptions are satisfied we say that going 
down is applicable to In this case the push-forward of an Fo-cone G C Fi is 
defined to be the Fo-cone 

(#.),(G) := 

whenever (G», ^.,0.) is a representative of o 

Using the previous results it is easy to check that this is well-defined. 

Again, for two- term complexes, the morphism class in the derived category can 
be checked on the level of cohomology: 

Proposition 2.17. Let : F. F. he as in the definition with = 

i = 0,l. 

Then, locally, as morphisms in the derived category. In particular, 

for any Fo-cone C C F\ it holds 

{^,UC) = ($'.). (C). 

Proof. Locally, we have to produce a two-term complex G. and quasi- 
isomorphisms A* : G. G., Ai : Gi — > G. making (*) commutative up to homo- 
topy. If Ei = L{8^), Gi = L(g^), G' = i = 0, 1, we set Gi := L{g^ x^i S'") 

with differential L{D x F'), and A., A^ induced by the projections g'^ x^i g'^ g'^ 

and g'^ x^i g'^ — > g'^ respectively. It is straightforward to check that ©., ©^ induce 
cocartesian squares in cohomology. Hence A«, A^ inherit to be quasi- isomorphisms 
from ©., ©^. With this choice (*) commutes in cohomology, hence locally up to 
homotopy by Lemma 2.4. o 

Remark 2.18. In view of the previous results one might wonder if there exists 
“going down” when being only given maps on the level of cohomology. There are 
three remarks I want to make on this. 

(1) A map in cohomology is considerably weaker than a map of complexes, 

even for two-term complexes. For instance, let F. = [Fq ^ Fi] be a 
non-spht epimorphism of linear spaces and K = kei D. Then F*(F.) = 
F*([F, -^0]), but the identity map in cohomology is not induced by a 
morphism of complexes. 
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(2) There is going down for “cones coming from cohomology” : By such cones 

we mean cones of the form C = p~^{C) for some C C p : Ei 

H^{E^) the cokernel of Em. Namely, if p : H^{Em) H^{Fm) is a closed 
embedding and p' : Fi — > H^{Fm) is the cokernel of F,, one may set 
p\{C) := p'~^{p{C)). In case p = with : F, — > F, a morphism 

to which going down is apphcable, then p\{C) obviously coincides with 

(3) Not every Fo-cone in Fi comes from cohomology. As a simple example 
take X = A\ = SpecA:[T], Fq = Fi = A x A| = Specfc[T, U,V], D : Eq 
E l corresponding to the homomorphism of fc[T]-algebras sending U,V to 
TU, TV respectively, and C the line F(T, U) <Z E\. 

See also Remark 3.5 for another, less artificial example. o 

3. Global normal cones 

If : X ^ M is a closed embedding of algebraic fc-schemes the normal cone 
Cx\M C Nx\m is a TM I x-cone (Example 1.4). With nonsingular M theses normal 
cones are essentially unique, namely up to vector bundle factors. In fact, li l' : X ^ 
M' is another such embedding we may consider the diagonal l!) : X ^ M x M' 
to reduce to the case where 6 = tt o tt : M' M a. smooth morphism. But then 
there is an exact sequence of cones 

(3.1) 0 {t''TTM'\M ^ Cx\M' ^ Cx\M ^ 0 . 

Based on this observation Behrend and Fantechi show that to any X there is as- 
sociated a cone stack (a certain Artin stack) over X of pure relative dimension 
zero, the intrinsic normal cone Cx- Locally, Cx is nothing but the stack-theoretic 
quotient Cx|m/^m|x, and the above exact sequence of cones is responsible for the 
fact that these quotients glue. 

One essential insight of Behrend and Fantechi is that one can retrieve an 
actual cone over X by giving a morphism ip* : E* in the derived cate- 

gory inducing an isomorphism in F® and an epimorphism in and such that 
T* = F®] is a two-term complex of locally free sheaves. Here is the 

cotangent complex of X. (In the language of [BeFa], ip* is a “global resolution” of 
a “perfect obstruction theory” for X.) 

The cotangent complex is a complicated and largely mysterious object canon- 
ically associated to any scheme, or even ringed topos [II]. However, here we will 
work exclusively with the truncated complex t>_i£3c* This is simply an object of 
the derived category that has the following explicit local description: If 17 C X is 
an open subscheme and C/ ^ M is a closed embedding into a smooth scheme M 
then 

r>-iCx = 

where the complex on the right hand side has entries at —1 and 0 (this follows 
from the exact triangle for the cotangent complex, see below). In particular, if X 
is globally embedded into a smooth scheme we can avoid the cotangent complex at 
all. 

Using our study of going up and down for F-cones we will see that the object 
needed is the following. 
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Definition 3.1. A global normal space for X is a morphism cp* : T* = 

J^] r>-iC*x in the derived category with locally free and inducing an iso- 
morphism in and an epimorphism in iJ"^. o 

Given a global normal space : (rieiLx)* now written in terms of Hnear 

spaces r<i(Lx)» = F{r>-iJCx) niay construct a cone C = C'(#«) C Fq as 

follows: Let U C X be an open set embedded into a nonsingular M, i :U ^ M. 
The exact triangle of relative cotangent complexes associated toU ^ M Speck 
yields a morphism in the derived category 

A. : [Tm|u ^ Nu^m] — ^ T<i{Lx)m 

that induces isomorphisms in jEf% i = 0, 1. As Fq and Tm\u are vector bundles the 
composition #. o A, thus fulfills the assumptions of Definition 2.16. We may define 

(3.2) C\u := (#.oA.),(Cy|M). 

It remains to show 

Lemma 3.2. (#« o A 9 )\{Cu\m) C Fi|j 7 is independent of choices. 

Proof. It suffices to treat the case of another embedding l' : U ^ M’ s.th. l = 
7 T o i' for some smooth morphism tt : M' M, see above. We have a commutative 
diagram with exact rows and columns 

0 0 



J*np 

f' J-M'\M f' J-M'\M 



Q ^ ^ ^ Ti{U) 0 



0 ^ Tu ^ i^^Tm Aj7|M Ti{U) 0 . 



0 0 

Here Ti{U) is the linear space associated to the first higher cotangent sheaf of 
U. This shows that Dir induces a quasi-isomorphism ©. : [Tm'Iu ^ ^u\M'] 
[Tm\u Nu^m] with A^ = A. o 0,. Moreover, from the exact sequence of cones 
(3.1) 

Cu\M' = ^i^{Cu\m) — €>L(^[/|m)- 
Thus by Proposition 2.15 we conclude 

{A'^)\{Cu\M') = (A*)!(0.)!©L(C'c/|m) = {Am)l{Cu\M)- 

o 

In view of Proposition 2.17 we obtain the first of the two main results of this 
paper. 
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Theorem 3.3. Let X be an algebraic k-scheme. To any global normal space 
: r<i(Lx)# — ^ for X is associated an Fo-cone C Fi, locally of the 

form (3.2), and of pure dimension equal to rkFo. Moreover, C(^») depends only 
on the map induced in cohomology. 

Proof. It remains to check the statement on the dimension. Locally, we may 
choose a representation of o A. : [Tm\u — ^ Nu\m] F^, where t : U ^ M is a, 
closed embedding of an open 17 C AT, by (G., ©«, W.) with 

• : [Tm\u — ^ Nu\m] G. 

• ©. : F. ^ G. a quasi-isomorphism 

• G. = [Go Gi] with Go a vector bundle (!). 

We get two exact sequences of cones (Proposition 2.9) 

0 — > Tm\u — ^ Gq^Cu^m — ^ {^•)\Gu\m — ^ 0 

0 Fo ^ GoeC{^.)\u — > {^.)iCuiM 0. 

The first one shows that (^•)iGi 7 |M is pure dimensional of dimension equal to rkGo, 
and then by the second one G(#«) is pure (rkFo)-dimensional. o 

Definition 3.4. G(#.) is called the global normal cone associated to the global 
normal space o 

Remark 3.5. 1) The picture would be especially simple if for any closed 
embedding l : X ^ M into a nonsingular M, Cx\m came from a cone in the 
intrinsically defined linear space Ti{X). This is, however, generally wrong: 

Consider the fat point X = SpecF, R = k[X, Y]/{X‘^, XY, T^), with its embed- 
ding into M = A| = SpecA:[X, y]. Letting A, B, C correspond to the generators 
XY, of the ideal, Gx|m = SpecR[A,B,C]/{B‘^ -AC,XC-YB,XB-YA). 
Ti{X) is the linear space corresponding to the kernel It of 

R[A, B, C] — > OMjfc 0/c[A,y] ^ 2XdX, B ^ YdX -h XdY, C ^ 2YdY , 

which is (XA,YA,XB,YB,XC,YC) = (X,Y) • (A,F,G). A cone comes from 
Ti{X) iff its ideal is contained in It- But obviously B^ — AC ^ It, and so Cx\m 
does not come from a cone in Ti{X). 

2) By uniqueness of minimal free resolutions of modules over a local ring (see e.g. 
[Ei, Thm.20.2]) it is not hard to show that for any, not necessarily closed point 
X £ X there is a minimal germ of global normal spaces at x. This is constructed 
by embedding a neighborhood of x in X into a smooth /c-scheme M of dimension 
embdimajAT = dimfc(a,) fix ^ k{x). We assume k perfect here to assure that regular 
A:-schemes are smooth over k. A germ of global normal space at x can then be 
defined by selecting a minimal set of generators for the ideal defining X ^ M. 
This germ of global normal space is minimal in the sense that any other germ of 
global normal space at x can be obtained by adding trivial factors. 

As a consequence, the germ at x of any global normal cone is isomorphic to 
Gx\m plus a vector bundle factor. In particular, the “nonhnear parts” of global 
normal cones are locally unique. o 
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4. Virtual fundamental class and Fulton’s canonical class 

4.1. Virtual fundamental classes. If X is an algebraic A:-scheme and : 
T<i(I/x)« F. is a global normal space for X with also Fi a vector bundle we 
speak of a free global normal space of rank rk(#.) = rkFg — rkFi. We may then 
intersect the zero section s : X ^ Fi of Fi with the global normal cone C(#,) C F\ 
to produce a class on X. 

Definition 4.1. Let : r<i(Lx)# ^ F. be a free global normal space. The 
Chow class 

is called virtual fundamental class of X with respect to $». o 

Note that [V,#.] contains as much information as [C(#.)] G -Aj.k(jPQ)(Fi), for 
[C($.)] = p's-[C{^.)] = p-[X,^,], 
where p : F\ X is the projection. 

One of the most important property of such classes is their compatibility with 
specializations. In the application to the construction of invariants from mod- 
uli spaces associated to a projective manifold V, say (as in Gromov-Witten or 
Donaldson-theory), this property implies invariance under smooth deformations of 
V. There are two versions of the specialization theorem, one involving global nor- 
mal spaces of the total space of a family, and the other working with relative global 
normal spaces (that is, a morphism : t<i{Lx\s)* F«, where X S is the 
family of algebraic /c-schemes under consideration). We do not have anything to 
add to the presentation in [BeFa, Proposition 5.10 and Proposition 7.2], which 
translates almost literally into our language. 

Before turning to an explicit formula for the computation of [V, $«] in hopefully 
more accessible terms, we want to add the following point of view; For any pure- 
dimensional cone (7 in a vector bundle F there is a formula for the intersection with 
the zero locus in terms of the Segre class of C and the total Chern class of F [Fu, 
Expl. 4.1.8]. Applied to C(#*) C F\ it says 

[X,^,] = {c(Fi)ns(C($.))}rk(*.), 

where { • }d • A^{X) Ad{X) denotes the projection to the d-dimensional part. 
Now for any r > 0, the image of [C(#.)] under the monomorphism tr : Fi ^ 
Fi 0 becomes rationally trivial, while c(Fi 0 = c(Fi). Thus letting : 

A ^ Fi 0 be the zero section we see 

{c(Fi)ns(C($.))}rk($.)-r = (S’-)’(^r)*[^(^.)] = 0. 

This teaches us two things: First, if Fi splits off a trivial factor Fi = F\ 0 Ax 
with im#i C Fi then [A, ^,] = 0. So the result is trivial if Fi is not chosen small 
enough. And second, if [A, #.] ^ 0 then rk(#.) is the smallest number d such that 

{c{Fi)ns{C{^.))}d ^ 0 . 

Example 4.2. Let A be smooth of dimension n. Then the cotangent complex 
of A is exact at Cx^. So the natural morphism : r<i(Lx)« [Tx G], 
O = X the trivial linear space over A, is an isomorphism in and Then 
C($«) = A = O and c(Fi)ris((7(^.)) = s(C(#,)) = [A] has vanishing components 
in dimensions smaller than n. o 
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4.2. Pulton’s canonical class. If an algebraic fc-scheme X is globally em- 
beddable into a smooth /c-scheme M (e.g. X quasi-projective) then 

cf{X) := c{Tm\x)^s{Cx\m) € A*(X) 

is a Chow-class on X that is independent of the choice of embedding [Fu, ExpL 
4.2.6]. 

Definition 4.3. cp{X) is called Fulton^ s canonical class. o 

Note that if X is smooth one may choose X = M and so cf{X) — c{Tx) H [Xj. 
For comparison of cf(X) with Mather’s and MacPherson’s Chern classes see [Al]. 

Given a (not necessarily free) global normal space : r<i{Lx)* P* for X, 
cf{X) can also be expressed as follows: 

Proposition 4.4. Let : r<i(Lx)* be a global normal space for a 

quasi-projective X. Then 

cf{X) = c(Fo)ns(C(#.))- 

Proof. By quasi-projectivity there exists a global closed embedding l: X ^ M 
of X into a smooth M. This yields a globally defined morphism in the derived cate- 
gory A. : [Tm\x ^x\m] T<i(Lx)*- Also by quasi-projectivity any sheaf is the 

quotient of a locally free sheaf. Hence there is a global representative (G., 0*, W.) 
of o A. in the construction of Theorem 3.3, that is, with Go a vector bundle, 
0, : F, -4 G. a quasi-isomorphism, : [Tm\x Nx\m] G.. We get two exact 
sequences of cones with vector bundle kernels (see Proposition 2.9) 

0 — ^ Tm\x — ^ Gq®Cx\m — ^ {^•)\{Gx\m) — ^ 0 

0 — > Fo ^ Go0G(#.) — . {^.)i{Cx\m) — > 0, 

which by the multiplicativity of Segre classes in exact sequences of cones with vector 
bundle kernels imply 

c{TM\x)nsiCx\M) = c(Go)ns((«'.)!(Cx|M)) = c(Fo)ns(C($.)). ^ 

Remark 4.5. If X is any algebraic A:-scheme with global normal spaces one 
could take the right-hand side of the formula in the proposition as definition for 
a generalization of Fulton’s canonical class on projective schemes. However, I was 
not able to prove independence of this class from the choice of And in case X is 
not quasi-projective but embeddable into a smooth scheme, in the construction of 
Theorem 3.3 we might not not be able to choose Go locally free. Then the coinci- 
dence of this class with cf{X) is not clear either. The problem is that on one hand 
the globally defined complex linking two global normal spaces : r<i{Lx)m — ^ F., 

: r<i{Lx)m — > F^ is the cotangent complex, which need not be globally repre- 
sentable by a complex L* with Lq a vector bundle, while on the other hand Segre 
classes do not behave well in exact sequences unless the kernels are vector bundles, 
o 



We are now ready to deduce the announced formula for the virtual fundamental 
class. 
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Theorem 4.6. Let X be a projective k-scheme and : r<i(Lx)« F. a free 
global normal space for X of constant rank d. Then 

[X,$.] = {c(indF.)-'ncj.(X)}^, 

where indF* is the virtual bundle Fq — Fi G K^{X). 

Proof As remarked at the end of the last subsection the virtual fundamental 
class can be computed by the formula 

s’[C($.)] = {c(Fi)ns(C(#.))}^. 

Now just insert c{Fq)~^ U c{Fq) and use Proposition 4.4 o 

Remark 4.7. 1) This formula enlightens the dependence of virtual fundamen- 
tal classes on the choice of global normal spaces: Interestingly, [X, $.] depends only 
on the index bundle of rather than on any of the finer data used to construct 
C(#.). But note also that for another choice : r<i(Lx)* ^ F^ of global normal 
space, [X, can not in general be computed from [X, #.] and indF., indF^ alone. 

2) One can take this formula as definition of the virtual fundamental class of X 
without knowing anything about the more sophisticated theory of global normal 
cones in the non-pro jective case. This was the point of view of the author in sum- 
mer 1995 in an attempt to define GW-invariants in algebraic geometry, when I 
observed it from formal considerations. Unfortunately, I was not aware of Vistoli’s 
rational equivalence [Vi], from which the crucial independence of the invariants 
under smooth deformations can be derived. I learnt also that the same formula 
has independently be discovered by Brussee for complex spaces constructed as zero 
locus of holomorphic Fredholm sections of holomorphic Banach bundles over com- 
plex Banach manifolds, as occurring for example in Seiberg- Witten theory [Bs] 
(the interpretation of Brussee’s c*(X) as Fulton’s canonical class is not quite clear, 
though). 

3) At the beginning of Section 3 we mentioned Behrend and Fantechi’s intrinsic 
normal cone Cx, which locally was the stack- theoretic quotient of Cx\m by the 
action of Tm\x for some embedding X ^ M into a smooth space. 

Now if X is globally embedded into a smooth scheme M, Cx is globally the 
quotient of Cx\m by Tm|x- Hence in view of the multiplicative behavior of Segre 
classes in exact sequences of cones with vector bundle kernels, cf{X) could with 
some right considered as Segre class of Cx- 

Conversely, if there was a theory of Segre classes for cone stacks, the Segre class 
of Cx would generalize Fulton’s canonical class to arbitrary algebraic fc-schemes. o 
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A Note on BPS Invariants on Calabi-Yau 3-folds 



Atsushi Takahashi 



1. Introduction 

Let X be a Calabi-Yau 3-fold. Since the virtual dimension of the moduli space 
of 0-pointed stable maps is given by 

(1.1) vdimc:M^,o(X, 0) := dime X ■ {1 - g) - [ Kx + ^9 - 3 = 0, 

one can define rational numbers called Gromov-Witten invariants of 0-pointed sta- 
ble maps for all g G Z>o and (5 G H 2 {X^ Z) as follows: 

(1.2) Ngip) := deg G Q, where Ao{Mg,o{X, P),Q) Q. 

It is very useful to introduce the following generating functions of Gromov-Witten 
invariants: 

(1.3) := 

(3eH2{X,Z) 

are well-defined as formal power series of q since Ng{P) = 0 for P ^ NE{X) 
where NE{X) is the Mori cone of X (the cone of curves in X). 

Over the last 10 years a large numbers of studies have been made on ^ 
however, little is known about higher genus potentials {g > 1). The following 
are our motives for studying BPS invariants: 

• Structure theorem: 

We expect that Gromov-Witten invariants are written in terms of more 
fundamental integral invariants. It is known in all examples that there 
exists nQ{p) G Z such that 

(1-4) Fo^= E 

)3€H2(X,Z) 

(Aspinwall-Morrison formula). This fact suggests the existence of fun- 
damental integral invariants. 

We also expect the analogy of the gauge theory on 4-manifolds such 
as the structure theorem by Kronheimer-Mrowka and the equivalence 
between Donaldson and Seiberg-Witten invariants. 




360 



ATSUSHI TAKAHASHI 



• Definition of Gromov— Witten invariants by D^{Coh{X)): 

Dubrovin observed in [D] that the monodromy data for (which re- 
construct Fq ) are essentially given by the bounded derived category 
D^{Coh{F‘^)) of coherent sheaves. For example, the Stokes matrix comes 
from the Euler number of an exceptional collection of D^{Coh{F‘^)). By 
the GiventaFs reconstruction theorem for semisimple quantum cohomolo- 
gies [G], {g > 1) are determined by Fq^ . 

Although the quantum cohomology of a Calabi-Yau 3-fold is not 
semisimple, we expect the analogs of Dubrovin’s and GiventaFs theorems. 

• Gopakumar— Vafa formula 

Based on the string duality between Type IIA and M-theory, physicists 
Gopakumar and Vafa [GV] introduced a remarkable formula for F^’s 
which generalize the Aspinwall-Morrison formula: 

(1.5) E 

9>0 k>0,h>0,f3eH2(X,Z) ^ ^ 

They conjectured the existence of integral invariants n^{P) called BPS 
invariants defined by M2-branes wrapped around the curves in X, and 
the equivalence between Gromov-Witten invariants and BPS invariants 
is given by (1.5). 

Remark. One can always define rational numbers called conjectural BPS 
invariants in terms of Gromov-Witten invariants Ng{j3/k)^k G Z>o,^' < 

/i, by the GV formula (1.5) and the Mobius inversion formula (Proposition 2.1 in 
[BP]). In this approach, the problems are to prove that {P) G Z (integrality 
conjecture) and to clarify the geometric meaning of The integrality 

conjecture was checked by Bryan-Katz-Leung for contractible rational curves in 
[BKL] and by Bryan and Pandharipande for some super-rigid curves in [BP]. Also, 
we are informed that Pukaya-Ono [FO] proved the genus 0 part of the integrality 
conjecture in the symplectic category. 

Our aims are to define BPS invariants geometrically and to show the Gopakumar- 
Vafa formula later as the equivalence between Gromov-Witten and BPS invari- 
ants. So far, we have been studying a mathematical definition of BPS invariants in 
[HST2] by the moduli space of sheaves and formulated the Gopakumar- Vafa con- 
jecture. In particular, there we have proved the existence of natmal {SI 2 ) l x {s12)r- 
action on the intersection cohomology of the moduli spaces. 

The purpose of this paper is to clarify the “naturality” of our moduli spaces of 
stable sheaves used to define BPS invariants based on the results in [HST2] and new 
evidences for the Gopakumar- Vafa formula (1.5). From these results, we see that 
our moduli spaces M^(X) are necessary and sufiicient to define the BPS invariants 
as far as we use as D-brane moduh spaces the modufi spaces of semi-stable sheaves 
of dimension 1. We have not yet succeeded to define our D-brane moduli spaces 
from D^{Coh{X)) since at this moment we have no mathematical notion of stability 
on triangulated categories. However, once one could define some notion of stability 
and moduli space of stable objects on D^{Coh{X)), then we expect our moduli 
spaces will be naturally derived from them since there are several phenomena that 
only our moduli spaces could explain. 
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The main results in this paper are Proposition 4.1, Theorems 5.2, 5.5, 5.6 and 
5.8. We shall recall our definition of BPS invariants given in [HST2] in section 2, 
and give our mathematical conjectures in section 3. Then we shall explain above 
“naturality” (section 4) with some new evidences for Gopakumar-Vafa conjecture 
(found in section 5). We refer to [FP], [BP], [P], [KZ] the details of calculations 
of Gromov-Witten invariants. 
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2. A Mathematical Definition of BPS Invariants 

2.1. D-brane moduli spaces. It is not well-understood how to define math- 
ematically the BPS D-branes and moduli spaces of them. One may regard the 
category of (B-type) D-branes as D^{Coh{X)), the bounded derived category of 
coherent sheaves on X. It is necessary to find D-branes satisfying the BPS con- 
dition to define good (e.g., Hausdorff) moduli spaces for them. Mathematically 
speaking, BPS condition is nothing but the stability condition. However we have 
not succeeded to define the suitable notion of stability on objects of D^(Coh{X)). 
Due to absence of stability on D^{Coh{X)), we shall use here instead the abefian 
category of coherent sheaves and the usual (/x-) stability on sheaves. 

Let us first recall the notion of stability. 

Definition 2.1. (Stability) 

Let ^ be a coherent sheaf which is pure of dimension Z on X, i.e., dime Supp(.F) = 
I for any nontrivial coherent subsheaf T d E. Then E is called stable (resp. 
semistable) if for any proper subsheaf 

p{T^m) < p(5,m), for m » 0. 

(resp. p(.F, m) < p(£^,m), for m » 0), 

where 

^ i 

P{£,m) := x{X,£{m)) 

i=Q 

is the Hilbert polynomial of E and p{E,m) := P{E,m)/ai{E). 

One can construct the following moduli spaces Md,^(X) of semistable sheaves 
by the Simpson’s construction (see, for example [HL]): 

Definition 2.2. Let us fix an ample line bundle L on X. We denote by 
Md,x{^) the moduli space of semistable sheaves ^ on X with Hilbert polynomial 

P{E,m) = dm -f x* 

Here we have restricted to sheaves with 1-dimensional supports, since we are 
only interested in D2-branes (or M2-branes). Note that for 1-dimensional sheaves, 
the stability defined above coincides with the /x— stability defined by ai-i{E)/ai{E) 
instead of p{E, m) in the above definition. It is known that Mrf,^(X) is a projective 
scheme (Theorem 4.3.4 [HL]). 
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Remark. Recently, Aspinwall-Douglas [AD] have proposed the notion of II- 
stability on D^{Coh{X)). They proposed to use instead of P in the definition 2.1 the 
periods II of the mirror manifold of X. Note that the corresponding objects on X 
to n in general receive quantum corrections, (i.e., contain information of Gromov- 
Witten invariants) since we have the following expression of II by genus 0 Gromov- 
Witten potential in the symplectic basis: II = (1, t, dfF^ ^tdtF^ — 2F^) where 
for simplicity we deal with the case H‘^{X) = C and set t logq. Thus one might 
think that there is a problem of self-reference, more precisely, one might think that 
we are using Gromov-Witten invariants to define Gromov-Witten invariants! 

However, since we are working near the the large radius limit in the complexified 
Kahler moduli space, as far as we deal with D2-branes S corresponding to vector 
(0, 0, Q!i(^), ao(^))? the stability condition receives no quantum corrections (H(£^) = 
ai{8) ' t + ao{S)) . It is also conjectured that H-stability coincides with the usual 
(/x-)stability near the large radius limit. Hence we have no contradictions here. 

2.2. Support morphism. We next define the support morphism from the 
moduh space of stable sheaves to a suitable moduli space parameterizing the defor- 
mation of curves in X. A problem happens since we can not define the canonical 
scheme structure on Supp(^) for E. Hence it might be impossible to use the Hilbert 
scheme which is the most natural object as the deformation space of subschemes in 
X. Our solution in [HST2] to this problem is to use the Chow variety Chow{X)^ 
which is a projective variety parameterizing algebraic cycles on X. As a result, our 
support morphism becomes a generalization of the Hilbert- Chow morphism, and 
coincides with it when we consider stable sheaves supported on families of rational 
curves in X. 

Consider a coherent sheaf E on X pure of dimension 1. Let Supp(£^) be the 
support of Yi, • • • be the irreducible components of Supp(^) and vi be the 
generic point of Yi. Then the stalk Ey. = E ^Ox ^x,vi is an Artinian module of 
finite length length{Ey.). One can define an algebraic cycle s{E) by 

i 

(2.1) s(5) := length{Ey^) • Yi. 

i=l 

Definition 2.3. (D-brane moduli space) 

(2.2) M^,^(X) := {E € Mrf,^(X) | [s{E)] = (3 e H 2 (X, Z)}. 

In particular, we set 

(2.3) M^(X):=M^,i(X). 

Note that if ^ G M^(X) then x{E) = 1 and ci(L) = d. 

Remark. We shall restrict our attentions to M^(X). This corresponds to the 
statement in [GV] that the degeneracy of BPS states should be independent on 
X- One may think this restriction is not natural but we shall see in section 4 these 
moduli spaces are sufficient to our mathematical formulation of the Gopakumar- 
Vafa formula. 

Let us assume that M^(X) is normal (or take the normahzation of Mp{X) and 
denote it by M^(X) again for simplicity). 
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Proposition 2.1. ([HST2]) 

The natural map 

.2 4 ) ^ Chow{X) 

^ ^ E ^ s{E) 

becomes a morphism of projective schemes. □ 

More precisely, we can construct as follows. Since the constant term of 
P{E^m) is 1, any semi-stable sheaf E G M(^{X) is stable and there exists a universal 
sheaf over M^(X) x X (Corollary 4.6.6 [HL]). 

Let us consider the algebraic cycle s{P^) C M^{X) x X and the natmal mor- 
phism pf3 : s{Tfs) M0{X). Since p /5 is a proper morphism all of whose fibers 
have dimension 1 , s{P(3) Mf3{X) is a “well defined family of algebraic cycles” 
(see for example [Ko]). We can obtain the unique morphism Mp Chow{X) 
by the universality of the Chow variety, i.e., we have the following commutative 
diagram: 

4^0) ^ ^ C Chow{X) X X 

(2.5) |p 

Mp{X) ^ Chow{X), 

where p :U ^ Chow{X) is the universal well defined family of algebraic cycles. 

Let us denote by 5/3 (X) the normalization of the image of M^(X) in Chow{X). 
Since Mf^{X) is normal, the morphism factors through 5 / 3 (X) from the universal 
property of the normalization, and we obtain the natural morphism 

(2.6) rp : M^(X) ^ 5^(X). 

Note that tt^ is projective since Mj^{X) and 5 / 3 (X) are projective. 

Remark. If we consider sheaves in a smooth projective surface in X, then 
7 T /3 coincides with the support morphism given by Le Portier [LeP]. We shall use 
this property when we calculate local BPS invariants, BPS invariants for sheaves 
restricted in a surface embedded in a Calabi-Yau 3-fold. 

2.3. BPS Invariants. We have the following theorem and definition of BPS 
invariants. 

Theorem 2.2. ([HST2]) Letirp : M(^{X) S(s{X) be the projective morphism 
defined in (2.6). Let us fix a relative ample line bundle L\ on M^{X) and an ample 
line bundle L2 on S^{X) respectively. 

Then IH*{Mj3{X)) is a representation of the {s12)l x {s12)r defined by ujl •= 
Ci(Li) and ujr := Ci(L 2 ) : 

(2.7) IW{M^{X)) = ^ ® {h)R, 

31 J2 

where by {j) we denote the irreducible {2j -f- 1)- dimensional representation of sl2- 
As a C-vector space, one can decompose IH*{Mf^{X)) as 

r 1 1 

(2.8) 7H*(M^(X))=5^%,,,(ji)L®(j2)H = 0 (2 )l©2(0)l ®ii.(/3). 

31^32 h>0 L -* 

where we denote by RhiP) cl virtual representation {a linear combination of repre- 
sentations over Tj) of {s 12 )r- action. □ 
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Since neither M(^{X) nor the morphism tt^ may be smooth in general, we 
cannot prove the existence of such an action on C) by the usual Leray’s 

spectral sequence. However, the “perverse” Leray’s spectral sequence tells us the 
origin of the (s^ 2 )l x (si^ 2 )j?-action on intersection cohomology Not 

only physics but also mathematics can explain ( 5 ^ 2 )l x {s 12 )r quite natmally! 



Definition 2.4. (BPS invariants) 

One can define integers nh{(3) by the following formula: 



(2.9) 



for ^ 0 

\ for/3 = 0, 



where we mean by Tr(— 1)^^^ the graded trace defined by 



(2.10) Tr(,),(-1)2"« := 

'^hiP) will be called BPS invariants. 






Remark. If M^{X) is not normal, one should consider also the contributions 
from non- normal subvarieties of M^{X)^ i.e., repeat the same procedure and define 
Uh{0) for each subvariety. nh{P) should be defined by the total sum of these. 



3. Conjectures 

Now we can formulate the conjecture proposed by Gopakumar-Vafa as follows: 

Conjecture 3.1. nh{P) G Z defined in (2.9) should be deformation invariants 
satisfying the Gopakumar-Vafa formula (1.5). More precisely, 

(3.1) nft(/3) = for all /? € H 2 {X, Z), 

where {0) are the conjectural BPS invariants 

(3.2) ^ (2sin(^))''‘ 

5>0 fc>0,h>0,/9GH2(X,Z) ^ 

defined by Gromov-Witten invariants via Gopakumar-Vafa formula. 

On the other hand, we can consider the another integral invariants associated 
to M^{X) called holomorphic Casson invariants defined by Thomas [Th]. The 
holomorphic Casson invariant for Mf 3 {X) is defined by the degree of the virtual 
fundamental class of M^{X). 

Conjecture 3.2. 

(3.3) no(/3)=deg[M;,(X)f"*, G i? 2 (X,Z). 

Since for all 8 G M^(X) is stable, [M^(X)]'^^’’* is well-defined. We see that the 
virtual dimension of Mj 3 {X) is 0, hence we have 

deg[M^(X)]”'’‘ G Z, where AoiM^iX), Z) Z. 

Thus we obtain integers for every M( 3 {X). Note that no(/?) = deg [M/ 3 (X)]^^’^* 
whenever M^{X) is smooth since both are given by 
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4. Discussions on moduli spaces M^{X) 

We shall explain that our moduli spaces are natural ones 

to define BPS invariants. We shall discuss 

(i) reduction from semistable sheaves to stable sheaves, 

(ii) {M/3,;^(X)}^^H2 (x,z),x€Z to 

(iii) nice properties of Mj 3 {X). 

4.1. Prom semistable sheaves to stable sheaves. Gopakumar-Vafa for- 
mula (1.5) gives 
(4.1) 

exp f (ssinCy)) 

\P>0 / \fc>0,/i>0,/3GLr2(X,Z) ^ ^ / 

Note that since we have taken exponential, the LHS of (4.1) represents the number 
of all holomorphic maps from curves that are non-connected in general. Motivated 
by the physical statement in [GV], we expect the correspondence 

{all holomorphic maps from curves} {all semi-stable sheaves of dimension 1}. 

Note that any semi-stable sheaf is S-equivalent to a direct sum of stable sheaves 
and that there is a similarity between the RHS of (4.1) and the Macdonald formula 
on the Poincare polynomial Xt of symmetric products of a variety V : 



(4.2) 



J 2 xt(SWV)q^ = exp ^ \xAV)q'^ 
l >0 \k>l ^ 



Recall that BPS invariants are defined by rih{P) := Tri^^(^)(— 1)^-^^ and 



2sin(^) 



2 h 



Ih~ 



( 2 ) 1 - ® 2(0)l 



0h 



The relation between Poincare polynomial and our (s/ 2 ) l x (s/ 2 )i?-decomposition are 
already discussed in [HSTl]: Poincare polynomial is a character for the diagonal 
{sl 2 )diag, {{sl 2 )diag C (s/ 2 )l X ( 5 / 2 )/?) and OUT generating function of BPS invariants 
is the character for {s 12 )r> Thus the RHS of (4.1) can be regarded as an analog of 
the Macdonald formula. 

When we count the number of holomorphic maps, we can restrict to maps from 
connected curves (i.e., we replace exp(^^>Q to Ylg>o Hence 

by the equation (4.1) we expect nh{P) should count only stable sheaves. 



4.2. Prom {Mj 3 ^^{X)}p^^ to {Mp{X)}^, The discussion above tells us that 
for the definition of BPS invariants not all moduli spaces {Mj 3 ^^{X)} 0 ^^ may be 
necessary. From the facts given below, we see that moduli spaces {M/ 3 (X )}/3 are 
necessary and sufficient (see section 5 for the statements of Theorems). 

• When /? = 0, stable sheaves are only skyscraper sheaves with x = 1? 
Theorem 5.2 shows that Mq{X) = X is the correct moduli space. 

• Theorem 5.5 implies that M^{X) (or M^^-^(X) with fixed x) is sufficient 
to define BPS invariants. If one considers Mf^^^{X) for all Xj then one 
gets too many stable sheaves for the Gopakumar-Vafa formula (1.5) to 
hold. 
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• Theorem 5.7 implies that one has to consider the moduli of sheaves with 
X = 1, i.e., Mp{X), since the number of stable sheaves depends on x- In 
this case, one also sees that if one considers M( 3 ^^{X) for all x? then one 
gets too much stable sheaves for the Gopakumar-Vafa formula (1.5) to 
hold. 

Now we are sure that {M^{X)}p^H^(^x,i) nre natural moduli spaces to define BPS 
invariants, as far as we consider the moduli spaces of semi- stable sheaves of dimen- 
sion 1. 

Thus we see that the Gopakumar-Vafa conjecture should relate the following 
moduli spaces: 

{Mgfi{X, P)}g>Q^0^H2{X,Z) {M0{X)}0^H2{X,Z)- 

We expect the Gopakumar-Vafa formula (1.5) wiU be proved by constructing a 
correspondence on some product spaces of Mg^Q{X^0) and Mp{X), and the corre- 
spondence would be given by some moduli spaces of stable maps from curves with 
sheaves to X 

4.3. Nice properties of M^(X). Moduli space M^(X) has nice properties 
since x(^) = 1, for all ^ ^ Mp{X). First we note that as discussed in section 2, any 
semi-stable sheaf S G M^(X) is stable. This is because for an ample line bundle L 
on X^ s{S) ' L and 1 are always relatively coprime. As a result, [M/ 3 (X)]^^’^^ can 
be defined for all (3 G 7^2 (X,Z) and we could formulate Conjecture 3.2. We do not 
know whether [Mj 3 ^-^{X)Y'^'^^ exists or not for x 7^ 1- We should also remark that 
our moduli space M^{X) naturally contains stable sheaves on non-reduced schemes 
by the construction. 

The most important thing is the existence of a non-trivial homomorphism 
Ox This fact is often used to calculate BPS invariants in [HST2] and 

in section 5. In particular, by combining with the stability condition we get the 
following statement: 

Proposition 4.1. Let C S C Hilh{X) be a flat family of curves with 
H^{Cs) = C and H^{Cs) = 0 at e S. Then S C M/j for some (3 and tt^Is 
coincides with the Hilhert-Chow morphism. □ 

This follows from the fact that the morphism Ox —^Sis unique and induces 
an isomorphism Os{£) ~ by the stability condition. It means that BPS invariants 
of the family of rational curves should be counted by the multiplicity in the Hilbert 
scheme or holomorphic Casson invariant deg as expected. In this case, de- 
formation invariance of the relevant BPS invariants follows from that of deg[5]^^’^*. 
Evidences for this are given as Theorems 5.5 and 5.6. 

Another nice property is the compatibility with the proposal by Katz-Klemm- 
Vafa [KKV]. They gave under some assumptions the way to calculate BPS in- 
variants based on the Abel- Jacobi map and applied this method to obtain local 
BPS invariants for del Pezzo surfaces. Let Cg be a smooth curve of genus g. The 
Abel- Jacobi map is a surjective morphism defined by 

(4.3) HilbS(Cg) ^ Jac«(Cp), / ^ [namoo, {I, 

Then one can relate H* {Jac^ {Cg)) with H * {Hilh^ (Cg)) by using the theta divisor. 
Katz-Klemm-Vafa considered the family Cp — » 5 of curves of genus g and relative 

^The author would like to thank M.-H.Saito for valuable discussions on this. 
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version of (4.3), and then they expressed BPS invariants by x(Hilb^(C^)) for 0 < 
k < g and by some mysterious “correction terms” (see [KKV] for details). 

Recall the role of x = 1 condition in the Abel-Jacobi map (4.3). The surjec- 
tivity holds since x(£^) = 1 for all S G Jac^(C^) and the birationality holds since 
H^{S) = C is an open condition. Hence we may expect the analog for M^(X) 
since x(^) = 1 for all 8 G M^{X). If Abel-Jacobi type morphism from the relative 
Hilbert scheme of points on the support curves to M^{X) exists, then it will de- 
scribe a good approximation of M^{X) since the relative Hilbert scheme of points 
on curves are often easier to deal with. 

However, we see that when the support curve is reducible we have at most an 
Abel-Jacobi type birational map in general since the morphism Ox ^ may factor 
through some irreducible component. For example, let us consider a reducible curve 
C = Cl U C2 where Ci is a smooth rational curve and C2 is a smooth elliptic curve 
and Cl and C2 intersect at one point In particular, there is a stable sheaf 8 

defined by the nontrivial extension 0 Oc 2 8 Oci —^0. It is discussed 

in [KKV] that the 0-th BPS invariant no is the sum of the Euler number of the 
relative Hilbert scheme of points x(^) = 1 ^ correction term —1 (and hence 

no = 0). 

The geometric meaning of the correction term was not clear in [KKV] , but now 
we have a nice observation based on M^(A). One sees that the correction terms in 
[KKV] are due to the non-existence of the Abel-Jacobi type morphism. Note that 
each point on the component Ci in the relative Hilbert scheme of points C gives a 
unstable sheaf. In order to recover M/5 (A) (~ C2 in this example) from the relative 
Hilbert scheme of points C, one must first subtract the component Ci, and then 
instead of the unstable sheaf T defined by the non-trivial extension 0 — ^ Ocx — ^ 
T Oc 2 0 which corresponds to the intersection point Ci Pi C2 , we have to add 
the stable sheaf 8 defined by the nontrivial extension 0 — » 8 Oci 0 

which does not correspond to any point in the relative Hilbert scheme of points. In 
this way, we get the correction term — x(C'i) + xi^i Fl C2) = —1. 

Since in general we have at most a birational map from the relative Hilbert 
scheme of points on curves to our moduli spaces, we have to consider the contri- 
butions from unstable sheaves to be subtracted and stable sheaves to add in order 
to get M( 3 {X) from the relative Hilbert scheme of points. This is the geometric 
meaning of the correction terms by [KKV]. We shall discuss the local case in 
the next section (Theorem 5.8). 



5. Evidences 

In this section we shall give some evidences for Conjecture 3.1 which we used 
in the previous section. 

5.1. Constant Maps. Let us first consider the BPS invariants for = 0 G 
i?2(A, Z) which should correspond to Gromov-Witten invariants for constant maps 
via the Gopakumar-Vafa formula (1.5). 

It is necessary to introduce the notion of positivity of D-branes to discuss the 
cases p = 0 and 7^ 0 at the same level. Note that in [GV] the methods used to 
obtain BPS invariants P = 0 and P ^ 0 are different. As positive roots in the Lie 



^This example can be found when one consider the family of elliptic curves in del Pezzo 
surfaces dP^. See [KKV] 
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algebra theory, the notion of positivity of D-branes are naturally defined as follows 
(see also [HM]): 

Definition 5.1. D2-D0 bound state with a D-brane charge (/?, m) G H2(X, Z)0 
Hq{X,Z) is positive (we denote this by {/3,m) > 0) if 

{(3^ m) > 0 ^ > 0, m G Z 

or /? = 0, m > 0, 

where /? > 0 /3 € NE{X) n HziX, Z)\{0}. 

In the physical derivation of the Gopakumar-Vafa formula (1.5) (see [GV]), 
one has to count BPS states over positive D-branes: 

(5.1) 

^ /" ^(2isinh|)^'’“^gi'^exp(-27rim^). 

9>0 (/3,m)>0,/i>0 

Some careful calculations with identity 

^ exp(-27rim^) = - k). 

mez kez 

(where we denote by S the Dirac’s delta function) give 1 /2-factor in Definition 2.4: 

Y1 ( 2smiY)T 

9>0 k>0,h>0,(3eH2(X,Z) ^ ^ 

where nh{P) := for ^ 7 ^ 0 and n/i(0) := /2. 

In the BPS invariants side, we should consider the contribution from skyscraper 
sheaves with Euler number 1 on X. Mq{X) and So{X) is nothing but X itself and 
hence the support morphism ttq : Mq{X) Sq{X) is identity. It is almost clear 
that the only non- vanishing BPS invariant is no(0) given by 

(5.2) no(0) = ^ 

Gromov-Witten invariants for constant maps (iVg(O), g > 2) have the following 
expression, which was proved by Faber and Pandharipande: 

Theorem 5.1. ([FP]) 

(5.3) 

-^C(3) + = -\x{X)'£l )) ' + ^4c(l). 

g>2 k>l ^ ^ ^ 

In particular, (0) = — . □ 

Remark. We usually add the term -|-^^^X(;(1) into right hand side to cancel 
the obvious divergence. The expression will be more beautiful after setting formally, 

(5.4) 7Vo(0) := -^C(3), M(0) := -^C(l)- 
Thus we have 

Theorem 5.2. 



(5.5) 



».(»)={ 
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and we have no(0) = no^^^(O). □ 

5.2. Contractible rational curve in X. Let C C X be a smooth irreducible 
curve in a Calabi-Yau 3-fold. Let N = Nq/x be the normal bundle of C in X. 
The curve C C X is called rigid if H^{C,N) = 0, and the curve C C X is called 
super-rigid if {C' , p* (N)) = 0 for all non-constant maps of nonsingular curves 
p: C' C. For a super-rigid curve C, one can define the local contributions of C 
to the Gromov- Witten invariants Ng{n[C]). Denote corresponding Gromov-Witten 
invariants by Ng{n • C) and call them the local Gromov-Witten invariants. 

If C is a curve of genus 0, then the super-rigidity and the rigidity coincides and 
these imply that Nq/x = ^c(— 1) 0 ^c(— !)• The relevant local Gromov-Witten 
invariants are given by 

Ng{n ■ C) := /_ Ctop(iiV«/i*JV), n > 0, 

where 

7T : V^g,l(P^n[pl]) A?3,o(P\n[pi]) 
is the universal family, 

fi : V(g,i(P\n[pi]) ^ pi, (/ ; Sg ^ P\i e Sg) ^ f(x) G P^ 

is the evaluation map and N := (9pi(— 1) 0 (9pi(— 1). 

Faber-Pandharipande proved the following theorem for the generating function 
of local Gromov-Witten invariants Ng{n • C): 

Theorem 5.3. ([FP]) 

(5.6) Y1 

9 > 0 ,n>l k>l ^ ^ / 

One can define the conjectural local BPS invariants n^g'^^{d • C) G Q by 
the Gopakumar-Vafa formula (1.5) 

-j / k \ \ ^ 

(5.7) ^ Ng{n-C)q-\‘^^-^= 2sin(^)) q<^\ 

g>0,n>0 k>0,h>0,n>0 ^ ‘ 

From this formula, the conjectural local BPS invariants n^g'^^{n • P^) are given by 

(5.8) nr^{n-¥^) = ll for ^ = 0 and n = 1 

^ 0 otherwise. 

The generalization of Theorem 5.3 to a contractible smooth rational curve C 
is given in [BKL]. First let us recall some facts on contractible smooth rational 
curves. 

Definition 5.2. Let C be a smooth rational curve in Calabi-Yau 3- fold X and 
suppose that there exists a contraction morphism j \ X -^Y with /(C) = p eY 
which induces an isomorphism / : X\C Y\p. (/ : X — > Y is a small resolution of 
an isolated singularity p eY with the exceptional set f~^{p) = C). Kollar’s length 
I is defined to be the length at the generic point of C of the sheaf Ox / f~^'niY,p 
where my,p is the maximal ideal sheaf of p eY. 
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It is known that p 6 F is a compound DuVal singularity and Nq/x is Oc(— 1)0 
Oc(-l), Oc 0 Oc{-2) or Oc{l) 0 Oc{S). 

Let Yq be a generic hyperplane section and let Xq be the proper transform 
of Fo- If is known by the Reid’s Lemma [R] that the minimal resolution Zq of 
Fo factors through Xq and hence the length I can be computed by the length of 
Oxq/ f~^\xoi'^Yo,p) and coincides with the multiplicity of C in the fundamental 
cycle of the corresponding ADE singularity. We refer to [KM] for details. 

Let Cn C Xq be subschemes defined by the symbolic power of the ideal 
Xc defining C C Xq, and let kn be the multiplicities of Cn in Hilbert scheme. The 
theorem by [BKL] gives the following conjectural local BPS invariants. 

Theorem 5.4. ([BKL]) 

Let C be a contractible smooth rational curve in a Calabi-Yau 3-fold X. Cn deforms 
to kn smooth rational curves with normal bundle 0{—l) 0 0{—l) and homology 
class n[C] under a generic deformation of X. Since Gromov- Witten invariants are 
deformation invariants, conjectural local BPS invariants are given by 

/p. conj / ( ki for h = 0,n = 1,2, ... ,l 

(5.9) n, (n-C) = |Q otherwise. 

□ 

Let us consider the subspace Mn-ci^) ^n[C]{^) defined by 

Mn.c(X) := {S e Mnic]{X) I s{8) = n • C} C Mn[c]{X). 

In order to define local BPS invariants, we only have to replace M(s{X) by 
Mn-c{X) in Theorem 2.2. By (2.9) one has local BPS invariants nh{n • C). What 
we would like to do is to compare nh{n • C) with • C). 

Theorem 5.5. Let C C X be a contractible smooth rational curve on a Calabi- 
Yau 3-fold X and let I be the Kolldr’s length for C. Then our local BPS invariants 
are given by 

f h for h = 0,n = 1,2, ... ,l 

( 5 . 10 ) 

In particular, nh{n ■ C) = n^^^\n • C) for all h and n. 

Proof. Let us first notice that il £ e Mn.c{X), then there exists an ideal 
sheaf J of Ox such that OxjJ C £ since x(^) = 1- The contraction morphism 
f : X Y being rational, we have R^f^Ox = 0 and hence R} f^{Ox / J) = 0 and 
H^{Ox/J) = xi^xlJ) ^ L Thus by the stability condition, one easily sees that 
Ox/J ^ £. 

Conversely, if J is an ideal sheaf of Ox such that Iq <Z J <Z Ic for some k 
and xiPx! J) = then Ox/J is stable. Let us show this fact. Assume that there 
exists a destabilizing (proper) subsheaf £ of Ox / One sees that the destabilizing 
property of £ and xi^x / J) = 1 imply that x(^) = 1 and the existence of an ideal 
sheaf K of Ox such that Ox/K C £ C Ox/J- However this gives K = J, which 
contradicts the assumption that is a proper subsheaf of Ox / J- 
Now we have the identification 

Mn.c{X) ^ { J C I J c Ic, x{Ox/J) = 1} c Hilb{X) 

as a set, however by the way of Simpson’s construction of moduli space of semi- 
stable sheaves (see for example, [HL]), we can conclude that Mn-c(X) is exactly 
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the component of the Hilbert scheme, in other words, the isomorphism given above 
is also an isomorphism between schemes. 

We see that if J C Ox satisfies Iq C J C Ic and x{^x/J) = 1, then 
f~^my^p C J. On the other hand, in the proof of Lemma 2.8. [BKL], one can find 
that xi^C-n) = 1 for Cn C Xq, n = 1, . . . ,Z, where Cn is the subscheme defined 
by the symbolic power of the ideal Xc defining C C Xq and Xq is the proper 
transform of a generic hyper plane section through the singular point p. Thus the 
moduh space Mn.c{X) is the component of the Hilbert scheme containing ideal 
sheaves of Cn for n = 1, . . . , Z, and it is empty set otherwise. 

Now let us calculate rih{n • C) by our method. Since C C X is isolated, one 
sees that S^ic] C Chow{X) consists of just one point {n • C} and the projective 
morphism 

'^n-C • {J^n-C^red ^ ^nC 

is the usual Hilbert-Chow morphism. Since Tin-c is identity and the multiplicity of 
Mn c is kn by definition, we have the desired result. □ 



5.3. Conic bundle in X. We shall calculate the local BPS invariants for 
homology classes of curves contracted under a Type HI primitive contraction. Let 
E C X he a. conic bundle over a smooth curve C of genus g. We denote the class 
of the fiber of C by 2/. Let consider the moduli space given by 



Ma := {S e M^af]{X) \ s{8) e |d/l} C 
The natural support map is given by 



(5.11) 



TTd-Md |d/| 

£ I— > s{£), 



and the local BPS invariant nh{d) is defined by 



IH*{Md) = 0 h 0 Rh{d) 

h>0 



nh{d) := Trfl^(d)(-1)2"«. 

Theorem 5.6. We have the following local BPS invariants: 

{ 2 Ylr>o + 1) for h = 0 and d = 1 
2g — 2 for h = 0 and d = 2 
0 otherwise, 

where a^ is the number of fibers E C which are line pairs with an Ar singularity. 

In particular nh{d) = nh{dy^'^^ , where are the conjectural BPS in- 

variants calculated by Wilson [W]. 

Proof. Since all fibers are (—2, 0)-curves, we have nh{d) = 0 for d > 3, /i > 0 
by the similar argument discussed in [HST2] (section 4). We can easily see that 
8 e Md is isomorphic to Os(s) hy the same argument as in the case of contractible 
curves. Hence we have M 2 2 :^ |2/| C and no(2) = ~x{M 2 ) = ~x{C) = 2g - 2, 
nh{2) = 0 if h ^ 0. Moreover, we can count the multiplicity in the Hilbert scheme of 
^s{S) for 8 G Ml (see [Tz]), and we have that the multiplicity of a smooth rational 
curve passing an ^^.-singularity is r + 1. Since each fiber which is line pairs has two 
smooth rational curves passing an A^-singularity for some r, the total contribution 
to no(l) is 2 • J2r>o ^r{r + 1 ). □ 
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5.4. Super-rigid Elliptic curve in X. Let E C X be a super-rigid elliptic 
curve. It is known that the normal bundle iV of E in X is isomorphic to iV ~ L0L“^ 
where L is a non- torsion element of the Picard group of E. In this case, Mu-e and 
local BPS invariants nh{n • E) are given as follows: 

Theorem 5.7. ([HST2]) 

Mn-E — E for n > 1 and 

/e f 1 forh = l,n>l 

(5^13) 0 oa™. 



In particular we have n/i(n-E) = nh{n-Ey^'^^ where nh{n-EY^'^^ is the conjectural 
BPS invariants calculated by Pandharipande [P] . □ 

5.5. P2 in X, We shall calculate local BPS invariants for some homology 
classes in in a smooth Calabi-Yau 3-fold X based on our mathematical Definition 
2.4. Calculations of BPS invariants are easily applied to other del Pezzo surfaces 
but here we shall restrict to P^ case to ease the notations. 

Let us denote by H the hyperplane class and consider the moduli space given 
by 

Md := {S e I s{8) e \dH\} C M[dH]{X). 

The natural support map is given by 

(5.14) T^d-.Md ^ 

C s{c)^ 

and the local BPS invariant nh{d) is defined by 

0 h ^ Rh{d) 



rih{d) 

We shall calculate our local BPS invariants for d < 4, which coincides with the 
conjectural BPS invariants determined by the localization technique [KZ]. 



Theorem 5.8. nh{d) 



^ (d) for d < 3,/i > 0 and d = 4, /i = 0, h > 3, 



where (d) is the conjectural local BPS invariants obtained in [KZ] . 



It is known that there are also two ways to obtain BPS invariants physically, B- 
model calculation and Katz-Klemm-Vafa proposal (see for example, [KKV][KZ]), 
which all give the same BPS invariants. In particular, we shall find the origin 
of contributions from reducible curves proposed in [KKV] section 5. This fact 
supports our definition of moduli spaces and local BPS invariants. 

First of all, one can easily see that \dH\ ~ f>d{d-\-3)/2 arithmetic genus 

of C is ga{C) = (d — l)(d — 2)/2 for C e \dH\. Note also that for 8 € Md there 
exists C € \kH\^k < d such that 

(5.15) O^Oc^S 

since x(^) = 1* 

(i) d = 1: |i7| ~ P^ and all fibers C E \H\ are smooth rational curves with 
normal bundles Nq/x — (— 3)0Opi (1). One can easily show that tti : Mi \H\ 

and 
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(ii) d = 2: The stability condition for 8 G M 2 and the fact that xi^c) = 1 
for all C G |L|,L = H^2H imply that the inclusion (5.15) gives an isomorphism 
Os(s) — 8. Conversely, one can show that all sheaves Oc, C G |2iJ| are stable. If 
Oc were unstable, since xi^c) = 1 there exists a subscheme D and an inclusion 
which satisfy Od C T C Oc for a destabilizing proper subsheaf T of Oc^ but this 
is impossible. Moreover, one can conclude that M 2 cf \2H\ as a scheme by recalling 
the Simpson’s construction of the moduli space of stable sheaves. Thus we have 
7 T 2 : M 2 \2H\ and 



(5.17) 




for h = 0 
otherwise. 



(iii) d = 3: The inclusion (5.15) induces the following exact sequence by the 
stability of G M 3 : 



(5.18) 



0 -*• Os(£) f -> Cp 0, p e P^. 



The point p in the above exact sequence is uniquely defined by 8 since by the Serre 
duality and the stability of 8 and Os{s) we have 



H\£)c^Ham{S,Osie)r 



and hence Hom{Os(£),8) = C. Let C 3 be the Hilbert scheme of one point on fibers 
of \3H\j i.e., let C 3 — > | 3 jE| be the universal family of the complete linear system 
|3if|. Then by applying to (5.18), we have an isomorphism 

M 3 C 3 . Indeed, one can show that 8xtQ^{Cp^Oc) = Cp for C G |3H|, p £ C 
and that the natural morphism 8 — > 'Homo^^^^{J-iomo^^^^{8^0s{£))^Os{£)) is an 
isomorphism. 

Note that C 3 is isomorphic to a P®-bundle over P^. Thus we have the following 
sh X s/ 2 -decomposition of 

(5.19) ff*(Ms) =(^)l ® (^)ii © (0 )l ® (3)fl 

(5.20) ® ® “ 2(^)ii], 



since H*{Ms) = (5) 0 (4) 0 (3) as a (usual) Lefschetz sZ 2 -representation. Now we 
have obtained the following local BPS invariants: 



(5.21) 



rih{3) = 



10 

-27 

0 



for h = 1 
for /i = 0 
otherwise, 



(iv) d = 4: As in the case d = 3, let us approximate M 4 by a relative Hilbert 
scheme. Since ga{C) = 3 for C G |4ijT|, it is natural to expect that there exist a 
morphism 

Hilb^iC^) - M 4 

[Homoc{I,Oc)], 

where by [Homoci^^^c)] we mean the isomorphism class of Homoci^i^c) and 
Hilh^{C^) is the relative Hilbert scheme of 3-points on fibers of the universal family 
of the complete linear system C 4 ^ I4i7|, which is a P^^ -bundle over 
There is not such a morphism but we have a birational map. Indeed, if the support 
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s{S) of 8 G M 4 is irreducible, the equation (5.15) implies that there is an exact 
sequence 

0 Os{e) ^ 8 T -^0, dime J^ = 0, x{^) = 3, 
and we can apply the argument similar to that of d = 3. 

Let us consider the locus \H\ x |3iL| C | 4 ^ 3 T| and the point CU(7' G \H\ x |3LT|. 

We have the following exact sequence for I G Hilb^{C) C Hilb^{C UC') 

(5.23) O-^Oc-^ (/, OcuC') -^ 0 , C e\H\,C' e |3H|. 

Since x(^C') = 0, 'Homo^^^,{I,OcuC') is unstable and this is the reason that 
we have no morphism from Hilb^{C 4 ) to M 4 . On the other hand, we have stable 
sheaves by “flipping” the above exact sequence with nontrivial extension class which 
do not give points in Hilb^{C 4 ): 

(5.24) O^Oc^ -^8 ^Oc ^0, Ce |iL|,C" G \3H\. 

Since we only have a birational map from Hilb^{C 4 ) to M 4 , we have to subtract 
unstable sheaves given by (5.23) and add stable sheaves given by (5.24) in order 
to have our moduli space M 4 from Hilb^iC^). More precisely, for each point in 
\H\ X |3LT|, we should replace - Hilb^{C) by P^ - my±\^{Oc,Oc')- Note 
that Euler number changes by — x(P^) + x(P^) = which is exactly the same 
contribution as the “correction term” discussed in [KK V] . 

Moreover, as in the theory of the Abel-Jacobi map, in order to relate Hilb^{C 4 ) 
with M 4 , we have to consider the locus in M 4 where dime (8) ^ 2 and blow 
down Hilb^{C 4 ) along the corresponding locus (in this case, isomorphic to C 4 ) in 

Hilb^iC^). 

Thus we can construct M 4 by blowing down Hilb^{C 4 ) along the P^ -bundle over 
C 4 and by replacing the P^-bundle over \H\x \3H\ by the P^-bundle over \H\x \SH\. 
Hence 

x(M4) =x{Hiib^{ei)) - x(C4) 

- x(P') • xi\H\ X \3H\) + x(p2) • xm X \3H\) 

=X(P“) • x{Hilb^(P^)) - x(P'®) • (P^) -3-10 
=12 • 22 - 14 • 3 - 30 = 192 

Note that 30 = no(l) • ni(3) is in agreement with the “correction term” in [KKV]. 

We have the following local BPS invariants since M 4 and |4LT| P^^ are 

smooth. 

{ 15 for = 3 
-192 forh = 0 
0 h>A 

Remark. Unfortunately, we do not know the Lefschetz (sh ) l x (s^ 2 )R-decomposition 
and we can not determine ni (4), 722 ( 4 ) by our Definition 2.4. 
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